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ee § 1. 


Introduction. 
etre 3 Thermionic emission current from a pure, clean 
metal is represented in the form, s 
me : ¥ ed f 
t= APC UT (1) 
_or in the es form, | ve 
Soa ; ; a 
log 7 log A — sia , : (V aye 


Sper Paint area of the cathode, where g is the work 


- function characteristic of the metal and A i is the 
Richardson constant which is independent of the 


‘ ‘metaf. For the experimental determination of 


_ + follows. When log (i/Z?) is plotted against+1/T 
from measured values of 2 and. T, the inclination 
of the straight line is equal. to g and the cross 

point of this line with the ordinate gives log A. 


The experimental values of Richardson constant 


| thus obtained are in most. case$ smaller than the 
gy “theoretical. value even in the case of pure metal, 
showing a characteristic dependence upon the metal 
used. To explain such ‘discrepancy between the 

| ‘theoretical. value and the experimental one, the 
‘@ following mechanism has been postulated. s 
es 4 . (1) Existence of microscopic pits on the sur- 


face of metals, ' 


poonauaas ae 
(3) The transmission Phevicient of ciesizons at 


the surface potential barrier being smaller than 


eyes 
(4) Effect of positive Wasiertule coefficient 


of work. functi on. 


artificial to assume the existence of su h pits or 
s surface contamination enough to explain the discre- 
; observed in the recent accurate experiments, 


at * ‘ ' ib ( 


. Thermionic Constants of Polyeryicsiliie' Metal. 


Tetsuya ARIZUMI . 


thermionic constants, the relation eu) is used as 


’ the fact that their experiments were Be 


2 ee (2)p. Effect due to impurities and surface cont- 


*-(1) and (2) should be eeatadee ecause it is too 


under ts cares. Since the value nf -. 


v-- 


been confirmed to be almost. equal to. ve 
the hypothes 
also is not enough. Kriiger and Stabensuee ‘an 
Potter3), found experimentally to be 6.3 66, 


in theory and in experiments), 


ent. There remains, however, some ambig 
on polyeryetal bine wires. ; 

In. the ease of composite cathode, gu 
thoriated tungsten’) or oxide-coated catho 
observed Richardson constants. are . of 
narily small order of magnitude ranging f 
to 1/10, 000 of the theoretical one. si the 
‘hand, the experimental Richardson cons 
oxydized tungsten’) is abnormally large, b 
5x10" A/em2, deg?. Up to the present, t] 
to explain such abnormal Richardson cons 
never been successfully proposed. In this Pp 
and in subsequent several papers such probl 
be treated and the content of the presen 
will be limited to the qualitative discussion. 


§2. Cryatal Orientation and 
Work Function. 


ago that each of orystallographic faces has its ow 
work function different from the others. Many - 
qualitative results have been obtained by means of 
various kinds”) of electron microscope. For the quan- ; 
titative determination, photoelectric method and | % 
contact potential differnce method have been anes . 
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Table I 
function of pure tungsten 


| Giz) (112) (16) (001) 


436 466 436 4.53 4.65 
eOD ae too 23 b6. > AIg* ab 


rmula” (1) can naturally be applied 


urface of a single bid” 


2 pute it is 


eae ~ sion current Per se} 
the form 


~ 


4 = AT Spt kt» 
i} 17 


On the other ‘hand, the average Richardson _ 
constant» A* and the average work function pet 


are determined by means ‘of the Richardson line 


method and thus the total emission ourrent is ex- Pa 


pressed by s 


= AS 4 
— A*T% ER Be (3) 
= : 
per unit surface area. Thus equating @ and @), 


we get 
4) ~ 
showing that the average work function is a 
function of pads ie In the special case of ~ 
fists, Sateen ee 
fexifar 


> 
A* 
is = % ee 7 log [+ 
: p+(—p)e iT 
i sie > Se 3 e 
According to whether almost all emission curre’ 


come from regions with lower work, function ¢ | 
or those with sees one Po,” we have yy 


* 


Yor She: vg ea Mana : 
= gre, A te (—pjA 
Sedat ok ‘The pelalionn (5) and © i: 


vt = At gle oe 


ane 


- proximately equal to the work REM: at “reg ns 
giving the. predominant emission and the ; measured _ 
Richardson ‘constant is equal to the value the true 
Richardson constant ‘multiplied by the fraction 


_ of the area with predominant emission. As Pp and — 


_ U2) are smaller than unity, the experimen 
Richardson -coastant is always smaller than the 
theoretical value, when © more than ‘two work fune- 
Ries co-exist on Be eathedey surface. <-$k =H 


§ 4. Exact Besctadenes of Thermionte ol 
SON ed 


So the work 
funetion, when it is expressed in e. v., is given by 


Kk Olog(i/T?) 


s line at: a rdefinite ee 


SR ee eee ! 
: ne 
se : - ~¢%n 
DiPn (¢n—F Bee. Cae % 
ae iat or . 
= Sacer e Ba 7) 
Syne kT i 


me - The ricohatrepe: constant is given by the, intersec- 
a tion of the tangent to the Richardson line at T = Wh 


with the ordinate. The equation of the tangent 


7 


at (,. Ty) is given ci a 


log (fT) — ‘Tag (i/T")\7-75 
(1/P)—(/T0) 


ae Jog I") is ‘equal to log A* at 1] IT = 0, 
; ; log Ate -[ tog E15 


‘When oy fina (9) are substituted into the. above 
: formula” 


rt) 
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ae 
pe 
3s 


ate lol 1 = (10’) 


Ee Ax en 


Pb ee = log (Sime i”) f 


“5, eines . A dy Fn 
oe oe ee cy} Je ae 
igo oa (a1) 
1 kT == 5 = 
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} 


: Especially when Ane co-exist ony two different 


a 


Re pe ae a : ne 


; . ae 
ee — log =—- r 
om Soca n ts a er an 
a OH _ Bee B=, pits 

te nee a 


ius results are in ‘accordance with those obtained 


‘‘ 
be 
a 


an the previous paragraph. : 

It is difficult to calculate the value at log(A*/A) 
form the most general formula, but when there 
cist only two different kinds of work functions on 
, the calculation of its extreme value is 
2) is the uniform function of 


=" ee 


e: ‘ e 
- Pm == f er ee) 1} 4 ae 


-be written in the logarithmic form, 


_A* 
see = los] aig 9) ote We 


e ay ery : 
/ > J @ ge "kT ge kT : 
eegiioret KP es e? » +h 
e e kT —6 2 kT | 
Gat eye Ak aye: A in 
The tT ye kT, logy is written in 
form, BS 
2 ’ % 
lo ae to: [ 2. _¢y |= 
pea LE , a 


lad 


ee = ]— areas ‘ : - 


an eo Ae el 
If ec kT ye kT , bm is given as follows; 


~2 (¢q- oy) af 
“Gh 


where 0/07 and 0¢,/8T are Hesiod: ( 
Ae cd @ r ¢ : e : = 
lop pm = —yp (2m) +1084 cP we 


The value of A at the extreme value is 


@- G2—-Yi 


As (kT/e)(1/¢,.—¢%;) is in general ies than 
long as ¢,—9, is larger than 0,5 e. oe 
term in (15!) is expanded in series and tht 


approximately 


former becomes the smaller, while the latter be- 
comes the larger, the higher the temperature -be- _ 


comes. ® 


~§5. An Example. 
ris paragraph numerical calculation will be 
ut; assuming, for simplicity, % = 3.0 e. v. 


wn. with Pp is as a paremeter. The curves 
ni @) are Richardson lines for 


0.7 as 
2.) 10> 


. Richardson diagram) - 


is mach: greater than 7. The intercept of | 


ey ee) 


ower ec part with the ordinate gives me 


a where itp is used instead of p and log AXA 


‘instead of A*., ¢:* is almost constant,” in the range 


P>10-2 and then ‘gradually increases with the 
decrease in p. In ‘the range 10- 2> p> 10- 5. it 


and- pelts ee 


_ legp2o~ 


t4 elas 

Tx 103% | 
Fig. 8. The relation between the- Richadson a 
: Z constant = temperature. fern See 


increases rather ahRee ly and, beyond this ‘region, | 
approximates to 4.0 e. v. A* decreases linearly | 
with the decrease of p at first, and after passing — 
through the minimum value, increases to a large” 
amount until it finally tefids to A. . 
When there co-exist ieee work functions on 4 


1948) Thermionic Constants of Polycrystalline Metal. 5 
Table II is 
Thermionic constants of pure metals. 
metal | A* o* metal A* ¢t* 
Bae 5,60. 2:11) 4] Ww 60 4.54 
Zr 330 4.12 Re 200 5,1 
Th 70 3.38 Pd 60 4.91 
Ta 60 4.1 Pt 35 5.32 
Mo | 55 4.15 


Fig. 4. The relation be’ ween the work 
function and p. 


Se Te es a 
larger than the theoretical value, are only two, Zr 
and Re, which have not only great’ affinities to oxy- 
gen and other gases, but their purification are also 
difficult. 


metals are probably resulted from the imcomplete 


The higher Richardson constants of these 
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Fig. 5. 


$6. Thermionic Constants of 
Pure Metals. 


For experimental determination of the ther- 
mionic constants, polycrystalline wires have been 
used. The Richardson constant, thus determined, 
is of course smaller than the theoretical value, as 
shown in the above paragraphs. Many experimental 
results have shown that the Richardson constants 
of ordinary metals are always smaller than the 
theoretical values, supporting the present theory. 
Main results are shown is Table II, reprinted from 
Reimann’s'2) and other’s papers!). 

The metals:whose Richardson constants are 


The relation between the work function and p. 


treatment of the materials. In the case of matals 
with adsorbed layer of electronegative gases such 
as oxygen on their surface, the greater Richardson 
constant will be expected to appear if p is a func- 
tion of temperature. The abnormally large Ri- 
chardson constant, obtained in the case of oxydized 
Such 


special cases will be discussed in detail in future 


tungsten, will be explained in this way. 


papers. 

As seen from the Nichols’ paper on the single 
crystal tungsten wire, the Richardson constants of 
(112)-and (001)-planes are almost equal to the theore- 
tical value within experimental error, while those 
of (110)-, (116)- and (111)-planes are much smaller 


6 Tetsuya ARIZUMI. 


than the theoretical value. Fig. 6 shows the mic- 


roscopic photographs of both (100)- and (110)- planes, 


Fig. 6 A, photomicrograph of single crystal 
wire looking down the (001) direction ; B, 
ten degrees off the (110) directien. 


cited from Nichols’ paper. On (100) and in its neigh- 
bourhood the purity of the crystal surface is worse, 
showing existence of microcrystals. In the former 
the observed Richardson constant has been found 
to be almost equal to the theoretical value, because 
the work function is uniform, while in the latter 
the observed values are smaller because on these 
surfaces there still exist many different work func- 
tions. Nichols’ view is in coincidence with the 
present explanation. The result obtained by Nic- 
hols is of much interest, for it gives a direct sup- 
port to the author’s theory. The quantitative 
discussion on pure tungsten will be. carried out in 
a following paper. 


$7. Thermionic Constants of 
Complex Cathodes. 


The monomolecu'ar layered cathodes such as 
thoriated tungsten and oxide-coated cathode are 
found to have anomalously smaller Richardson 
constants than the theoretical value or that for the 
purejmetal. In the case of the thoriated tungsten!4) 
it is 3.0 A/em’, deg’, while that of the oxide-coated 
cathode is.of the order of 10-? to 10-4 A/em?, deg?, 
in the best activated state. The explanation of 
such anomaly has never been proposed with suc- 
cess. As A* is the function of p in the present 
theory, qualtative explanation on such anomaly is 
very easy. For the thoriated tungsten the experi- 
mental result as seen in the Fig. 7 has been ob- 
tained. A* decreases linearly at first with the 
decrease in the work function, i.e. with the pro- 
gress of the activation, and then it increases when 
the activation proceeds further. Such behaviour 
will be understood from Fig. 5, where there a:e 


assumed to be only two different kinds of work 


(Vol. 3 


functions. When the activation proceeds to some 
degree, the Richardson constant increases, while the 
work function remains nearly constant. Such range 
corresponds to y;* ++ 3.0 e. v. in Fig. 8 showing the 


relatiin between g;* .nd A*. In the case of 


06 


ui 
F (e.v) 


Fig. 7. The relation between the work Function 
and the Richardson constant of the 
thoriated tungsten. 


30 32 a4 36 as 40 
9 (ew 


Fig. 8. The theoretical relation between the work 
function and the Richardson constant. 


thoriated tungsten, there are many work functions 
as shown by the elect_on microscope, the relation 
should not be so simple as the case shown in 
Fig. 8, but its qualitative aspects will be under- 
stood. 

In the case of the oxide-coated cathode, it is 
still of question that there co-exist more than two 
different work fnnctions. Its exxceedingly small 
Richardson constant, however, is well explained 
by assuming p=10-‘, in good accordance with 
Prescott and Morrison’s(5) estimation of the amount 
of reduced barium in the oxide layer. The develop- 
ment of th> present theory to the complex cathodes 
shall be published in the following papers. 


~_Experimen al determination of the thermionic 


Peristants has been carried out on the assumption 


that there exists only one work function even in > 22; 198), 718. . ae: 


the polycrystalline cathode. In the actual cathode, (3) J.G, Potter: Phys. Rev., 58, 
(4) 'S. Dushmann & J. W. Ewald: 


26, (1927), 857. W. H. Brattain & 
cker: Phys. Rev.. 43, (1935), 428. 
(5) L.R. Koller: Phys. Rev., 25, (1925 
(6) K. H. Kingdom: Phys. Rev., 24, | 
510. fees 
(7) Johnson & Schockley: Phys. Rev., 49 ‘ 
439. Martin: Phys. Rev. 59, (193 
Miiller: Zeits. f. Phys., 106, (1987) 
(8) I. Rose: Phys. Rev., 44, (1933), 
(9) P. A. Anderson: Phys. — 5 
1034. nae a 


however, there co-exist many work functions even 


Sg in the pure metal, beuause the work function de- 


pends upon the crystallographic direction. ‘When 


the theoretical formula in its original form is ap- 
- plied to such a cathode with many work functions, 
; the average thermionic constant should be obtained. 
The present paper was an answer for this ploblem. 
_ According to the results, the average work fuuc- 
tion approximates to that of the portion of maximum 


equal to the value of the real Richardson constant 
multiplied by the ratio of the portion of maximum 
emission to the total surface area of the cathode. 

4 This results in the relation A > A*, that is satisfied — 
4 _ qualitatively in the case of pure metals. Numerical — 
5 


= 
: 
q 
1 emission, and the eyernae Richardson constant is 
= 


a5. Gey 818. 

(11) Nichols : ‘Phys. Rev., 57, (1940), 2 
(12) ALL. Reimann : Thermionic Emissi 
: (1934). . nat 
(18) L. V. Whittny : "Php. Rev., 50. me 
(14) S. Dushmann.& J. W* Ewald: 
29, (19277), ‘857. K. H. Kingdom: 

24, (1924), 510. ‘n 


. calculation on tungsten, in which the dependance 
of work function upon the crystallographic direc- 
- tion has been comparatively well known, will be 


os ee ae 
o eee 


carried 1 ong aie the complete theory will be 


“presented, ai, Fate 
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"The Dispersion of the Dielectric Constant in 
Salt Crystal at ‘Low Frequencies. 
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1 Glass Fibre 


ee is noted for ii anomalous Mecror 


Recently one of the writers found out 
idity on physical properties of Rochelle 
1d suffi ntly 2 values of dielectric 


bow 


2 : ¢ Crystal 
=: with 1000 Hz. and that mea- pe 


with ballistic galvanometer3). R. . 


sorokin and M.V. Posnov investigated _ _ Fig. 1. The apparatus of measurement. 


of the. dielectric constant at low fre- 4 
is balanced by the torsion of fibre. ‘The angle of 


rotation is measured with tiie mirror attached to 
the bar.. The natural ‘period of theirotation of bar 
is about 8 seconds. In order that the voltage 1 may be 
applied symmetrically with regard to the centre of fy. 
the bar, two equal resistances R- (100 K2) are 

connected in parallel and the middle point is 

earthed. The apparatus is set in the case of brass, 
_ which is earthed and kept in constant ee rs _ 
d ~ using H,SO, of proper’ density. The case is placed 


in an air thermostat. 3 oe 


a 
For the source of a.c. ‘valtdned from 1000 to 
80 Hz. the valve oscillator was hapies From. 80 f ‘ 


@ the weak field together with the — 
humidity. eae. dielectric constant was 


Ree 
= | 
Cae = 


| at Tey Frequencies. Sane 


Deo! = es NP = ae 


where « is the susceptibility and N is the depol 


and the d. c. tes is applied on the two anti- zation factor depending on the shape of the bar 


poles C.0'. To the two ends of the arm A brushes e S3° 
2 be = 
_B, B’ are: attached, and electric motor makes the. eee, f == 15Ne Bs 


‘arm A rotate with various frequencies. When 


. oe . ; And £,,, H, being proportional to V, 
resistances are properly taken, the voltage difference . : oy 


between two brushes can be made sinusoidal. Of ieee pe KR Se pe 


course minute higher harmonies are included, but Eee ; 
as (5) shows the rotation being proportional to the where K is a constant. The proportionality 0 
s square of applied voltage, even harmonics of 1/10. to the square of the applie1 voltage Vv was: CO! 
of fundamental are out of question. Se ’ firmed exrerimentally from 0 to 70. Volts. 
Tt is readily seen that |. a - means that in™this range « does not depend 0 
: be te 00 PE, 3 (1) magnitude of ‘the field. 5 : t 
; £2 <. oe fx Fig. 3 and Fig. 5 show the angle of 
, where @: the angle of rotation, P: polarization reduced to 50 Volts in the arbitrary scak 
along the a-axis, Ey: the y-component of the field. and cross-points show respectively the vs 
AS the dielectric constant. is much larger in the - ‘measured in about 45% and 572% humidit 
: i direction of the a-axis than in other directions, of density 1.360 and 1. 400 at 20° C..was- one 
- the polarization in other directions need not be — “was found that above the upper Curie point 4°C.) 
_ considered. | the dielectric constant is independent: of 
3 Now if E,’ is the «-comy onent of the effective. from 1000 to 1/4 iene observed values 


field in the interior of the bar, (For brevity, it is situated on the curve A of Fig. 3. Gace 
- assumed that the crystal is uniformly polarized.) hand, below the Curie point, ihe dispers 


‘ae: P=«E,! - ms (2). place, As Fig. 5 shows, two dispersions 


: ; ¢ a Gee sine en Stee 
Dea xa oxo = ~ 7XX6 ie oO : °o 
x pd ; 


—o- 45%. . 
ree 57% Humidity 


eee ec eS, Temperature (Gee) 


Bigsecoe 


a. ¢c. ‘eiasee meee ; 
P; considered as. a complex quantity sat fie 
the following differential equation. 


cP, = «,Ey!—P, Sass 


Then if E, varies as ej”t, the angle of rotation — 
6 can be readily solved from (8) (5) (6) (7) (9). 
—o— 45% 


_ox-+ 57% eee 


> “< 
RPT > oe 
xe <2 x 


20g} 
—— 45% Se ete 


“=e 57% iS 


30 40 
—> Temberata@re (°C) 
ty, Wigs Be ; ; - Fg. 5. 


—S Frequency (He) ay 


- 


ee ee 
(L+Ne){1+ Ne +%)} 
1 
SSS 
1+Ne, .\2 ite 
1+{ aM on Sir. 


ot Bin) 
es of ¢ for 1000 Hz. being well known rare: 


Se | 
Vi-(10) 2a 


« 
ey 
“~ 


where 6, is the angle of. rotation which corres- , 

ponds to P,. When (10) is compared with (8), it's 
we fares. eras of. & (eatenete: more ‘is known that @ has an apparent relaxation time 
al thousand). This means that the t!. which is (+ Ne)/1 +Nerbed} ‘times the true eo 
relaxation time ts ee 


4 


of 


‘eg seem to be not due to the dispersion oe 4 aah crate eee ay 
(0 the surface leakage of the year as will ne Hg Nee 
: plain aa Detow. f t/ is determined from Fig. 5 so that mesaireal 
values may fit the equation (11) best. In Fig. 6 4 
the true and dotted lines show the calculated values _ 
using’ r/ thus determined. ~The correction factor 
(1+Ne,)/{1+N(e1+€2)} can be calculated, as ry, 2. — 
_ are already known (Fig. 4) and N is tctornany 
experimentally as 0. 057 (by comparing Fig. 3 with | 
| a @) the equation (6),. above the Curie roa ei 
‘the real part of P, = ky Bat (3) factor lied between 0.5 and 0B ar sae <2 
| 1+o%r? Fig. 6 shows the first 4 


an 


‘ . 4 
. : . 
ie 
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a 
= 


ak 


“. 
- 
See wcee- 


- 45% 


eae 57 % Humidity 


the next equation by evaluating the true relaxa- 


tion time r. ee, le ee 


= y 


4 ee eee Prag (12) 


In Came 7 dotted lines show the values of ¢, 
= 14-47é;) of the first dispersion, which are almost 
indep pendent of temperature but increase as the 
nid: L curves (a) are plotted the logarithm 
heat nt which d decreases dinearly 


‘ 4 Ko a 
ee AT Tote 


Fig. (a on curves ©) and (c) are gene log 


shows that there are at least two times ofr ] 


Next, let us ‘consider the second dices 


point there exists the second dispersion bu' 
it, the dispersion is fictitious one due to the 
This is confirmed also by the fac 


leakage. 


when the Rochelle salt condenser is discl r 
the discharging current observed with oscillo 


ice 


tion bélow the Curie point, but that the time 
This exper 
with oscillograph is now in progress, thoug 


‘relaxation is almost zero above it, 


0 45% a 
x 57 % Hemicey 


> 


In 45% hum 
the second dispersion cou'd not be observed, perhap 

on account of the fact that the dispersion occurs — 
at lower frequency than 1/4 Hz. and the measur 
is quite difficult. because of the © 


ters of the second dispersion. 


ment with dec: 


pyroelectricity and spontaneous polarization. “ ; 


A ae Results. 


the rotation of the domains, er the wri 
not yet cater to ae them. 
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Collective Electron Ferromagnetism, [. 


‘4 
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By Hiroshi tbe en ; 


ad 


‘eceived aly 3, 1947) Nie ee 
Ye 


the Bohr magneton. - ‘Stoner named M,inu as the 
relative magnetization - fo» ‘where » denotes. the BE 
number of electron and 2 the ‘Bohr magneton i and 4 


. valuable edulis On the other hand . 
has used Bloch-Slater’s satistics which is 
sgilerent from Stoner’s. According to 


condition 


a 


SiS ek 


} : we) 


- q pm ok “ 
* satisfied and when Ju(e)[L increases foo 1 
; a a > os 2. -2 3 and sp the — relative rangnetiest ln 


‘of Ni the characteristic ‘alalioit's 
baie he saturation hess ~~ Curie 
0 of Pavratnts M, is not necessarily { 


‘number of electrons or of holes times 
Rie : 


~ 
i ie fo 


ioe: of Fe do sist eis show oo 
regul: rity as shown by Hirone. It will not be 


_ (1.2), so that the relative magnetization cannot 
reach the value 1. (Pauling’s!) postulate becomes 
& the necessary requirement-if we assume that as 
F equals to 1, but as Niessen(°) has showed | it is not 
4 reasonable. ) 

. Stoner’s method has many advantages compared 
a an that of using tightly bound electron model, but; 


‘as it takes the free electron (or hole) model, it 


aa requires too large exchange integral to be ferro- 
_ magnetic and leads to. too small low-temperature 
3 specific heat. So we Shall use an alternative model, 
assuming the density of levels in the energy band 
4 is constant with respect to the energy of electrons. 
. _ This model is not of course a better approximation 
to actual alloys than Stoner’s but by its simplicity, 
- it enables us to show to what extent and in which 
“manner the band form and the exchange intégral 


play an essential roll in ferromagnetic properties. 


On adopting general band form it is. difficult 


q to diseuss magnetic properties in an analytical form, 
= and then we are confined to calculate only the 
= ‘saturation magnetization at the absolute Zero and 
5 hence ¢,. : 

ss i 2: “The Sees Magnetization 
* “ <at the Absolute Zero. 


A simple method for obtaining ¢, or the quantity 
2 grentod by ae ovat : 


on PF eh - ae 
Sey oes Bie 
as N° Np’ 0S Vy =l2 
C= ; ¥ se (2.1) 
has ea: given Sy hiya in the followlng 
form . aor a mi 
Beye ot ee) ie 
i ‘ 


Be IN 


where |'* Pies = Se ede = 2s, N being the 
ae 
eee icrais initte Wand and cand «- 


m energies of electrons having + and 
& igs! et e c 


unreasonable to consider that this irregularity 


' of levels. 


; figure. 


have to exclude ihiese x's which | correspond 


Maxima. sia ia 


Case I. we) = atbe, 
F’g. 1 shows the case of a=0. In Fig 


the abscissa represents N and the ordinate x. x = ( 


‘ n 1 
rence of ferromagnetism. # = —- or = 


ponds to ¢€,=1. Illustrated curves ‘repre ny 


x (ar TT). the numbers on the curves 


A3 seen from the ee ferroma 


ae = 0 infinitely large J is: oe 


a +3 


as =a-+be, where b= re 


a 


gative, contrary - the case I, because of fb 


Case II. 


In this ¢ case the slopes of the curves 


As wee infinitely large value aa Fie is not 


for the occurrence of ferromagnetism. 


i 
th ae 
and decreases in the range ve > 9 


energy of the. system. 


v(e) decreases in the range ee 


Case IV. 2 


and increases in the range pene 


rin ni « case there are unrealizable values of « : 
derived from (2.2) which are contained within the 
upper region above the dotted lines in the figure 


In Tab. 7 and Fig. 5, 7 is reprer nted as a: 
: tion OE re and IN - We can ‘see from (3. 5) at, 
Hirone’s formula 0 = aeL valid when (+exp 


(—7))7} ~s <1, so that the ereuatee integral | 


is sufficiently large. sii 
In the following discussion, we shall -assume 
“that E,/kT’> 1 which is valid for most cases. Hence, — 
y that the regularity in Ni Tee as from (3.4), it follows - = : = 
. | ' The ; Sry ei 
= log(1+exp(m)) (3.7) se | 


7 ~ oa, ME Se 
Po | Tree 


° 


If we eliminate 7 from (8.1) and (3.2) we obtain — 


[agnetic Propetces in the fs 
t Case where ss =const. _ In the case where i ae, 
duce to Hirone’s: ee 


a 


ase al be worked outindetail. This aia 
roximately pe well in the ease of 


We shall call this case ‘ the classical limit. ee = 


- In the opposite case where- —Ner * a es an 


taneous equations : lg-G; AeA 


7 [Fr (a +8)— Sy vice gy) 8 " : 
; Hp (2 padi (7—B)), (8.2) and x cannot be deterioliedt This limit may ped 
; called ‘“ Fermi-Dirac limit and GB. 10) represents ’ 
the critical value of J for the occurrence of f ; 
romagnetism, . 


(84) If we denote the Cuplal wietna? constant by eC, we: : 
obtain 


(3.3) 


kr ewe 
1+exp(§—7) © 


re mat 
e. calculation yields, in the limit 2-0 FR isa 2 ae (ee 


@; Curie po‘nt), 


__ltexp@) 


Jn P ke L -j (Lexan) Ie 


where 79 denotes the » value oe ” se rae in 
classical limit 0 ~ ae vais : Bente at CC = bi 
*so that 


Gee ae Me 


merely a function of 20 or re 
6. eee wa the 


nN 


* ko | OLE : ‘ 
: The of = — eae ur 
e value of asa fonetion of oN and a ec 


ez Fig. 5 
ioe & ae = i = Tab. iT 
aes, \ Process of obtaiding H, and J from C and @. 


=| ea Eee 21 OLE, | Nko | | Nko 
Sih C| so, 
Ae, es net ; i: peg exoteo)( sniper) JIN | <nE, ( n a z 
0.227 0.821. 1c 1,414 0.88 | 0.50 |1.44x10-" ||283x10-” |6. 
bis 1.904' > 0,925 | 0.87 {1.12x ,, ,3.08x _,, 
et 1618 «| :0.89: | 045-053 4, | 118x_,, 


‘LB, 


74) in- examples are shown in Tab. II. 


§ 4. -Conclusion. 


As shown above we can evaluate the width 3 
Itaneously. Several . of the band and the exchange integral from the s 


are available data of C only for Ni-alloys. 
writer. wishes to emphasize the importance of 
sasurements of C for other materials since 


the reliability of our results mentioned 
the theorelical discussion of the experi- 
When the detailed informations about 

of the band will be obtained in the future, 


‘the he writer wishes to express his sincere 
1 . Honda and Dr. Hirone for ihe 

lance for this work and to Dr. Miya- _ 
ov. tuable advices. 
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- Abstract. © 


a, “The “experimental Tesults on: the “abnormal 

4 melting of crystallized raw rubber by Wood and 
4 ‘Bekkedahl | are theoretically studied. The effect can 
: be explained by ‘the fact that the relaxation time 
for the. thermal expansion of the crystalline. par- 


a ticles differs from that of the amorphous particles. 
AE “the point where the melting begins, the time 
a 


4 relaxation time of amorphous particles. The point 


interval of observation becomes comparable to the 


rill ‘become higher when the time rate of heating 
increases, and- also ‘when’ the. ‘relaxation time itself 
< ‘The point at. which“the. melting 
completes itself ‘is ‘determined by ‘the relaxation 


beboties larger. 


rate and previous history, 


more ‘vemarkale’ in natural rubber than vuleanized 


Introduction. 
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‘metastable atatel ‘even “at a iad low tem-. 
“perature!),2),, and this | fact. was already explained 


a using | statistical mechanics), But: -N. Bek- 


f 


ee of Raw Rubber. 


By Akira ISIHARA. 
| Department of Physics, University of Tokyo. 


“Received. July 4, 1947) 


melting, because the main properties of 


lized ue 


= times of amorphous and crystallized state, heating - 
“This effect will become ~ 
emarkable at a ‘suitable heating rate, ‘and will be - 


At about 5 degrees above the “eeytation tion’ 


: aes melting comes to the end. 


crystallization, and independent of the degree of be 
erystallization. 


zation of super-cooled raw rubber seems. to 


are different Letveca them. 


§ Zs The Melting of: Crystal ot 
Raw Rubber. is 


is speeds Vater decreas 
When the erste Lee ‘is: a 


present. - leted, 


“Ko =J0 20 -/0 


Fig. 1. Melting of Justa raw. abbe vies 


perature, almost suddenly it deviates upward rom 
the straight line. Finally when it reaches 


upper straight line characteristic to ihe a 


“The poits where the melting starts. one ‘is 
sensation ‘are the function of the temperature of 


This relation is shown. in ge 2°), 


© Soo cponlbcl 


ig. 2. The melting range of crystallized raw 
_ rubber as a function of the tempera- 
ture of crystallization. 


ae cease to raise the temperature recrystal- 


ee This shows that a true Lye 


steeper or flatter. 
area under the curve, was different in dif- 


Briecrs of Abnormal Stee! 


3 “The “first problem concerning the melting phe- 
1a is whether they are the thermodynamical 
ium phenomena or some rate effects. Bek- 


states: “It was found in preliminary ex- 
nt, that ata heating rate of 0.5°C per minute 


_ erystalline state. 


Also the energy, that 


brium values of the volume aang pe oted 
there was found to be no evidence of time lag. 
delay in melting of the orjecals after the establish- 


‘' ment of thermal equilibrium. _ For example, at- 7 
any -,constant temperature in the melting range 


the volume was not observed. to increase with 
time. In this range if the temperature is lowered, : : 
the volume-temperature relation is observed to be © 
linear and-intermediate between the amorphous 3 


’ (Wane = 
and crystalline volumes. Rubber in the partially- 


“melted state, however, can undergo additional 


crystallization with a resulting decrease of volume.” 
We can not see under what kind of conditions 


the preliminary experiment was performed, but 4 
- it can be understood that the true thermodynam- _ 


ical equilibrium state is not. in the partially-melted — 
state but in the crystalline state in this range. 
In the previous ‘paper’) the volume temperature | 
curve of amorphous state deviates from the straight — 
line at the heating rate of 0.02-0.03° per minute, 
at about —25°C and approaches to that of the | 
On the other hand the experi- ( 
ment of Ruheman and Simon shows the influénee 
of heating rate as stated above. In the experi- 7 
ment of Bekkedahl and others the heating rate — 
seems to be about 0.5° /min- (The whole time needed 
to cover the 10°C of melting range was about 
20-30 minutes.) : . 
- But a high polymer shows ekenae in ‘omni 
expansion. For example_ the relaxation time of 
polystyrene is about 5 minutes, and the approach to D 4 : 
the equilibrium value is nearly exponential. 9 


_ Accordingly the relaxation effect must be taken | 


nto consideration in the present subject. 

Now there may exist amorphous particles. 
amorphous nuclei in crystalline particles—the.] 
tie units of crystallization and melting are n 
“molecules themselves but “segments”, oc ; here w 
“call them simply particles— “similarly as we con- 


- sider the crystalline nuclei in the amorphous 


particles, and the relaxation times” of ‘both 8 
must be different ; the former may be smaller, 
the state of it resembles that of a gas. 


“tod Pee if we raise she temperature ata 


ch parts a as C, held eet veon A 


takes place. The force acting there is of 
Tf we keep the 


: temperature constant at that point, this scheme 


ci rse ‘not isotropic pressure. 


3 of melting stops and they will fall into equilibrium 
crystalline state. 


At first, melting may, be very 
2 slow, -as the amorphous particles in crystalline 


- -state or amorphous nuclei are very email in num- 
_ ber, ane therefore the 


recrystallization is com- _ ui 
if See i . 
paratively predominant We 
eer c sy 
over the ‘expansion ‘of Hee 
a : Ae 


oe 
a 


volume. - But it wil 
become more remarkable 


Ranh 
Fm = km ging 


_ according as the tempera- 
ov 
ture rises and the number 


Sek 


4 ee amor phous particles as 


well as their mobility (in 
comparison with that of 
 erystalline particles) in-. 
But when the 
Melting is nearly com-_ 


ete & Se Gm 


“a” 


‘tte: . 


2. 


oat 


_ ereases. 


Fig. 3. Sihenwiie re- 
presentation of amor 
phous nuclei in cry- 
stallized pareiclen: 


ie: ‘pleted, the stress will 
become very small again-— 
as the outer “surface is 
Ve free, and the volume approaches asymptotically to 
: ‘that of the amorphous state. 

4 To treate these phenomena quantitatively, we 
i. denote by, V the average volume of an amorphous 
ea its thermal expansion co@fficient. Then its 
— (+e(T—Te))% - 
ture at a suitable heating rate its volume does 
not reach this value when the temperature becomes 
a oe We denote this actual volume by v. Then, 


But when we raise the tempera- 


& ‘Therefore, the -yolume-inerease dv after the mo- 
aot ace the ees reaches T is given by 


fiy0- Tom) —2)){1- ae eh =v. (1) 


3 AA a may be represented as “follows: 


“buckle” them, and consequently ; 


_ ture or with time. 


; nucleus” at crystallization temperature T , and by 


equilibrium volume at temperature 7 is given by © 


x 

ie 

.. 
thereafter, it approaches. the above ‘equilibrium - 
4 value with relaxation time a nearly exponentially. 


- nucleus. 


Bk the hole: 


i eae relation ig (by expanding e 


(-)) oe 


final volume continuously changes. with tempera a- 


v=» {14+ ae —aai(1—ear)} 


The meaning of ae rae is obvious. 


Fig. 4. .Amorphous nucleus and the surr , 


ing crystalline hole. - 1 
each state is designated by v 208 Uh 
respectively. 


It expands with relaxation time z: 

= UpekT . . 
The equilibrium volume of the hole is_ attained 
when its volume reaches that of the amorphous. 
Then we obtain, as in the ease of S 
(4), the differential equation selene the volume 


“du, ~Atar v 


ie a ae (7) ; 


600 
"a5 


If the expansion of hole were not rapid enough, 


But in reality there Stes 
This 


=, jd dup \ (8) 


"de" 7A as fed 


2 ve assumed that the melting becomes 
as the amorphous particles in- 
. Then to the same approximation as in 


Pee cae wip oe eee rae 
war ocar SEE (0) 


2ad “Ganj” 


)l ay 


nr 


(12) 


(8) 


me jog (T— if ee low: ages eee 
elation is shown in Fig. 5. 

this fire we obtain: 

. ah =6.3. | (15) 


‘the heating rate a is 05°/.min., 


PT RF 47 N70" eae: 

Picco ee ee 
Fig. 5. Relation avec the temperature of 
‘trystallization and the point where 


the melting starts. The circles show : 
the ‘experimental data from Pig22. ance = 


Ay = 10.6 min. aati oe 


This value seemes to be plausible. Also the activa 


tion energy. Za is found to be 44k, but this value 


in not reliable since we used the approximation 
that the variation of 2 with temperature is small. 


It is said that the apparent second order trans 
tions of polystyrene*) and other high polyme 
occur when the time interval of observation be- 
comes comparable to the relaxation time’ be: 
this case only one state comes into the question { 


ei eu the relation (10) is. necessary, and the P # 


be deduced. , rey ri Sia ine 
_ The point Zy where. ES PR ty itself 
is dovensnine” by the eepaitigs that. sc) number of | 


number of particles. ae this case the last term of 
the Bie (9) can be neglected, and if we put 


wa Baie 


~ 


then the temperature is given hy 


a? 


; ee Ne elsemad ih ms 
iis te waa 


takes it to he independent bot Ton . 
Te, we’ must fiptarmicre rs as 
crystallization temperature. 
a obtained as proche 


‘ing of course with £ 
of crystalline part 


+ 


line ge as A and y | respec: 
¥ we denote by. WwW fhe Hot to be = done to 


en be written, down as follows : 


= 5 tT 


N! 
n!(N—n) 4 


~ (19) 


From this we can determine the ‘Soutien value 


=e" aT ee 
oe d= Be ore KT 3n- 


hy OF 7 , as a funetion of ‘temperature ‘by minimising 

2 ‘the free energy calculated from the above equa- 

3 tion. “If the ‘temperature is high we can thus 
obtain Poona ay ahs : 
Ww = 


where “Ts = yr 


% ‘equation. (20) as the temperature increases. But 
6 when we raise it at some heating rate they. will 


4 -eurence ‘of it, molecules must move as a whole, 
_ and this is difficult particularly in high polymers. 


4 20) : as follows: 
cs See a ~ vO moe ko pO IES sale 


where Ne. isa ‘constant, independent of. ie 
; From Se vee ane oe we. obtain fe 
= Y= Tet a gh toe 2 ze 0) 

where A is a function of ‘temperature acéording 
é to ‘equation a7) but we edn ‘neglect this. variation 
, according to the. above | _ assumption. Therefore, 
is (ae ee a) vs. 1/T', must be linear (Fig. 6). ‘This 
calarly _ at. higher | temperatures. ‘The deviation at 
: lower temperature - is. legitimate. . 


the variation of the relaxation time with tempera- 
» ture is great; the above assumption fails. Also. 


; hen partition fonction a of ‘the syiole es 


3 The. amorphous: pertolea. increases. mesouding to. 


a not immediately reach’ this value, especially in : 
such substances as rubber. Because, for the oc- 


~ Accordingly, - we can express in 1 this case equation ~ 


4 linearity is in accordance ‘with experiment ‘parti- ‘ 
As in this case. aise of awae basa aeclals 
i the melting range is very wide - @E Fig. 2) and - 
or cease the crystallization by the way and bring 


tt de rmination of the end-point itself is rather 
to ae Ss ata os ‘the 


, Fig. 6. Relation between the erystallizati 
. temperature and the point where the 
~~ melting completes. Circles show 


experimental data from Fig. 2. 3 


influence upon the result. At any rate the ' 
is more accurate at higher temperature, 
calculated melting curve is shown by heavy 
The caleulated ¢ 
presents the experimental one fairly “well . alt 


in Fig. 7 as an example. 


this seems rather unimportant. 


“Wigs: Ts: 
lized at 8° C. The heavy. curve veis the te 
theoretical. ashant a 


If we overealians 
sample of amorphous rubber at some temperature 


it to another temperature _and keep there for. a a 
time interval comparable to the time needed for — 
the first crystallization, then the distribution of x 
amorphous nuclei may be a function.of both tem- a 


. In other words it has a_ hysteresis 


acter. Also the starting point itself may be- 


. more complicated in such a treatment. Be- 
e the deviation from equilibrium value sets in 
Bee, time interval of observation becomes 


arious kinds of relaxation time in the case of 


h a treatment. The “stark rubber’? may be 


merely the point where the time interval 
ee comparable to the relaxa- 


is % 
iG {fy a ‘ > 
4 y 03, /1y PS 
i Sy + 4 V4 7 ee 
BZ 


_ Ar Firstly, t the 
ae ‘bana ‘side of equation (13) ‘dio not depend 
aie of seesltzalion: ne this is also 


the he eating Yate, the Sata point will be- 
“ee and the sabes curve itself will be- 


er than in vulcanized rubber, as the difference 
he two relaxation times and the relaxation 


_. Akira IstHaRa 


than those | in the latter. | Finally, it 


2 crystalline sample is brought as it was to the 


to the actual situation that: we have tiated | the 
recrystallization, particularly when the heating 
rate is very small. When we raise the tempera- 
ture very slowly the sample may expand merely — 
with the expansion coefficient of crystalline state 
(the effect of amorphous nuclei is very small) and © 
the “invasion” by amorphous nuclei will not ap- : 
pear. If the heating rate is very large and the q 


range in which the state of amorphous rubber is . 
more stable than the crystalline, i.e. to the range 
above the “true melting point,” the sample will a 
melt there independenily of its crystallization tem- 
perature. In other words the phenomena discover- | 
ed by Bekkedahl take place most ‘Femarkably at. ¥ 
a suitable heating rate. : 

I hope that these conclusions will be put intl 
experimental test. 

In conclusion, I wish to express my hearty 
thanks to Professor T. Sakai for his kini guidance, J : 
and also T. Saito, R. Kikuchi and K. Ichimura for’ 
the valuable discussion on the present subject. . 
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Part I. » equivalent when a, b and ¢ are moved paralle te 
ee (This part was read on Nov. 18, 1944 at the 
- monthly meeting of the Physico-Mathemat cal 
- Society of Japan). 

_. In spite of. the great easiness of the use, the 


-are changed in their length keeping the ratio » 
constant. 


application of alignment charts is still restricted 


ms, ns and “8 renee where s ig an 


- on acccunt of their low precision. In general, it is 


very difficult to get a precise result exceeding three erorerare — and name ‘the segments in wan 
Gy» Ay, G2 eas bos b,, bs 5 m2 Pie uC yey Cry C4, 


Significant figures ‘from the reading. . Of course, 
respectively. As for the scale c, we ape 2 


the preparation of a very , large nomogram or of 


many charts each corresponding to a narrow range 
/ middle of €,, and by ¢; the part from the: Y 


4 = of variation of the presenting quantities is unques- 
: of c, to that of c, etc. 


_ tionably effective to obtain higher precision, but both 
of them are awkward in practice. The present 
author will show in the following that a nomogram ~ 

belonging to a certain type can be transformed 
Be a hese eae ; Ale ment cji1;. Then we cut off each segmert 
_ into far more precise one expressed by a single, ‘ 


~ handy chart, which enables us to have even five ma Bojs Dae “2-9 Cr-9 Pi > BARS Ae 


= to each other with one of the ends on ‘a 
significant figures. o. eS 


‘ At first, we consider an alignment chart con- 
. sisting of three parallel straight lines a, b and c, 
" which is shown in Fig. 1. The base line g inter- 
sects them at points A,, B, and C, respectively, 


line (Fig. 2) and denote the spacing | be 
seales mt, that between b-scales nt and ul 


Bose 6 
A BG, @, &, G G GGG 


Fig. ahs length, then (distance between a; and ¢-+5): (dis 


a 


ieee m:n. ‘The chart aaron’ tance between cj: j and 63) 


— mnlitsye “ : 
reads 4 
m+n 


+P ee let iared 


— [ontnyp igacls pm— 


epee by Fig. 2. 
ransformation Srpnles us to take a very 


Ines of convinient size. For instance, it 


¢ 


into an ordinary tee paper. ee If we car 


the position of a point up to 0. 3mm., the relatlve 


error of this. diagram becomes Sa 10- 


which is comparable to that of five-place logatithini = 


tables. 


Fig. 3. shows a multiplication chart uw=W. 


The logarithmic scales a, b anu c of the three vari- 


ables u,v and w each being of 1 metre Jong are 
divided into six sections of 17 cm. long, under the 
conditions m =n, t=1em and p=6.5 cm. Ws 


ean apply the above method to all, the chart 0. ; 
he same type, expressing the relation Fw +ae 


rans ¢ 


expressing the relation between more than four 


o?r234 56 7$q10 


oe ll. 


: The writer has reported in the previous part 
=< ona new type of high precision nomograms. In 


+ accuracy of a “such - “a “nomogram are reported, 


‘such a sort of nomograms. ei aie : 
AS an example, we took Fig. 3. and rachicd 
: out : 30 multiplications of two numbers both of them 
being of four figures and being arbitrarily chosen, 
and have compared the result w/ with the precise 
oe one We computed by an arithmometer. The mean 
. and the standard deviation of the relative errors 
es were fonnd to. Dee. 
‘a 


(-4360.8)x10-* - 
; respectively. 
Sead with the latter, the. systematic error seems 


_ to be negligible. The standard deviation corres- 


x 
ic: vias 


q . ; 
ce ‘The same calculations were put forth by a 10” 
s 5 em) slide rule, and - 
ae 


Ee (-8.0468.0)x10-* x = 


a was feninid as. the Saisie uae figure. 
af almost. equal to the above result, but the unit of 
j the: scale of such a slide rule is one-half of the c- 
ig “scale of Fig. 3, the standard deviation 63x10-° 
4 | sorresponds to 0. 16 mm in length on the sliding 
G scale. 


rithmtie table. 
were found to LysU mee coe ET 


G1 3.216. ee ¥ 


have the same accuracy as the four jedhaal | 
rithmic tables, and that of 40 metres as the f ve 
decimal logarithmic tables. 
. (This part was. read on May aie 1947 at the - 
annual meeting of the Physical Society of Japan) _ 


the following, the ‘result of the test of the real 


which will serve as a menerence: for constructing 


The former is very Saat com-. 
‘mentioned type by a projective transformati 
> ponds to the linear aan about 0.8mm. onthe- mation a straight line is always transformed t 


the relation — 


This is 
_ they generally form eilieke coor saniatecs If. 


ule ‘the yee of comparison, the same multi-— 


‘The mean and the standard deviation | 


e respectively, i p means a ened ‘such that 


C= oe *. ‘Trying the projective transformation 
of = POE ya etme | 


The latter’ is not 


poe 


possible to realize if the scale divided for insta 
into 50 sections, each of them being 80cm long. 

The application of our method is not conf 
to the nomograms which consist of three pai Nel 
lines, but is also available for the other ty 
nomograms which can be derived from the Abov 


This is obvious because by a projective tran 


straight line. We consider an example in. 


followin g. 


flu) + Gv) = hw) 


and C are the points representing the quantit 


Le +n 
off 77 of 
y = ng(v), 


{c= —mp 


Ly = mf), 


Foraation: these Pat into — 
» _ _(n+m) p—imt 


mlm+n) pf) 
Al ae. : 
aA og CNT ig Te 
Yy SS SS a ee 
Freee m (m+n) pfu) 
a = pe as Lea. 
n (m+n) pgv) 
B/ é 
reciston type is obtained in the followings way ; (m+n) o+jnt 
Fig. 2., take the origin at the lower end as ~ n(m-+n) pg (v) 
nas 6S ee ; 


s ann make y axis coincide with ¢,. Then 


respectively. These form ee nomogram of. 
radial type. As an illustrative og we take 


the relation 


Ny pn ie 


e3 Hi figh Precision Nomogram. misaks 


; reapectively, Pating De - 6, T=] ae “a 2 sf 
have ee 5. Its usage is the same as that of Fi 


; a seale has the coordinutes 
wie Paget tee 
Meta fe Daas y and c, scales... : 
Birovuinatalys our device is not applicable 

: the chart contains at least one curved line. 
o= —ptt, y= Ja eagerly hoped that a mighty nictagd which* at 


a ae ‘ pany . . type will be found. 


Fig. 6 


ey = eta al ; + vet ; ; = Notes. : ATES 
ee ee a By i (1) Prof. Katuhiko Morita, Mathematical 
hal > ieee Te aed stitute, Kanazawa Higher Normal School, 


- present work was done, D’Ocagne’s 1 


cited in his famous book ee Traité | de 
ache” ee into 


4 pee Seu AS i Pa Sy ise ; original text, ae method, eons | of t 
oe a a 


of oe of doubly ees scales and the me re 


nie parts owing to the. appearance re 8 
supports, some of them | being graduat 
many folds, so that we are embarassed _ 
struction or application. Moreover, _ he 


say, for a long time since the first touc 
great pioneer to the nomography no 


this type, there might occur some conf 
that we may take wrong scales,-for there ¢ re 
; so many of them. In order to avoid the « i 
fusion and the trouble of adding the suffixes, — 

xy 

the following apparatus | can be pe a 


used. sam 
nusele eaters _ Two rods ‘AD and BD are combined at D. Bore 
ein. ot aot the points dividing AD and DB in the ratio of 


M:N, be “ and I respectively, that is 


s sae ED respectively, and attach them ae n 
ADB ‘so as to DECF becomes a Mision. such as shown in Fie 2, then. Cc comes also to 
the right position where we read the answer. 
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i Introduction. | graphic axes*. He also calculated the difteaction 


od = setae: and Ber seuaientt curves from the elastic constants. of Koga) for ; ; 
: the thickness vibrations of quartz plates with’ verious | | 
Sica ‘of Jengeesienh oe) or | 
orientations, and found them to be i in- Bias agree é 
ment with the observed diagrams. a 
| This paper, being’ a supplement of the former — . 
one, reports some observations | on the Schaefer- 
Bergmann’s diffraction diagram of quartz crystals, 2 
corresponding to directions of observation other 
than the crystallographic symmetry axes, and the 
results of calculation made by using the numerica =4 


values of the elastic constants. sso thickness vibra ry 
tions of Koga. x 


polaieasane and: commor | 


. (l, m, ») eure to > the : 
cn: authors) formerly made an exbertient on 


‘ae 8 diffraction pecker of 


pa ee axis. But. the te 
in thispaper. = 


1948) Schaefer-Bergmann’s Diffraction diagrams of Quartz. ol 


L—e H G | 
Oi Syne Cemuet (1) 
G va N—e 


in which L, M, N, I’, G, H are the functions of 
elastic constants and the direction of propagatiun, 
and takes the following form for quartz: 


1 
L= ent 9 (Cyy = Cyn)? + C44? +2¢,,mnN, 


| 
M= “g (Cr C12 UP + Crm? + Cyn? —2e,,mn, 
N = ¢,,(1?+-m?)-+ e330’, yi" (2) 
BF = ol —m’*)+(¢13 +eu)mn, 


G = (€13-+¢44)nl+2ce,,lm, 


1 
H= 2eynl-+—- (¢1;+¢,.)lm. 


The three elastic constants for the thickness 
vibrations of quartz plates of the direction cosines 
(l, m,n) are also given by the same equations (1) 
and (2). The equation (1) was numerically solved 
by Koga for various directions (@, y) of propa- 
gation 


l=sinécos¢g, m=sinésing, n=cos6, 


with the use of Voigt’s values of elastic constants 
with necessary corrections for adiabatic processes. 
The velocity of propagation in any direction 
and polarization is given by 
V= Velo, (3) 
where o means the censity of the crystal and c the 
root of equation (1), The diffraction patterns are 


considered to lie on the theoretical diffraction curves, 


when the latters are given by the expression 
vr = Ad/A = AvalV (4) 


in polar coordinates about the image of the point 
light source, where A means the focal length of 
the objective lens (or the distance between the 
crystal and the image in case of the application of 
convergent beam of light), 4 the light wave-length 
in air, v the frequency, and A the elastic wave- 
length in the medium. 

As the lengths of the radius vectors r of the 
_ diffraction curves are proportional to 1/ Ye by (3) 
and (4), the calculations are made on the 1/¥ c- 
curves corresponding to various directions of ob- 


servations (/’, m’, n/), i.e. in planes perpendicular 


to’ these’ directions. 

The experiment was made on a quartz sample 
of cubic form cut in an orientation as illustrated 
in Fig. 1, which have one pair of surfaces perpendi- 
cular to the z-axis, and the other two paics making 
angles of-10° and 20° with x-axis respectively. By 
observations made on this cubic sample in the two 
directions (A, B) of incident light, perpendicular to 
the two pairs of surfaces parallel to the z-axis 
respectively, we obtained the two photographs re- 
produced in Fig. 2. Of the many calculated curves, 
we reproduce here only the two corresponding to 
the observed directions (Fig. 3). The latters coincide 
with the observed diagrams quite well. By com- 
paring these photographs or curves with the photo- 
graphs (Fig. 2) or curves (Fig. 6) of the previous 
paper, we can see the gradual change of the dif- 
fraction image between a and y directions. (From 
the symmetry of the quartz crystals, the diffraction 
curves for the directions of observations +a are 
common and the curves for the directions « = +50° 
and +40° are the mirror images of the curves for 


the directions « = +10° and +20° respectively. 


¥ Se 50° 


Fig. 1. Orientation of the quartz cube. 


The analytical solutions of (1) are cumbersome 
and not practicable for general directions of obser- 
vations, so that the photographs as here reproduced 
are not useful for obtaining the elastic constants. 
But they may be of some use for knowing the 
detailed changes. with directions of the elastic con- 
stants, or the vibration frequencies of the plates, 
especially in cases, when the calculations are made 
only in discrete directions, and when there is some 
amb‘guity as to the existence of crossing of the 


curves or any such details. 
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32 
Fig. 2. Schaefer-Bergmann’s diffraction diagrams of a duartz erystal. (15 Mec. enlarged) 
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Fig. 8. 1/» ¢-curves of quartz crystals 
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ve a =. General Remarks. Denoting the two parts by D and _ 


= : 2 ‘Introduction. 4 


Oe On ag Oh 
The purpose of this | paper is to give a new ee =of6 ap’ ss aS Sate 1 OF bak 
approximate method for solving partial differential Oh ay Op ap ; le 0 


Taking Or?’ Oa0B * OBAT ’ AYO’ 
suitable ear vititent ‘coordinates the. SaaS ako _ where BS a See = 
_ forms the partial differential equations. approxi- If we neglect the small term D! at fist, 
mately to the ordinary ones, and, ‘asin mavy cases cs ae equation | eet 
the terms of the equations are simplified, this Die 3B : oe a; jaa 0. 


: method will be advantageous. particularly in com- 


plicated non-linear problems. ~The author will state - is obtained. This is integrated by the methods 


fine 
re 


; two way ; for getting solutions. ordinary differential equations, and as the fir 


proximation we take the solution % of this e 
Cz ‘The Method of F ixed Axes. Substituting ‘the first approximation os 
We consider a partial differential “equation D~ term D, which has been neglected at fi 5 
=0, ‘the independect variables COL which are cur- have again the second differential equation 

oe _vilinear eoordinates, «, 2, 7. ing only # as an independent variable. “The n’ 
‘ Ae Op Ob Oh Op By. tion of this equation gives the second approxim 
PLS oe > OB’ Or’ Bat” oR” BT?” | Bee : ; : Wea ee 

: Saves solution ¢,. This result is substituted into D/ a 


Ob ake Oy. eee ae TS grt : : é : xe 
base ee (es ; yes the next approximation. These pr 
— 0a0p ’ -opor 4 O70a ’ ie Y - B ae ee ee 


. ~ When there is no singular point in her region 
concerned, the derivatives of @ with respect to a 
aud 7, and thus, the terms AY which — 


must be contiuned to obtain a converging sol 1 
Denoting the degree of approximation by | 
fix m, the differential equations in each st : 


; ? O10 ae OF aoe 

4 Oy ae ary oe, arp ag = bys Deo ap ? |= 0 | 
of 4 0a. or’ “Gai? Or?’ Gad  apor | 
Peete ge Se pee Den ee ee ae [| 

8 o- ap Og : oe is | en aa op ? 0p? is 1 c 

3 brea 2 sD l Ore * 3 ec 

a eee, S : ieee . 2 oe OY Ey) Og, 2h, 3 : ; : 

4 3 3% - 3 hy 3 ‘ . L i coer = - 

a ay jae ~ ae deh a 4 FG site or if 002 ’ Or? d= 00,08 ’ | 0 


s 


Ce ee a 


a a ‘coordinate 8 = constant Faiiiy ee Yin? Don bm om , re 2% -|+ Dige 
_ the group of curves ¢ = constant, which must be . 
rived hereafter. _ We. separate the . terms. of the eee Ob m1 Oe m=1 ; O72 bm=1 
ifferential equation into two parts, a part which Dee sea 9a? OTe 
olves @ and its derivatives. with respect to B 0" Pia—1 a] = 4 
ones ee eee an- Oa08 ° 


The inanration constantsin each process ene 
eteemined by the boundary conditions step by 


cand generally are given as functions of « 


= gy : ; 
3. The Method of Correcting Axes. 
This is method is based on the Fligel’s idea”) 


e curves of golution, the first approximate 

b, is obtained as before. Then for the 
corrected in the first approximation. 
we take the curves ¢, = constant for the 
Then the term D’ in (2) 
come smaller than that of the first approxi- 


2 6 = constant. 


“ee the Hie rentalenation for 


r iorsiontss = constant and Y= constant _ 
determined by their conditions of orthogo- 


As the analytical calculations of such | 


Differential Equation in Flow of 
‘Compressible Fluids. 


Pep damental Equations Referred to the 
Bncgonel Curvilinear Coordinates. 


> wish to illustrate these plod by an 


. 


\ 


stant and = : 
of velocity vector V are denoted by u, v and — 


eats : 
_ example in jn the 


has no viscosity and 
two dimentional field unifies ihe ‘condition of adi: 
tic change, namely, an irrotational flow. 
The orthogonal curvilinear coordinates, a=co’ 
constant, are taken and their components 


density of fluid by p. Introducing the Sp hag: a 


function, 


Ox 
ite .7/ (=) as 
the conditions of continuity aes inpotaHonalty are. 
represented as follows. 
1 fatheero ve) oie 


sa dae Oa ap 


rot. v= 


aie Ohsv) 
We he ahg 


_ hat) OHNat) \ 
“op J 


As.a function which satisfies (6) a stream 
function ¢ can be introduced. ‘This is defined bye 
the relations 


ferential equation for @ is obtained : 


ha, e Oa 


elie sli tl ee 


hp e OB 


dition. of adiabatic change : 


t 


Po ES; aap cs +(5; ae 


where Po and cy are the density and the velc 


of sound in still air. « is the ratio off spe | 


heats for constant Bip and ‘constant, vol 
oa 
= ° 


Hépresoating the boundaries by a = const 


ditions are, ae examp' e, 
= ba at B= Ba, g=y, : 


tion (11), ee first condipion ‘of which gives G, 
-=¢ (general constant) and Fra(a) is aecomiaes 
the relation a= dy at Disc as Namely, Py, the 
relation ; ( ee 


t= SP onaal! (He te 0m) ag 


a Ba, 


€ ig ; p ee * omE m(e)d8 +a 


_. Fig. 1. Boundary. 


ene’ s ; F(a) is found as a function of « and ¢,— ee 
: Gs: The Method of Fixed Axes. es 

“We take a coordinate axis @ = constant suffi- is obtained. ene 
S ciently. neat the curves of the expected solution, The mth approximation of density in thes 
for example, the streamline’ of the incompressible calculations i is represented by the following rel 


_ solution. Then, if there is no singular point in _ tion: 

_ the field concerned, a =e become ° sufficiently e 

| Shoes S = (2 1 ele a 
‘small as compared with 2 Sor , ae therefore - ees 260° \\ he Om-1. 9a >) aes 

“the differential equation obtained by neglecting the ¥ su | 1 1 ¢n\ ae . ee oa 

first term of ) will be taken for the first. approxi- 6 0m OB | 
4 mation ¢,. - , . , Another boundary condition is valid for the cale 
he 1 Ody ~~ Jation of the right hand side in Gay 
ap Rien Rag : 


36. The Method of Correcting Ae ne 
- Substituting ake result into the term which 


of 7 is omitted at first, the differential equation for the 
‘ second approximation ¢, is obtained as: 


before the approximation %m-1= Someem c 
ha 1 Ob, ore Ol hee ety. ' taken as the coordinate axis Bm = constant 
alt lesa z 


hg 02 6B hha Oy, 0a 


In the pame: way the differential equation for the oD 


f are Benge considered ‘ie be a0 enot t 
mth approximation is obtained as follows: pe 


author advances the calculation neglecting : 


‘eae - = ale i Soman - (18) terms and, if the solution’ converges, it ca 
0g ho, Om-1 Ou fi 2 


s ae + ‘adopted for the required solution. As-the s 
As on right hand side is a known function, this lines are modified in accordance with the pr gress: 
is an ordinary differential equation and can he of approximation, the function ta and he are. 

“integrated at once. age he a a a corrected step by step; The corrections are ¢ 


: : ; t graphically. pet 
hie 1 Abin BS bp 4d O02 ou ‘ 
* em op = = (Fe Omi. Om. 28m 1) 4 Pate, The differential equation which: gives the 
| 3 : ae (14) : approximate solution ¢,, is aa 


AB Fipla) is a- phen ction of « only and gives the velo- _ 9° 
city distribution on ‘the isipeaa a - Integrating Ory 


(iene 1 bm \=0. 
hpem~1 Om Ob =1 ; 


if 


This can be integrated easily : 


7 (2. i t age aleay eae o 9m, 


LG Seat Bee Lae a oft : 
he os iz hs ; SF Rpem-1 0m OPm-1 pee : 
28 onl ton + Gul) ‘abs - (45) F(a) is a function of oe only and gives the velocity % 


distribution of the boundary, and integrating again — a 


86 Shigeo UcHrpA. 


EP Wee Tintin 
rea Cr = \ ss — PmE mn()dbm—1 + Gm()- (20) 
=e y 


haym- 


E _ Fpf«) and G,,(«) are determined by the boundary 
conditions (11). Obviously, Gm(a) = ¢a and Fin(«) 


bee can be calculated from the condition ¢ = ¢ at 


bees B =», namely at ¢m-,= %, as follows: 

eee LV, hg mn 

‘i — Yo= \ aS = OmE m(«)dbm-14+ ¢a - (21) 
* 5 Vo lgem—1 


. The density oe» in the formulae above cited is 
given by 


ee 


27. Flow of Compressible Fluid Past Circular 
Walls. ia 
Z As a practical example the flow of a compres- 
= sible fluid past circular walls has been calculated 
2 The same problem was. solved by G. I. Taylor‘) 
= expanding the solution in a double power series 
in @ and y. 
a. Calculation by the meteoi of fixed axes. 

- _ For the coordinate curves the author takes the 


eo streamlines and equipotential lines of incompres- 
gible solution. This is the bipolar coordinate and 


. the integration and Collatz’s method for the dif- — 


_ in all subsonic regions and in a part of the super- _ 


jo 


represented by the complex function as follows. 


Z=atan-~ where z2=atiy, F= ate 


Bei 
hence, ha=he=h=| es =3 


d¢|~ cosa+coshp * 
Denoting the radius of boundary 6b by R, the : 
author caleulates the case where a 1; then, Ba © 
=0, &s=log{V¥2+1). Taking the 10 streamlines, — 
he performs numerical -ealculation at intervals of ~ 
log (V2+1), by means of Simp:on’s rule for 
ferentiation. e 

The results of the maximum flow are shown 
in Table J. -The value of correcting term D sub- ” 
stituted by the first approximation ¢, is less than 
0.01 and therefore the calculation at four effective 
figures as in this casé will be almost convergent 
by the 8rd apyroximation. 


Table I. Velocity distribution on the circular 
wall (maximum flow) 


"|. on oe te ol MMethon 00a 
é ~ Method of Method 


25 : Correcting 
? Fixed ae . Axis apts. 
Ist | 2nd | ist 2nd . 
ap- ap- ap- ap-. 
prox. | prox. | prox. | prox. 
—.2644| .9144 916 29122894 
-.1763) 19534 .954°| .948 92 


wy | ~-0881| 9928] 9889] 994 | .985 | 97 
‘cq - | 0. | 1.0829) 1.0204] 1.084 | 1.022 |.1.00 
.0881| 1.0784] 1.0600| 1.074 | 1.060 | 1.08 
.1763| 1.1146 1.114 | 1.096 |°106 
| .2644| 1.1564 1.155 -}1.184 }9140) @ 


.23880 


—Po— a] O.Coa 


23900| .23880| .23916) 


b: Calculation: by ‘the method of correcting» 
axes. er te : iio. i 
The velocity distribution is shown in Fig! 3 _ 


_and Table IJ, and the corrected streamlines in Fig. 4. 


In order to compare with another method the re- 
sults are listed also in Table I. In spite of the low 
accuracy in graphical calculation, the obtained values 
are close to those of the method of fixed axes. 

The convergency of the method is very. good 4s 


sonic region, for the section No.'2.' But behind — 
the section No. 6 there exists a tendency fordiver- 
ence, and about here will be the boundary of the 
convergent region. With ‘increasing val “ of 


Loeb Sol. 


€ Mach Angle ) 


i state and the streamline leaves the curved surface 


Ae both vanish and are constant along this streamline, 


‘a 


>. * state at infinity. For the most part, calculated 


results. The chain line” in "Fig. 3 is the velocity 
‘distribution gained by Busemann’ s characteristic 
‘method, the calculation of which is started by con- 
“necting the sonic line with that which is. obtained 
pee the. second approximation, From this caleula- 


eristic | 


gts pees) 


. ae speed, “which is npeatned at the vacuum 
: as shown in Fig. 4. As the pres;ure and censity 


_ the flow ‘becomes a kind of. discontinuous » motion 


a and ‘the free streamline stretches: to the vacuum | 


results are in good agreement with experimental vA 
_ up to the middle section. By virtue of the sudder 


first, the velocity on the surface increases a8 


of total head Sreashra: : ae 


The velocity distribution in maximum 
3 and Table IH) shows good agreement with eory 


condensation of the moisture two stepped « 
tions take place in the supersonic region. ~ 

The fimit- of : ymmetrical flow was investiga 
by experiments varying the back pressure. ; 
results are shown in Fig. 6. Excepting the as 
metry caused by the separation, “there exists | 
symmetrical state, in the lower velocity. In ac- — 
cordance with the reduction of back pressure, 


q} w10sy 
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id and shockwaves at the throat of tube, 


y mecticed: 


A Relation between the Maximum Velo- 
city Obtained in a Circular Walled: Intake 
_ and the Radius of Inlet Circle. 


In this limiting case the 


~(2)-G, Fligel:, 


parallel walls as is shown in Fig. 7, ‘the maximum 


flow obtained will be limited by the radius R pe 
we equate this flow quantity to the uniform. flow 


downstream, the maximum velocity gained in such 
-an inlet channel will be approximately found ; the 


calculated result is given in Fig. Y pee 3 shows that a6 


‘even a radius ten times larger than ees minimum 2 


section gives only M = 0.95. 


Fig. 7. The relation between the maximum | 3 
velocity and the dence of sire 
walls. : 
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Abstract 


“The -temperature-dependence of rectif ying action 
of silicon and iron pyrite detectors was measured 
; between -183°C and 300°C. The maximum recti- 
fication. ratio for Si-W detector occurs at about 60° C, 
¥ = while for some iron pyrites a kink appears at about 


curves, although we have no maximum in the 
Se range of temperatures. Mott’s and 
~Davydov’ 8 theories on the ‘reetification are Jone 
ficient. xe) explain these results. The author pro- 
poses a theory ‘pased on the tunnél effect of elect- 
rons through the upper part of a blocking layer. 
in which the calculation was ‘made for the thick- 
“ness 20 A~20 ss of the blocking layer. It is expected 
from our theory that there exists a “critical tem- 
"perature at which the inversion of rectification 
“occurs and that the rectifying action is a function 
of the thickness of layer and the conductivity of 
‘the crystal in bulk. The inversion of rectification 
at different places on the surface of the crystal can 


eee ie 


S ". also qualitatively be explained by our theory, 


Introduction. 


ee OS 


‘It is well known that the rectifying action 


a semi-conductor, although the nature of contact is 


. somewhat ambiguous and no convincing explanation ; 


has been given for the different rectifying action 
at different, places on the surface of the same cry- 


hs 


= petals 


“fication was measured by several authors!))3) so 
= far, these measurements were carried out within 
ie rather small range of temperature so that they do 
4 : not agree” oes ee other regarding the: queen 


: : On the Crystal Rectifiers 


; By Akio Kosayasut. 
; Research Laboratory,. Tokyo Shibaura Electric Cas 
~ (Received July 18, 1947) 


details of experiments have already been des 


-60°C in the rectification-ratio versus temperature 


“ occurs ‘on the contact surface between a metal and | 


ay “Although the temperatare-dependence of recti- 


Kawasaki. 


the rectifying action of silicon and pyrite detector 


in a wide range of temperature, i. e. -183°C 
300°C, which results shall be reported here. 


in Japanese in the other publication). 4 


§2. Sign of the Current Carriers 


Le 
peratures and -350 “V per ‘deg. above 60°C, wh 
those for pyrite changed from 100 “V to 16 ye 


ductor with positive holes, ‘where as pyt . 
with electrons. — Mae = 


§3. Dependence of Rectificati no 
on Temperature. = 


The detector was mounted in a sealed 
vessel filled with dry nitrogen gas to protect 1 
crystal surface against moisture and oxidation : 
the metal point .a tungsten filament of 0. 1mm 
was used under a lead weight of 10g which m ai 
tains a constant contact-pressure ue all 


ZC to 300° c rag ire 

Some of the results are shown in Figs. la and — 
b in whieh rectification ratios, obtained by dividing | a 
an easy flow current by a hard flow one, are e 


: 3 a Py yi te. t 
oat ae te IT 


cimum at ‘low temperatures. When 
of cyrrent are plotted against 1/7, 
‘shown in Figs. 2 to 4, in which the 
There 


e curves of the easy flow direction 


is taken as a parameter. 


hard flow direction corresponding to 
he curves of the rectification-ratio. 
the parts the curves on the left side 
follow Mott’s and Davydov’s theory of 


tg en] . i > 
eo 


; acre ‘If the th 3 
ligible as compared v with that 0 
. we can assume the potential at the | ae 
to be the one shown in Fig. Bb. In the — 


* seg 
wa Ned Lene te 
OV 


a go SO Sa Ta 


; 


difference, E, the activation energy of 
impurity centres. Then the thickness of — 


the double layer is sabes by | “ 


= VEV [RNG . qa 


where N is the number of the impurity | 
atoms per ce. and « the dielectric con- | 2a 
stant of the layer. \ a 


the mean free path of electrons, we have 


applied voltage V, 


A4zmek?T? —e(Ve-AVo) 
pete hear ~e tr od), 


where 4V, is a value reduced by image 


force genie 


AV, = er (Ve—V)/ed 


i . 
and S is the area of the contact ‘surface. 


Applying the formula (1) to the thermionic _ a 


region of the curves of easy flow, we get for V, — 
0.8 Volt and 0.4~0.6 Volt for Si and FeS, respec- _ 
tively and for 4V, at V = 0 about 0.4 Volt and 0.2 
Volt respectively. It is, therefore, expected that 
d and N must be of the order of me and 10" res- — 
pectively using «~10. As the applied voltage V_ x 
increases, the spreading resistance o/Ar through the 
contact ap where o is the specific resistance of 
the crystal in bulk and r the radius of the whisker, 
must exceed that of the blocking layer, then the % 
temperature dependence of the conductivity may 

be said as that of the specific one in bulk. Thus — 
from the slope of these curves, E, for both ery- 

stals are found to have values 0. 007, to ees eV. ies 

g. 4. Recenc iee in the Tunnel 
Region, -e 


* .- 
Kee 


figure V, denotes the contact oeeiaee a: Es 


If the thickness d is of the order of 


the thermionic current of rectification at a ; 


Tae, 


| 
| 
1 


| “Fig. a The current versus ur curves of a silicon detector, 


yt for easy flow, B for hard flow. 


EE CE 
10°F pe 


Fig. 4, The current versxs 1/7 curves of a ‘pyrite. detector, 
A for easy flow, B for hard flow. , 


tT 


~The Barertial barrier of the cohtact 
ena semi-conductor and a metal. . 


“because tes hs tunnel electrons it is not 
c ; 


n = to naan, such an energy to —_ over the 
1Y | bump. 


‘ 


Fg-eA Vo 


Ds) log {1+Ce~n “) de, 


05-V)-Eo 


= a we get 


“and Ds) is a transmission coefficient, 


Dy) = fae ee ate 


where <i AS 
. 8x V8m | 
2 = 


8» GRE ie 
ry <6 eVE Key 


= Waa 


ze, 


ing the degeneration of electrons and ass 


et 


u=sacf Memmi 


yun — A) 
Ww 


oxo ae te ch or 


aaa 


- and © is the error fonction. 
g Using. (5) and (6), the resultant eurrent for 
ae 


: where 6 ee = _ 987, Be 


= a given by Pee cat 


ae : S 
4 ae a8 ~ scene tr). ae (7) 


Biter the cold emission current from the metal 


is. of the order me, and its temperature-dependence s 


3 to the semicoductor may become. larger because « 
a 


may become very small, thus the current in the 
a ao caeeeoe at large voltage 

Ese) ~¢ "g 
s oath. eS ¢) "a 


85. “Discussion of the Restiles, 


ek” expt —a(eVal Aa} (8) 


‘It ee V> 2F,, and kT, we have ime. Taking 


ae logarithm of the dard flow current, therefore, 


t 


i sit: f ollows 


the: ‘eurve of log{i/(V.+{ V| 2} vs. 1(V.+| V)\) for 
large voltage i in the hard flow direction must be a 
- straight line independent of temperatures and thus 
d can be evaluated from the slope of the curves. 
The curves for silicon and pyrite are shown in 


3 curves: “becomes | ‘steeper as the temperature is 
z lowered. On the curves below about -100°C,, the 
= for small value of ee) becomes pearly 


(4 constant. 


Ad 


. “we get the values of a from the slope of these 


ee the order of a few mp, 8S seen in Table. I. 
Numerical results oS ae formulae © and (6) 


Mogti Vet VN ~eonst. 8 2, iro 
e. 3 eee a 
ek ae 2) 


Figs. 6a and. ch Sin these figures, the slope of the 


he ee According to the ‘above mentioned consideration 


high field part of the curves. The values of dare 


Fig. 6. A-The field emission curves = as 

detector, B-That for a pyrite detector. 
d=30A4, V,;=0.4 Volt and the other’ quant 
remain unchanged. The calculated curves 
figures are very similar to the observed ones o} 
Si- and FeS,-detectors respectively, excep’ 
for V= V, at which the sprees resistane , 
to exceed the biocking one. pees 

The capacity i is approximately Eien by 


for the silicon and pyrite Mo meen 


ve 


-9°C | ore | arec]- -17. 


0 ~ ; 


Si “0.4 volt, 1A | 7A | 6A 


| = J 
es 10 12 


* The voltage and temperature dependence of the 
capacity are now in study by a bridge operat. 
ed at-1 MC to.5 MC. 

*«%* The effect was disturbed by the adsorbed a 


Aas 


PS e 3 ; / 
ly, oe -135°C | -170°C 7 ve 
“oavott, cores Gene ws 3 room ioniparatarss except small vale j 
7 “voltage, the easy flow currents vary with expr 
tial of 1/kT, as shown in Fig. 4, whereas the hi 
ae ts flow curreuts do not vary $0 steeply. This is a qua-_ 
$6. Inversion of Rectification.. litative and indirect verification of the theory, the 
result being similar to the case of the cold emis-_ 
sion theory by Frenkel and others, in which the 
er activation energy has a small value of 0.06. € eV 7 
in comparison with former and may finally The theory, therefore, may. explain the phenomenon i. 
Nis value i, at absolute zero. At a very of the region. between Frenkel’s cold emission ‘ 
t theory and Mott’s thermionic one. 
past reverse. The calculated values of ¢, for . In the above discussion we have neglected thal 
i eee equal to the values of 7 from ea adsorbed layers of moisture which affect the recti- 
fication strongly”),” and further the tarnished layer 
which always exists as silica on the — 
silicon. Moreover, we have assumed oy) = 
ignoring the image force and effective er, 


iF, 13 


- current earriers is equal to the electronic one, | 


_ tative: Gecraracas between the experiments an and 
the theory. 


THA 


iat ao 4. 
Of 


a 


02 ; | 


: 
eke oA B | 
The calculated curves ; © the dotted lines for 
equation ‘6) and the real lines for equation (5) 


. 


with the alae d= 20 A and V,= 0 8 volt. 
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Waves. 
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‘The Redon between the eae and the Action 
of Ultrasonic Waves. 
Patch By Otohiko Nomoto and Seiichi Oxur. 
pa ae, re ; Kobayashi Institute of — Institute of Pharmacy, 
= Bs f Physical Research, Faculty of Medicine, 
Kokubunji, Kokunjimachi, University of 
Re ess Tokyo _ Tokyo 
ye ae (Read May 11, 1947; Received July 29, 1947) cy, faves 
22 hak Sra atone } a ae ' 
: § i Introduction.’ = _-. of air bubbles by cavitation caused by ultrasoni 2 
' It was “observed by Kusano!) that the isola- radiation. Paounoff3) observed that the remainde 
n of iodine from Bots solutions ‘of potassium of air or oxygen in water, | saturated by air 0 
~~ Pp 


oxygen respectively, showed ‘the minima. at. ultra. 
sonic intensity corresponding to the radiation pres- 
sure of 170 bar/em? after ultrasonic treatment, The 


nsity “itself. “Beuthe, Furbach a Sérensen’) ; intensity of the sono- -luniinescence of water, on ‘the 


es ye the queputy of hydrogen ‘peroxide other hand, became perceptible at 140 bar/em®, and 


~ had the maximum rate of increase at 170 bar/em’, 
and saturated gradually beyond 230 bar/em?. Oyama, 

' Ogata and others4)-*) observed that the expulsion 
of air bubbles decreased remarkably at the ultra- 


0.10 atiee 3 - which they measured calori- 


a that the maximum of the chemical 
’ maximum of the expulsion | sonic Svenalhy where the formation of fogs on the ‘ 


‘  — ae 


ns such as the decrease of DH, ihe Hee 
‘and the oxydation of piace have 


ae they did not measure «the intensity absolutely. 
8 these facts are related, as we think, to the 


Doints of the action of oreo tis waves, it is 


The weight MW is ‘the ae - alas 
the yl i M of the presente Spuaraia minus th é } 


th an formation of the standing wave between the 
-water-jacket to cool the eae liquid. With sure vane and the.quartz transmitter. There 


angement, the temperature-rise of the liquid 
uppressed within 2—3° C: Sometimes we used 
oled vessel with a greater ee 4.3 cm. 


ae unstable. 


The interepts of both curves 8 09,0 > 


balance by small change of the - 
radiation pressure. 


“Fig. 2. Explanation of the multiplicity of the 


3 bal itself. 
s Positions of equilibrium of the pressure vane. x palanee. teks 


"The sensitivity of the apparatus for Ae var- — 


is iations of the radiation prone ‘AP is easily cal- os § 3. Methods and Result of 
; the Experiment. 


Gi) The fading Ff the colour. of the 2, 6-dich 
Fr econh E of the new curve A/ with the sensi- phenol-indophenol sodium (O: C;H,ClL.N C.HLON 


pay: curve B gives eee new # position of equili- solution (an reducing reaction). — eee 
This eee sate the following ae :@ 


=-_ 


Sade s 
me eats) a OnE ae 
ES Seater aaa ee ae Se _ irradiated by ultrasonic waves, it becomes re 
i ets eo res ig Been the ratio of the variation then colourless. The red-change is the result of t 
(of the reading of the balance (in cm) to the diss = NV0,-formation in water by the action of ult 
_ placement of the pressure vane. This is thesame — waves The fading is explained ne these 
with the ratio of the length of the ne pote. -of NO in water under ultrasonic tecnutione : 


of the arm, of the ae On oe other hand, we substance reacts with the dyestuff, ati a 20 


HNO, by the reaction 


: ap PoP = rstd— a) t ieee es ,  2NO + H,0 +0 ) + HNO,» 
as ae . (2) : 
pee ty =(s S4 e) 4d fs while the dyestulff is reduced by joni its oxyge 
; Fig. 4 shows the time of fading of 50 ce of t 
- from he coe shiaitiend of the force, nihere normal dyestuff solution (10-5) in ‘uncooled vess 
k = 00/0m Means ‘the sensitivity of the balance, 9 A. The pressure vane was 2 disc of diamet 


the eu of the anid in Lege the pressure is em. It is seen that on the average, 1. 2 gr-wt 
corresponds to the minimum of the. time of fading, 
Baap eee vane. ‘Thus from (1) and @) we oe or the maximum of the reaction rate. Fig. 5 shows 
tain the sensitivity = sto eS ST the same for alkaline solutions of this substance « 

Behe : ou ies alae é ae (8) 50-cc (curve a) and 80.cc (curve b). The maximu ie 
Coretta oe “C+ e+ 0Sk * oa reaction rates are found- at the same radiation 
For the Valances. here used a was 0.7 em/gr., and pressure 1.2 gr-wt., *pat the time required i is longer : : 
diameter of, the Bhatt soe the pressure v vane was for greater amounts of the liquid. ‘This means that 
not the whole volume of the liquid is effective in 


producing the reaction. This was verified by ob- - 


serving the sonic chemiluminescence of luminol. (3 : 


see 


vee J as 


; sodium solution as a function of the 
_ ultrasonic simmer } 


i pitty) in Nau? solution, ‘ The 


Fading of colour of the acidic solution of 
m permanginate (KMn0,) (a veducing 


; In this case we obtain the maximum reaction 
rate a at 0.82 gr-wt. for the pres ure dise of 1.5em 
ameter. Fig. 6, curve a (0.0025N solution) 
curve ‘b (0.075 N solution) show this result. 


Curve ¢ gives the result for 0.075 N solution, 
when the pressure vane is lowered to the middle 
gaia vessel. 


The oe of ultrasonic 


Een is explained as that, in this neta vessel, 


25 ue 


Racteettan aca or Sow ceive 


| se Time of fading of 2, 6- dichlor ene -indophenol 


rdinate is the volume of KMnO, when reduced __ slightly higher. 
.01N solution, consumed in 6 minutes. The 


med amount is independent of the concentra- 


Radiation dassce ‘em Sema eee 


Fig. 5.. Fading of eatbue of the alka- | 
Tine solution of 2.6-dichlorphenol-_ 
indophenol sodium. 


$ 


Vokumsa of 0.0) ¥ KMuO, 


a2 
Radiation Presaunt 
om Som scat “Ss ue 


ak meg. 


Fig. 6 Consumed sduntt of KMnO, per 10 ee 

5 minutes treatment by iltrnapnke waves. 

at L, 

the whole volume is effective exept the ae of 
the pressure plate, and that, the sound intensity Fs 

in side volumes of the liquid attains the optimum 


when the vol ume as eet beneath the Desi vista a § 


eit on 1.5em dise Jiang cbitictaels wid s 
wt. on 38cm dise of the mciehe it! Gy Bu 


(iii) Separation of tik fron aout 8 
of potassium todide and other ie 
reactions). J as Sa ay 
Fig. 7 shows the: result for the separation o 
from acidic solutions of potassiut Nt 
war The abscissa sh ‘ 


te ‘the ce icolated in 10 ce of the solution in5 — 
Fralnntes treatment. Curve a is the titration value 


a immediately after switching off.the ultrasonic wave, 
and curve b is the total value obtained by adding 
the separated amount during 1 hour after the first 

. titration. Both curves have the maxima at 0.4 gr.- 


_ wt. on 1.5¢cm disc. This value is higher than the 


_ optimum intensities for the two reducing reactions 
Pay F 
. «and (ii). 
x a) ( ) 
f oe 
2 =! 
“a & 
Ne = 
al cS 
s 3 3 Cy 
¥ 
.p 
’ ‘ 


Fig. 7. Isolation of I, from KI by 
ultrasonic treatment. 


_ +The same results were obtained for the sepa- 
_ rated quantity of I, from KI, when it is added to 
"distilled water, which is treated with ultrasonic 
_ radiation, and also for the quantity of HNO, formed 
‘ The 
quantity of HNO, was measured by. ‘the colour 
Bi reaction which takes place by adding sulphanilac’d 
and. i- (B- diethylamino - ethylamino) naphthalene. 


indistilled. water by ultrasonic treatment. 


_ ‘These oxidizing actions of ultrasonic waves showed 
z the maxima at 0.4 gr.-wt: of radiation pressure on 
The separation of I, from KI is pro- 


- “h. 5 em ise. 


; ‘metric, but the chief agent is HNO,, particularly 
oa in short time treatments. These oxidizing reactions 
ee are Supposed to have their maximum rate at the 
: maximum quantity of HNO; in water. 

be Si 20 Summary and Discussion of 

+e ithe, Results. 


pressure amplitude of 3.00 atm. And this-corre = 


‘in water. 


duced by both ‘HNO, and H,0;, and not stoichio- 


by 2 equation - 


(op)? 
Po ee 
el 20c* 


where p is the density and ¢ the velocity of sound 
in the medium. The observed results are summ: 
rized in Table 1, which gives the optimum intensit 
of ultrasound for various chemical reactions in term 
of the energy “density and the corresponding pre 
sure amplitude. It is seen that the reducti. n 


of 2 ,6-dichlorphenol-indophenol sodium attains i 


maximum rate at an ultrasonic energy density of 


about 166 erg/em’, or at a pressure. amplitude of 


2.64 atm. This is supposed to correspond to the 


‘The 
oxidizing reactions are found to be optimum ‘ab the 


maximum quantity of NO formed in water. 
ultrasonic intensity of about 215. erg/em! or at the | 


ponds to the maximum quantity of NO,’-ion forme 
The reduction of KMunO, solution b 
ultrasoni¢ waves takes place rate with maximum 
rate at about 177 erg/em* energy density, or (27, 


ain. eae: amplitude.” This value is ree . 


perhaps slightly higher. KMnO, aoe on 2 NO, 
giving up 1.5xO to change the latter to NO, 
while it acts on NO,’, giving up 1xO to for 


of 1.5xNO+NO,’ in. water. This is. fount 
between the maxima of NO and NO,, and 


perhaps nearer to the former. 


tradiction with the result of the experiment. The 


‘pe 


This is not in con- — 


maximum of NO coincides with the maximum of —_ 


the expulsion of dissolved gases observed by Paou- 53 


noff (170 erg/em’), while the maximum of ; NO,/ 


corresponds nearly to the beginning of the satura- _ 


tion of the intensity of sonc-luminescence of water 
observed by Paounoff. ; 
The errors of observations are pores sabi 


10%: in energy densities and about 59% in presure — 


amplitudes. Why thes» particular in‘ensities are 


found for the maximum reaction rates of ultrasonic — 


reactions are not concluded as yet. 


"Table i. Optimum intensity of ultrasonic teraves for sono- “chi 
aes [ Radiation ‘Pressiire 
on 8em— oe 

dise | dyne/em* 
gr.-wt. “= 


Se eleaol sodium cNO —- NO,’) 1.2 

- KMn0, (NO— NO,/, NO,/-> NO,’, and 
Sat, eH -+ H,0, 

ing reactions, HNO, in dist. water (NO,’) | 

Ti = ee 


(1.6) 215 


(3) Petre Pagdnne GR: 209 (1939), re 
(4) H- Oyama, G. ‘Kusumoto: Deke 
Zasshi (J. Instn. Electr. Eng. Japan, in Japa ® 
nese), 62 (1942), 649. 

(5) H. Oyama, S. Ogata, Bs Nakajima, § S. Banno, 

= S G. Furukawa: ibid. 62 (1942), 546. _ 
Bs Fone WO . (6) -H. Oyama, S . Ogata: | Denkigakkai, Den i- 
tsushingakkai, Shoreigaeieat 19-kai Rengotai ai 

Yoko (Proceedings of the 19. joint meeting of © 
~ Tohoku J. Exp. Med., 30 (1936),  — Instn. Electr. Eng. Jap.n, Instn. Electr. Comm. -_ 
: Eng: Japan. and Instn. Electr. Lighting Eng. ; 
Japan, in Japanese), vets 24-2, 828. cis 
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81, “Introduction. 
The structure of oxide crystals grown on single 


| crystals. No examination on the growth of 


>a 


1948) 


-phuration on single crystals of silver, which were 


. _ in turn prepared on cleavage faces of molybdenite 


and rock salt by evaporation in vacuo. In some 
instances silver-arsenic alloy has been found instead 
of silver sulphide when hydrogen sulphide was used 
without being purified, and its structure has also 


been studied. 


$2. Experimental Procedure. 


Single crystals of silver were prepared as usual 
by evaporating silver in vacuo onto fresh cleavage 
faces of molybdenite at about 50°C and of rock 
salt at about 200°C, the thickness of silver films 
The film thus 


obtained always gave elongated diffraction spots 


being about 50my in either case. 


when examined by reflection method, showing that 
the surface of silver crystal is smooth. 
The hydrogen sulphide gas was prepared from 


mineral iron sulphide and sulphuric acid or hydro 


chloric acid and washed at first by passing through . 


water only. The gas tius prepared was found to 
contain arsine asimpurity. Inthe later experiment, 
therefore, the gas was purified further by passing 
through calcium chloride, solid iodine and then 
water in turn. Water vapor was not removed, 
because it had been known that the dry gas at 
room temperature did not change silver surface at 
all. Moreover, the gas was not free from air for 
the same reason®). 

The silver film formed on molybdenite was ex- 
posed to the gas for the duration varying from 
half an hour, to five, without removing from the 
base, and then examined by the reflection method 
of electron diffraction, while the film formed on 
rock salt was treated in the same way after dis- 
solving off the rock salt in water and receiving the 
film on a brass plate with small holes, and then 
The treated 
film always gave a faint diffraction pattern with 


examined by transmission method. 


strong background, when examined by reflection 
method. 


§3. Experimental Results and 
Interpretation. 
A. Silver Sulphide grown on Silver Crystal. 
- 1) Sulphuration of the silver crystal formed 
on molybdenite. It has been well known that silver 


On the Structure of Silver Sulphide and Silver-Arsenic. eee aia 


film of moderate thickness deposited on molybdenite 
cleavage face by evaporation crystallizes in flat 
plates and takes up complete orientation with (111) 
-plane parallel to the substrate surface, giving rise 
to elongated diffraction spots in reflection photo- 
graph. Such an aggregate of completely orientated 
crystals may be considered as a single erystal film 
with predominant (111)-face. 

The film, when exposed to hydrogen sulphide 
gas, was found to give a complicated and rather 
diffuse spot pattern with strong background, as 
shown in Fig. 1, and the product was identified as 


Fig. 1. Pattern of sulphurated gilver. 


acanthite in particular crystalline orientation. But 
there was some inevitable ambiguity in the deter- 
mination of crystalline orientation for the following 
reasons: According to X-ray data,(4) acanthite 
belongs to the orthorhombic system and the lattice 
constants are 4.77, 6.92 and 6.88 A respectively. 


Therefore, the lattice type is very close to tetra- 


gonal one. Moreover, it will be found that in 
Fig. 2 

AD ~ 204A, 
and AS~SE=OA=a. 


Fig. 2. Unit cell of acanthite. 
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Hence OS is nearly normal to the (111)-plane and 
OS~b=~e, 


and the spacings of three net planes (111), (002) 
and (020) are nearly equal to each other, the values 
being 3.41, 3.44 and 3.46 A respectively. Beeause 
of these facts and the diffuse nature of diffraction 
pattern, the two parallelepipeds illustrated in Fig. 
2 could not be distinguished from each other in 
Thus there 
were three probable orientations of acanthite on 
the (111)-face of silver. 
be summarized as follows: 


the analysis of diffraction pattern. 


The result of analysis can 


a p-plane of acanthite // (11l)ag, 


and a p-axis of acanthite // [01lJag, 

where p-axis:is b-, c-, or OS-axis and p-p-ane the 
plane perpendicular to one of the axes. Coexis- 
tence of two or three of these orientations is also 
very probable. 

One of these orientations is illustrated in Fig. 3 
by making use of reciprocal lattice. In the figure 
the plane of paper is (111)-plane of the reciprocal 
lattice of silver, and solid circles represent recipro- 
cal lattice points of silver and crosses those of 
acanthite. The photograph reproduced in Fig. 1 


was obtained with electron beam incident at the 


Fig. 3. Reciprocal lattice diagram of possible ori- 
entations of acanthite on silver crystal. [I], 
{11}, {III| and [IV] are the azimuths at which 
the reflection photographs were taken. 
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azimuth perpendicular to [1] direction. In these 
orientations, however, no simple relation seems to 
exist among: the atomic distances in the (111)-plane 
of silver and those in the p-plane of acanthite, 
although the coincidence of the atomic distances is 
fairly good in the normal directi n. Thus there 
will be little chance for the growth of large acan- 
thite crystals, and this will partly explain the dif- 
fuse nature of the diffraction pattern. 

2) Sulphuration of the silver crystals formed 
on rock salt.. The silver film formed on the cleavage 
face of rock salt also crystallizes in flat plates and 
takes up complete orientation with their (001)-plane, 
instead of (III)-plane in the previous case, parallel 
When 


these silver crystals were exposed to hydrogen 


to the cleavage face of substrate crystal. 


sulphide gas, acanthite was again found to grow 
on them in a particular crystalline orientation, 


though different from that in the previous case, as 


- is seen in the transmission pattern shown in Fig. 


4 schematically. 

The diffraction spots due to the acanthite, in 
this case, were fairly sharp, though faint, and the 
orientation of the acanthite could be determined 
with considerable certainty. The spacings deter- 
mined on the basis of the lattice constant of silver 
agree fairly well with X-ray data (Table 1). The 
assignment of indices to the spots is given in Fig. 


4. Another possibility of assigning (131) instead of 


Table I. 
| Spacings (A) 
Indices ——-———-- ee 
Electron X-ray 
(002) 3.4, 3.44 


(111) 3.4, . 3.41 

(113) 1-969 1.98 
(118) to the most intense spot seems to be excluded, 
because the calculated value of the spacing 1.99 A 


is too far from the observed one. The final result 


can be summarized as follows: 
[110]ag,s |. (001)ag 
and [001]Jag,s // |100]ag 


It will be noticed that ihere is no simple lattice 
plane of acanthite parallel to (001) plane of silver 


. or the surface of the film, although (001) plane of 


Schema of the transmission pattern of 
silphurated silver on rock salt. Open circles 
belong to silver and triangles to acanthite, 
solid and open ones corresponding to two dif- 
ferent orientations. In the one orientation c- . 
axis is normal to (100)-plane of silver and in 
_~ the other to (010)-plane. The ‘size of triangles 
gives a@ measure of intensities of spots. 


acanthite i is parallel to (100)- or (010)- plane of siiver, © 
ze as is illustrated in Fig. 5. It must be also empha- 
be. - sized that there is no acanthite crystal whose (001)}- Y 


a _piane is parallel to (001)-plane of silver erystal (the 
= orientation illustrated with dotted: lines in Fig. 5). 


Thus it is highly. probable that crystal nuclei of 


a - ~ acdinthite are formed not on smooth (001)-face but 


-. on (100)- or (010)-face of silver crystal. 
: will be worth mentioning that the pattern given 


ae 
a 


=> in Fig. 4 is not explained by the acanthite erystals 


that might grow on (111)-faces of silver existing 


ae face. The pattern Should have a four-fold symmetry 
| in that case. ne 
4 motel 8 hr Silver-Arsenic Alloy ecient on Silver Cry- 


; _stal. 
~Tn the course of the atudy described above, 
the silver film exposed to hydrogen sulphide 


simple structure which could not be explained by 


- the structure of acanthite- It was a curious fact 


Ee that such a pattern was generally obtained only 


after the treated specimen was kept ina desiccator 


fora few days. The elongation of diffraction spots - . 
yf silver eae faded pee after the oe sence 


Finally it 


probably along the periphery of predominant (001)- 


¢ Sere 


gas was often found to give a pattern having 


Fig. 5. The orientation of acanthite on silver 


deposited on rock salt. 


: Se to raderiek and- Ehret(s), 5 ~20 Yo e 
arsenic alloy of silver, when nck oa from, high 


this Sananee is Ag,As(6). In bulk state, how: 


ever, the ees is unstable below 890° °C and the 


nic as solute. The latter has the. same : pryeell . 
lattice as pure silver, which is quite different from, 
the observed one. But the observed lattice const-— pe 
ants are very close to the ones found by Broderick 
and Ehret and it is not a rare case that the 
phase usually unstable in~ bulk state comes out 
to be stable in thin film state. The. encroach-» 
ment of smooth (111)-surface of silver suggested by 
the disappearance of the elongation of diffraction 
spots is also favourable for the theory of the 
formation of alloy. The composition of the alloy, 
however, is difficult to be determined on the basis. 
of the electron diffraction data. — Be 

_ The orientation of the supposed alloy grown one F 
(111)-face of silver (deposited on a cleavage face of = 
molybdenite) was 15) eae 


(0001) antoy // CAG ae : ~ 
and <-  t20lanes [Hi110lak. 


The atomic arrangements and distances in both 


lattices of silver and alloy are very close to each 


other, ‘as is seen in Fig. 6. Therefore, the arsenic 
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In, studying the Poa of Coe 


eee It is further necessary for the Madam purpose bro: distinet methods have, been 


iy 


mous be ‘noted ‘that fee swarm “of electrons’ in the 
ae magnetron is far too rare to allow the application 


Of the hydrodynamical pase except i in some special 
cases. 

; We. are thus forced to use a particle-mechani- 
: cal method for our perpose, In this treatment the 


Jif one replaces the influence upon one electron of 
other electrons by.a suitably chosen electrostatic 


3 magnetron. ° 


3 Ey y, There are strong presumptions that this elect- 
ws rostatie force has the potential of the from 
we a 


aa 


EE SS U(r) = Ud(r/ra)?, a (1) 


the magnetron, Ua the anode PORES, Yq the radius 
E of the anode. 
Tf one assumes that the potential | of this form 


= really exists in ‘the magnetron, it is comparatively — 


; easy to develop a theory of the magnetron oscilla- 
tion. A detailed report of this problem is now in 
: preparation and a comprehensive discription of the 
theory as well as the experimental: results obtained 
by members. of the Technical Institute of Japanese 
| Navy will soon be published, so we shall give in 
- "the prevent report only a brief account of the 


theory. 


82. oe een Motion of 
; Electrons. 


We investigate first the motion of an electron 
in a magnetron when no electric oseillation i is taking 
_ place in the split: anode. We assume, for simplicity, 
© that the magnetron is infinitely. long along its axis. 
Let Ua be the anode voltage and H the impressed 
eye ee the iaier being assumed, to be 


i tr ®) is then, ohine to our assumption (h, 


Vin #) = ~eUe 5 ie er (2) 


difficulty of the many body problem can be overcome ° 


4 force caused by the space charge distributed in the 


“where r is the distance from the central axis of 


where wz and w, are defined by - 


- 


AT 
on= Saat (Larmor frequeney ‘ 


2eUa | 
We = ay “ et (critical frequency) 


Sy 

m being the mass of the electron. Bis 
The motion is now obtained by introducing 
action variables J,, Jy and the angle variabl 
wa» This process, which is familiar to us 


atomic physics, gives 


i 


78 — 2 ——————————— — 
is MV won? —We 2 (VIr=d “Jo av Jy eieor)ein k 


{aor = Ort+by, 
Liv = Wgtt0q. f 


ts =2V oH? we? ; 

0g = On—V OA. 
pendent of time. The four constants Jes 
and Oo. are, determined if one specifies the it 
condition. As is well known, the energy of t 

motion expressed in terms of the action variab 


is given by 


= ordrbenlos ’ 


ace RECT 
ie Votes: eae bs Sey: 


-and the rolling motion the radius 


é 1 : path mat 
ee so 
Brot ee Vv ey wy a w: 


if Tet an Tale 


P mv one — Wet 


he by the potential O(r, 6, t), they are 
er constant when oscillation is wei placa. 


- the form 


~ (6) and (6). 


From (15) we can see that us is expects in od 
Ve= Re =. [Xorc EXP Webe+8) + eee cow) 


+YVo,- exp {leds+ ty) +ilearton + OA, a8) 


in which the coefficients Bg and ¥, are ‘rund of 
Jr and Jo only. The equations for the pesturbed 
motion become then 


= “ne 2 tit Xen exp {lode 4 loon cop 


i ae —0)t} +ieYoe exp{ilede +19) +ows tor e)f} 


dg = Red) i ~ exp {lst +e) Hien ttn 


—w)t} oi Fever r6,) +ilony bron ov], 
5, = Re 2 [o% On exp{i/odq +73,)+iot +O, x aa 
uy = : i 

—o8+5 3 ean ion s89 leet ot 


c 


Since the righthand sides of (19) | are sur 
periodic functions of ¢ with small amplitudes, 
give. rise to, in general, merely small ‘flu { 


of Jr, Jo, Sy and do, because they. give t. 


instant of time positive and at some other 


of time negative changes to these variables, C 


averaged over a long. time, they. cae no, 


changes of J and. 8. 


But when the condition 


Seatac 


tT, an ‘exceptional ties occurs. x pa 
term on the right & hand side pene n 


take place, , 


* The Rah Re ts 
_ equations, is to » be 


pe(tnts) 


on”? (20). is patis- = ; = Re eS Ga ae! 
il lo gradually eee 
-expii{2(2n-+1)9—ot}] 


ron, having started from We" center ded yamained is are - 1 sonra MD explit2(2n+1)0-+ -orh)} 

is initially in its neighbourhood expands outwards until i a a 

the ‘electron reaches the anode. one notices that in this expansion only terms 

~ - Approximate equations for snch secular changes ~—__sin 20, sin 60, sin 100, - appear. This fact resul 8 
of 2. and 8 afe obtained by neglecting. all terms in in that in the series on ‘te right-hand sides of (18). 
(19). which cause merely small fluctuations: of the (19) and (21) only terms with 

variables. In this way we obtain = aN ee we 2,6, 10, «+++, 2(Qn+1), -1+- 


appear. 


mA = —ReteXonlde, J) exp{i(odo+r0,)}, fs 
Using (23) he: coefficients Xe can be. 


Nips Rott Xo, ., Jo) xp {ilado-+ed,)} 


ax oe : (21) lated. We obtain, for example, 
8o “8 IXardIr I) seotitady+ 0b,)} : i 2eb 4 ot 
= OX "Ch J AG eee Xp * ara? m V on? eae ou = 
LZ oe eRe Be explilotut rin). oe : 
; 2 X= ara a Vo Zag Vite 
ct The equations @ are now sufficiently simple — ve 
to give insight on the general feature of the secular Xo. = — can ERY = Jr, 


h f the elect bit. O arg? MV. oH? — We" : 
‘change of the x : ee 
ige of the electron orbit. One ‘can see using Xue 20, for ee 0; 1 vor 2 ene 
In general we have — ee 


ie = 0, ‘for other values of t than 
c=.) 1, 2; ae cee 


these equations in what manner the energy is trans- 
ported from the electron to the oscillation and 
how the phase regulation of the electron’s motion 


will take place. But before entering to the gene- 


ral treatment it is preferrable to give typical ex- 
: - change of the orbit takes place when the ‘con 


Aes of such ‘considerations. 
. % © = d0g-+ToHy iB ssdlige But in. our ease 


84. feeample oF a Pas clle aS : 
pull Magnetron. oe be zero or positive and not creer than ¢ accord 


Ina four-split push-pull magnetron the oscil-. 


the resonace condition is satisfied. as tpouattee 
amples we shall discuss the three. cases with 


at ae : Recs tt : z 
for 0<I< 5 _ corresponding each to the three values of t: + 
Ce Pane a Pand 2: oe 
ine 32 ‘ (22) s = (i) Case of g=2 and t= 0. : 


ae se ox In this case (21) is 
Jo = 22(Jr—Jo) cos 28, Jr=0, > 
do = Mein 200, é, = —Qsin 200, 
__ 266 1 | eae OE 
~ ara mV oF? —o' * i 
a given iy Pa the Siscotne pe in the i inner These equation can be intgrated easily, giving 
space can be determined ff we assume that the (Jo = Joo +(Joo—Iro){sin? Boy- 07 Otto)» 
LS oe patisfies the staplece equation i in this pease: : -- +008%Soq-€-2Ub=E0)} “4 
Jn= In, Beige (28) 


ee * gin? 8gy- e22(t-tp) —C0870g,- 6 -20E to) a 
TL dee air pence rae BARAT PEPE TT TES RY ae 

: Sin? dg - €22(t-t9) + COB7Da,-€-274=to) 
{£\"s sin "2(en419 oath 2 08) G cos 204. pet : s 


From the thind eitcion’ of (28) ar 
ee have to put result is obtained : \ When a sufficiently long time 
Sacks) FE: : _ has elapsed, cos 205 tends to —1 independently of the 
2 : . initial value of oo. This means that the phases of / 
electrons’ motions, which haye had initially quite ran- ‘ 3 


dom values, are regnlated and tend to either z/2 or 

3n/2 according as their initial valves. Te the initial | 
ee {sin’69, - -20lt- %) * value of 59 lies in the first or second quadrant, it s 9 
Ig ; tends to z/2 and if it is initially in the third or . 
$0088, -e-20E-t)} FY, fourth quadrant, it tends to 37/2. In this way the = 4 

<a ee elect rons are gathered pranually into the Nee: 


oe or decreases first, reaches the minimum oa by 


In aby case it increases ulti-~ A 
It pe =re seats) ort reteat? F) ~ 3) 
~~: 


as they ayprapti the anode. They form thus two 
rotating clusters of space charge rotating with the j 
angular velocity o». It can be shown that the y 
phase of rotation of these clusters is such that they | 4 : 
‘induce positive charges in the anode segments ¥ whose. i 
voltages are rising and negative charges in the 
_ anode segments whose voltages are sinking. Thus — ne : 
+008? dp, -e~22(t=79)}] ( _ the rising voltage of the anode segment has the ‘: 
a Raph ~ -1) (ay) tendency of being still more raised and the sinking a 
Ra voltage of thesanode segment the tendency of being ye 
still more lowered. In this way the oscillation in 


It is given by ~ 


a 


sce approaches the anode. The net change the circuit is enforced by the rotating Clusia of 
ectron auving ai ligavel fiocntetheie electrons and the minute germ of oscillation wil 
grow until it obtaines an observable’ intensity. Th 
. ES is ‘the mechanism of poli-Cxeitasion of oscillat’ on b 
y 4B = ~hooln Fe, Ya AL aie (82) : the magnetron. ee et ¢. 
: ean eae Ae is obvious, this sbchinwhial ri oscillation 
hic is Oe isetiy negative. This latter fact means 
work i is done by the electron on the alternat- the mechanism of gonctation of altace id 
tential during this travel. Since the energy rent af an. iste 


an the latter machine 
conserved,.this amount of energy is sup- 


the oscillation by the electron. tS Sat netic induction by Peter magnetic Bey whi 
y means of this energetic consideration we the ae sipate the oscillation is excited Se) 
nelude in the following way: When in the . 
| tion circuit attached to the split anode a eiectrons. This analogy hits suggested the mer 
ute germ of oscillation is generated by some ay the Naval Technical Institute too : 
e, it will grow by this energy supply from 
e trons, if the anode voltage and the impressed 
ic field have such suitable values that the 
- nance conditioh © = 2w» is satisfied. 
It is ‘to ee noted here that all electrons: con- 


‘by the Slosteon ies 


20h cos 28 +2) Dr 3) eee : eS 
ast sai s( , Ye (84) (iii) Case of ¢ =2 and r= 1. 
by = 0, “Bien hi ae iar Pe In this last case it is easily shown that th 
ics. ‘2 din (Bo 2Ie), oe me Se v electron never reach the anode, so that, I 


7 wh ch gives rise to 
oscillation. No self-excitation of oseillation is 


Jee Sieg! tes fsin?® (Bop++ bra) -@20(t—7p) sible in this case : 
+08" (Bo9-+ 910) pera Ts . The above three typical examples show 
the secular change of the electron orbit takes 
how the energy is supplied to or absorbed f 


iad 
as = Tro {si (Boo Bra): elt ty) 
_ feost lista) e-22(t-tp)} 


We . (36) 
iva ies do = = Joy ? 
a “cos 20,+3n) = oe 


Re -sin®(So. + rs) ae aoe es a)" -e-2(t= to) 
rf _ Sin*(Boq+ Ye): ie Sa t) + €08?(Boo-+ O79) e~22(t~ to) 


= Tf one calculates Raph by using (36), one finds - 
that it is given by. (80) also in the present cage, 
But now the energy of the electron is given by 


oe > Ey + ‘Copp bode lisin’ Qo +4y9)°8 20(t~ to) 


a 908" Broa 400-8031) 5 
= a :B, + Aor tia) seth ee Fagh =i); i (36) second report. The belt oxcieatin of ost il 
Bs Ue 3 expected only in the first case (bat sée 
go ‘that this energy an ag the electron appro- 6 of the seeond report). ’ eee 
aches the’ anode. The net change of the energy is . It is a remarkable feature of ‘the s 


then, eres by . tion of oscillation by a magnetron ’ that a a! 
Re. 4E- 4 : Sas rons contribute to the oscillation: No 
@,-+ @ a , R 3 sia 

wee + oR, less ) (37) selecting process is thus necessary int 


tor. It may be the main ground for the 


5 satel is peas so that work is done by the al- 
that by a magnetron very intense ‘oscil 


be more easily obtained than with any othe device 
such as B. K.-tube and Osaka-tube. a 
ne such electrons which starts Bron the 


ternating potential upon the electron. The electron 
will thus brake’ the oscillation in the. cirevit even 
if, an ‘oscillation is one eesowated in the circuit. In 
, this way. it becomes elear that when the resonance 
condition w = Awe +r) is Satisfied no self. excita- 


3 tion of oscillation is possible. 
: Also in this" ‘ease the formation of electron © 


ie i poles takes place. But the calculation shows that 
im. © the phase of their rotation is shifted by 90° from 
pe ‘that in the former case. Thus the poles induce 
rae negative charges in the anode segments. whose vol- 
ie wes are rising and positive charges in the anode 
“segments whose voltages: are sinking. As the con- 


they are left in the tube. 
Generalization of our creas to is 


‘cal results ratte experimental evidences v will be 


in the second report. 


Tokyo Bunrika Daigaku. 


(Received July 30, 1947) 


: pesiopachonc 


Magnetron. 


» Nii ang Owing to the 


ae 35 Peseta, denote the trating 


at a anode segments 1, 2, 8, ----N re- 


ge S an 
eS ees, 


are given by 


_ where Z takes N—1 ‘integra values : 


ee 
Z21,2,3, ++--N-1 th SPNare 


eas ‘value -of Z corresponding ‘ each | “mode 2 of 
This specifies. thus. the mode of oseil- 


lation taking place in the circuit. _Among various 


oscillation. 


modes the oscillation with Z= N/2 (provided that 


N is even) is called of push-pull: type. ex Be 

When the alternating voltage. on the anode ‘is 
given by (1), the alternating potential in the inne st 
space of the magnetron can be calculated, if, one” 
assumes that this satisfies the Laplace equation in” 2 


this space. We obtain thus the potential Cr, 0, -t) 3 
for the case in which the Z-th sequence of N- 


phase eseilation is taking oe on the: ae anode : 
9(7,0,1) = A a a a 
. este: Po 
Rel Body eae 
-expli [(z+nn) 0— ot 


Ce x he 


Sa ee 2 yi 3 


exp{i [a—z+nN) ra Z}] }] 


with the abbreviation 


Cc iy wee sin Bb hipr 


* — 


& te ae. * san a we 


Ag={ Z+nN rgtnn ° ee 


OAs Aa otherwise; 

and iar : 
ee : 

aN —Z en nana N 


17) we see that X has the form 


‘Xo; 0 = ei Ir—aye : 


tive. The ae (11) become thus 


Sie GOS TNT C08 086: 
J, =0 ? 


| Using Or, 6, ) of (8) “we caloulabe the Fourier’ 


° cetets f : ‘oa = 
f : ny aenees Q J, Ans J 3 : y 
_ Coefficients x and ¥ opsnrsing. in (I, ce We can SORE: Ue) ee 


x 


: g =O Ses 
Or = “gq PUr—Jo) e gin odo. 


These equations are. _the generalization SOE ace 
to our case. 


+ 


an 


va 


eitaad in this way : 


oo” (W—Z)+0N, ee bg 1, 2 : (i) All electrons reach the anode idep 
CB) rN nag their initial conditions. = 


Wea 0,3, Bee ROME : 
(ii) Net change of energy of electrons 


the travel from cathode to anode is negative, sy SO 
* 
: that the energies of these electrons dimini e 


ees 


a do not eat : re. 
% It: can be noted that some term of the series 


they arrive at the anode. These energies ar sup 
plied to the oscillation in the circuit. All. 
contribute equally to this energy supply 


O= es aootror, ; 


(9) 


See dently. of their initial conditions. 
ts ‘fulfilled Be some > values of g andt occurring in 


@. The secular change of the orbit takes place 
% in such a case. The cosdition (9) with (7) is thus 


ce + : 2 Z 1 .. : s Ae 
to be regarded as the generalized resonance condi- pea rerrott (S++ )+me} Sree 


i i tr E . = } oot f= 
: tion, for our ae split BIpETC on oe inate or Biase ae 


ca 
. 


: §. 4. Gtype Oscillations. 


-. the angular velocity 9. The phases of 1 


"Among various. possible resonance: cases, those 


e of these pS oa ed clusters of electrons are 
in which the resonance ‘condition (9) is fulfilled by 


vanishing Tt are important. We have ‘then 


Ge," a= Z+nN, , n=O, iti 2, wee ses: (10) the self-excitation of oscillation is posible 


ee these cases the equations G 21) for the oats the resonance condition 


ees 


, a f aoie become - ay th iat Seer ee @ = dg hc 
Rese me ReioXe, exp {ied . + «  *.-* 4g fulfilled, where o is equal to Z+nN, N b ng 


a ¥ tem - o, a the’split-number, Z the number specifying th 
ioe ~ mode of oscillation and 7 a positive integer: includ 


4 os Re fxn. Kove. - exp fiat} S : a : — @) ing zero. 


OTe 
otk. GXo5 0 


ae _ Oscillations ‘excited in this way are called. “Ge = 


type oscillation’. These are the most important 
ron ve lating fe - using : 6) 3 and @ in (I. “kind of oscillations which occur in the magnetron. ig 


ry Ae fied 


-§5. Selection Rales. Cam ie ing conclusion 4% 
See _ of the energy ih. 
-/The fulfilment of wes resonance Be aes is : oF | 

i ea ete 
ssa} 4E = mV ow ee 
itation of oscillation. This ean be seen by i 
aol examples even in I. We have shown Sif f( (1 ‘ay ( ar 
~ Cee 
Le ue y 4 ~~ T 
: (i) Im case of ae < 1, the net ‘change . | 
bu Shan it is fulfilled bys =-2 and tel of the energy is negative, 53 that the i i 


2 and t = 2 no self-excitation is “possible. energy ag clertn ons. arriving +t nee 


cP he 


Hs section we shall give rules for deciding 


‘anode is smaller than its ‘initial value. ° ; 
» not the self-excitation is possible when » D 


Qc 
we some specified values. (ii) In case of re ae s the net change | 


J 
e equation (I, 21)'we obtain oe of the energy is*positive, so that the 
Bot -o ; energy of electrons arriving at the — 
anode is larger than its initial value. q 


rd 
(iii) He case of ey = ie. (21) gives an 
- imaginary phish This means that the 
electrons do never arrive > at the aioe 
_ See below. : ; Die 2 


~The self-excitation of ceruiduian is evidently pos-_ 
sible only in the case (i). We can in this way. con . 
| ( ee. clude that for the possibility of the self-excitation — 
: it is necessary that the resonance ee o= 0 


ad 
=) Say ee a) 
i my OFF —We" 


ef a 1) Vora Fton} : 


see a (13) 


liminating Jo from these two equa- 


valid only when the electrons do really are 
the penis In order to = whether or not 


here an easier Regist 
From (20) it is seen that for 


~ ; 


* Pat i pi eee cae ol 
rs Raph ~ 2 v 7 ree Y 

& becomes imaginary. This, means Mhakt 
_trons can at most nepece from the enter 


distance 


i, de eee 
2 v one ae te 


Ls Rmax = 9" 


f By : “can be made 


‘Now, according to. , 14), 


a This means that, H and Ua are not so much dif- 


_ the equation 


* oF he a ate) Ta ae L 
2 °) Ua aa : (25) 


Summarizing these facts we, obtain ie follow- 


io conclusions : 


Arey is fulfiled by some ¢ and t= 0, electrons 


The self-excitation is thus always 


r 


the oscillation. 
pve in this case. | _ 
“@) When the resonance “condition os a 
4 Fy is fulfilled by ¢ and t satisfying tapes 
< =. electrons | can supply energy _to the Gaile 
fation. But in order that the electrons can really 
a reach the anode it is necessary that H and Ug do 
“not differ. too much from their critical values de- 
pn Bee oe SS ; 

a ih): When the resonance condition os a 
ra, is ‘fulfilled by go andt satisfying 3° oa 


$0. that no self-excitation is possible in this - case 


¢ “(oat see (I1i’) in the next section). 


aN no o self-exeitation is possible in this case. 
as ii any of these cases ~o ‘must have values 
os = 240, where N is the split number, Z the 


takes Neh: values. 1,2; 8, “« Ne 1, and n isa 
‘positive integer including zero. 


- whether or not the excitation is possible for some 
f specified values. of ¢. and Ka 
Be “selection rules” 


a 6. Perfect and. Imperfect 
. Rcectiotons: ‘ 


i ‘resoriance soutien is ‘fulfilled by ¢ and t sa 


"ferent from their «critical values” which satisfy ‘ 


(iy When the resonance condition @ = ca 


: : _ énergy -to the oscillation. 
an always reac ch the anode supplying energy to 


~ electrons will be caught by the anode as so 


_ which and Ug do not differ go pales 
is Alp electrons absorb energy from the a tenon ; 


(iv) When the resonance condition @ = 40 . 
ss prop. is fulfilled by a and t satisfying ——- = oe : 
: electrons never reach the anode, so that, of course, | 


cin: specifying the mode, of oscillation which : 


We have thus obtained the rules to ocie 


We chall call these 


= i ; 
ing 7 < cue no self-excitation i is 2 


also in this case. oS 


We shall illustrate this situation referring to 
the simple example of a four split magnetror 


T 


sidered in 1. 


It has been shown in section 4 of I th 
t =2 the electron absorb e rey 
from the oscillation during the travel from ¢ 


case of o = 2, 


to anode. But if one observes the equation qd, 3 


one can see that the energies of those elect 


first, so that such electrons can meanwhile : 
The orbits of 
electrons contrast according to (I, 385) during 
time. On the other hand, the energies of = 
electrons whose 49)+4rs satisfies tan Gage 
increase immediately after leaving oe 


as they start from the gathode But since 
orbits of these electrons expand outwards : 


ing to (I, 35) immediately after the starts, 


they leave the cathode provided that the m 
is working at the condition near the critical 


set in. When, however, these electrons 
removed from the inner space of the ma: 
at a stlitable time, there will be in the space 
only those electrons which supply energies | 


Then the Self-excitation willbe p 


ry 


oscillation. 
sible. 


We 


. According s this classification G-type 

a magnetron is perfect, while oscilla- 
eans of a B. K-tube are imperfect. 

above consideration can be generalized to 

of multi-split reagnetrons. Then we see 

he case of (III) such inperfect oscillation 


possible when the working condition is 


i > tu filed 2 og and + satisfying —— : 2 
the: -self-exeitation is still hee? when ‘H 


Relations Existing between 
_ H, U. and a. : 
hall now find the relations which must 
Bflod by H, Ta and 2 in order that the 


§ @= g@+Tor, 


(27) 


@ =Z+nN, 
Un=0, 1, 2,. Pelee e» 


x the split-number, Z the number specify- 
ode of oscillation, and n a positive in- 


We: 
and it is imperfect when 


is 


Pas : 


(I, 8) and the relation 4 = te 
4zmc*/e 


ont{a+ (2-1) fi ay 


X(2,7) —— 


‘On solving (80) with respect to Ua, consi 


thereby the wave length 4 as a parameter, we 
obtain a formula which is used more conveniently 
for a is MS magnetron :_ 


Ug) = es = os ry fee 4) 
+ eae tc 


When one measures Ua in volt, Hin Gauss, 2 and 


‘rq and 4 in em, this gives 


os ce 
og 


2 9422 


rien — 
a 


= 10020000-2.} 
iin 


with t=0, we obtain a ae 
oa “us @ be 
¢ a = a, ; 
Ut0.0) = 1 shes nom gi” 


results, where & is a sonata to 
experimentally. Then Takao pro 0 ( 
of the same form as (81//), which he re obta 
from the angular velocity of the r he 
cloud supposed ‘to exist . magnet 


_to his hydrodynamical 


at. a common. ‘point. of contact. ~The ordinate 
the abscissa of this point are given by” 


4nme*e 21300 
AE he ENA 
ah cake 
mera’ |e ss 1002900074? 
(oA)? (aay 


Hog = 


Us = 


| 


In Fig. 1 is given an example_ of such plots. 


2 


. E ing parabolas’’. Anan them the ‘parabola 
x 


ay, z ; 2 “H / Fig 
re Swertine porabiles for = ace 


- Critical ae cae ies by (81). The common Bt of contact 
poe hs SORE? te 2, 
Aire Aa SS 
Part on which perfect See are 
‘possible. 9 : 
Part on which imperfect actin 
are. possible. 
‘Part on which no oscillations are pos. 
sible. oa Aa i 


- t=0 or t=a degenerates into a straight 
‘which will be called ons straight 


specified value of «is called “starting po 


We see that U(s,*) given by (31) do not 
when we replace t by o—t. 8, at first sight, 


this is not true. We have from Cle 


— deme? le zi i 


en (22 1) fi See =) 
a 


H= 


whith indicates’ that H must be inte or si 
than Hz according as. (1) is. nega 
positive. This means that, if ¢ and + satisfy 
» initance, a —1< 0, only that part of ‘the pa d 


_ bola which ae on the side of HS He b A 


perfect Mamlatori is possible on that part of the se 
Seoccing parabola which lies on the side of H< He : 
-,, Rusther Gi) the oscillations with 7-0 are possible 
Ls ik on those parts of the working pe which : 


[ee 


ee eee cee oe re nee te ee oe ee 


Ru 


580 oT 600 
Rl im Grasse a 
Fig. 3. PE optimum ee and intensities. (N = '8).9 % es 
. : Optimum points, : Intensity. — ; 


Note oe optimum fae are really crane along the working straight line. 


/ 
ig. 1 full lines are used to indicate those Yamasaki and Sato at the Japan Wireless Telegr ‘i 


» working parabolas on which the perfect ‘and Telephone Company. The magnetron used W 
“are possible, and broken lines are used an eight-split push-pull magnetron with the Sana 
‘ & those parts on which the imperfect — redius 0.15 cm. The oscillation wave length 
Itions a are cage On the parts drawn with ,9.7cm. as 
: In this experiment one measured the 
“ tion intensity for various (fixed) values of H cha n 
is Aah the possible values for « are determined ing Ug. One determined thus the anode 
by (27) i in which Z can take N—1 1 values ot 2, 8; at which the oscillation intensity became a 
© for every value of = The black points 
diagram give these “ optimum points’. i 
circles in the figure give the relative inter 


0 


magnetron. Then, if one plots on the H-Ug 
t e the starting points for various possible values _ 
a, one obtains a remarkablly regular arrange- 
ent of the points. Fig. 2 shows this arrangement 
e starting points. ‘ 


nent bic okie been carried out in 1942 = 


the” curve a ‘the critical sialon (35), 
we Then we obtain the parabola OC. Next we cal- 
: culate the coordinates of the starting point P by. 
means of (82). ‘This gives yas 


21300 


= SRLS Ss = 550 Gaus 
0.152 


Bud. = 150 Volt. 


|u= 10020000 x 
eg 
Aooint, is marked on the diagram. 
of We then plot five working parabolas belonging 
; each to. o¢=4 and ct = 0,1,2, 8,4 according to (81’). 


Now, tae to our theory, perfect oscilla- 
tions will occur along those. parts of the working 
: parabolas which. are drawn i in the diagram. with full 
a: lines, and imperféct oscillations will occur along 
g those part ‘which are drawn with broken lines. 

‘ 4; Our experimental result shows that the black 
a points. are in fact arranged along the straight lines 
4 as PB and PA. Several points marked by the letter 


_ parabole PEs ‘Whether ‘the pointe & belong to 


es i 
“Optimum points . 


‘Thus | we get the curves: PB, PE, PF, ED and 


ce may also- be regarded as arranged along the . 


us as Infensity (arbi trary scale ) 


' of G-type. nae 2 


~ 


Vig. 4, ‘Bxpenitnental optimurn eee ohd intensities (N = 12). 
Note foe sais structure of f ogailingng iptersal: of H- 


~are to be interpreted as belonging to goes 


PB. 
In this way we may-assign ¢= 


Bk" 


the oscillations belonging to the group Gye t 


the group G,. The former sclation 
Weak oscillations marked by ‘the letter d al 
pear on the side of H< He. These oscil 
oscillations with ¢ = 4, 
Gia Ae Ge ee 
The agreement of the erpacinioned re al 


pe 
ee 


our theory is thus quite satisfactory. 
_ In Fig. 4 we give a further experi 
sult obtained at the same place by 
Matsumoto and Nukushina by means of 
magnetron. In the diagram ‘the. ovtimu 
are given by dotted lines and the int: n 
these points by fall lines. The anode 
the magnetron used was 0.6 | cm. Th 


A as f und 1 to be ‘ndut 10 cm. 


hase seillations are possible. Thus Z can have a Bee support of our “theory, eee : 
values 1, as 3, 4,5, 6,7,8,9,10, and 11. Then o Acknowledgement. This work was ‘establish: 
t any positive: integral values except the ed in 1943 by the requirement of the electro- , 
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nating signs on ‘the’ 
; maces: magn ic fie! 


Kota has studied the motion~ of an electron under 
“such electrostatic and oscillating electric field to- 
: gether with this magnetic field and explained the 
formation of the rotating electron pole in the case 
ofa magnetrons with two split anode. The present 
< series of notes are for stmmarising the author’s more 
. detailed work on the theory of the mechanism of 
_ magnetron éXcitation based on the discussion of the 


~ electronic motion in a magnetron with its anode with 


solving a_ system of linear differential equations 
p- grt sesicie coefficients in celestial mechanics. 
ae __In the present Note the author proposes to 


domain— for both the applied electrostatic and the 


magnetic field in which the. magnetron oscillation 
_ takes place for a ‘magnetron with four split anode. 


The equations of motion for an electron are solved 


BS by “matrix rethod with the applied. electrostatic” 
- potential and applied magnetic field as two_para- 


e _ meters and the resonan. e domain is defined. with 


: the non-periodic solution of the equations of motion. 


¥ - The formation, the shape and the behavior of the 


rotating ‘electron poles are deduced both for the 
inside of, and for the transition to and from, such 
The idea in the theory of 


adiabatic inveriants is applied for the last discussion. 


resonance domains. 


; The. magnetron oscillation treated in the ‘present 


_ Note is the so-called at a ames oscillation. For 


i sae at the same time. . 
‘The author aknowledges his indebtedness to Dr. 


; Kotani jand ‘Dr. Tomonaga fOr continual discus- 


* 


SS 2. Consider a Plane section of the circular 


‘and the Re ‘of a point in the cirele be x 
r cos Ch DS rsin é. ‘The poet oo between 


several divisions by the author’s method() for — 


deal with the domain—which we call the resonance — 


7 ; ee 
| = isW sin wt ae 205 +1 
Byres : 


- these two parameters: as the domain where we have — 


’ equation in mathematical physics raat 
- written in matrix notation 


; d: oe a 5 
(4) lies (+8): x, ‘ 
with | x = (Z, 2, 2, z), 
0 1 0. 570 Gia 
0 Zion O- 0 


Bir, 8, ears 9) sin ot, = ee 


f > 
re ) oa plese tid apa es 
ton. 2 ee 

oR gM 22+ RCs? — 


We define 


oe . Wo 22, gta 
(2) 
ee? 
Ww = ae , oR => 


ets Re i: and k. 


e42i( ont A, b -)z- (ee at) 


22. j+t)e-1 


RCs See 


2 3. We take the first poets: ter 


z from (8) and consider the case gn 2, t 


se Saat ot: 3 
3=0 


a eee of incar ois equations v 


The solution with the ‘initial condition 
electron starts from — the cathode i in ihe direction 0 


‘with speed % is 


Pe” 


18 y= —sin{yy(1—L,B)t + %] 
Uo 


+sin[y(1+L,B)+ Oo), 
“12 y = cos[vy(1—Ls8)t + 90] - 


—cos[v(1+ LiB)t+O  § & 
e-“,t 0 


The complete solution for (4) with the initial con- 
0 e-i¥4t : : Re 


dition x = x" is aoe eS ce ica? | = | 
(8) © x0 = OCB), 


2(8+%) = E-19(6)E[T-19-1(6)TBT-10,6)E},_ +: : | 


and is (7) superposed with periodic oscillations of | 
short periods of the order »,/2x or v,/2z, coming — 
from the terms omitted in QlL-1(G)/TYT-12()]. 

35. ‘When there is a linear relation of the 
“ates ‘ i 


=e esc eeen ; («ete +2v,=0, “eaten ey =o, é 


2iv,v,Wsin ot (2x-+1)0 +2v, =0, 
yy ahe-+ 2y,007h he 
Wein wot — 2iv.2Wsin wt 
; _ —2iryy, W sin ot 
—¥,1h+2v,06%h 
— 2 Wsin ot 
Hv —rysk+2v,008h | 


2eo+(¥y—v,) = 0, aan 


then the matrix of the characteristic. exponents is a 
different from (6). - The left hand sides of these = 
relations are called the resonance arguments a and 
each of: these resonance arguments appears in t 
terms vf order indicated by the coefficient ‘ie! x 
We consider the most ‘important case of the be a 
order o = +2¥,, 023 (1+), oe = toh us jaa 
; 403 o= 2v,: " a 
a = 142404 +++. Wecall the terms : 

: 1 ‘power of mi as of the j-th order.  & Le= 


oP. 


OWE hin 
Oe Van =" Re 
ae , —¥, Ly 0 
ong 3 YM », and , we get 0 im L eet. 
: - : 7 toad Mn ae bad ser 
? 0 yy, | —veDy 
eae “ : 


a ew Ss. 
yy (Yi v2) Re? 
—v.L, 0 0 0 : 
0 Sy sae ee ae roots of the characteristic equation formes of 
0 0 —v,Dy 0 
0 0 0 carted | L, 


— Yak. 22h 
t See cathode to en 


a 


these values Sir corcor to the exact resonance. 
= _ The thickness of the resonance domain is 
4w 
seem Re for h = const., : 
= i.e. for H = const. 


2(¥;+¥2) Ww 
v,(vj;—v2) R? 


(10) : ih . 


(10) aia for k = const., 


2 i.e. for Ua = const. 


This type ‘ot magnetron oscillation is called of B 


type. Fig. 1 is nothing but the (H, Uq)-diagram — 


‘ t 


“usually drawn by experimentalists. 
: (i) o= Deetvas 
—v,L, 0 
yD, 
0 —v,Ly 
SEO sub VEL, 
‘The motion is periodic and the magnetron oscillation 
does not ‘occur. ae ; 
(ii) @o= 2: 
PS cary ee - 90 0 VyVo 
nae lee 5 770. 
(ae meee eames een 
ap: pox 10) : 0 viL, 


The characteristic exponents are 


L,() = 78 


+y,Dy, ” ae VP Le yy. : 


a. ig j ‘The 1 resonance domain is the hatched area of Fig. 


2p) MEER: QTC tRER « 


sie 


MiGs Gear haee 


2 ‘This type of magnetron oscillation is called of | 
The thickness of the resonance 


. re 


domain is 


Su 
‘OR for b= const, ie. for H const. 


2,442) W é 
Ae EV for k = const., 


i.e. for i, = aoe: 
: s 


26. The coefficient of ¢ in the matrix 


the condition 20-+(v;—v,) =0 does not Fe ; 
resonance character of the first order terr 
The Dis) Wns oscillations deduced 


pee : 


sider the higher order terms. If we ade = 2 


9, Sin of + ¢, sin 2ot+¢3 sin Sw - 
instead of ¢sinw¢ in (1), then magnet 
tions for which s>p appear. ee 


4% The matrix (9) is transfo ae Oy 
= SD-1§ with ese 
\ 
w LB 0- 
0 
0 


SB +iv,L,8 
—fb+iv.L,8 
0 


Woh 


i v8 


gritt-Lgs)it+ (0-)i 


cos (0) + +5 + ) 


sin 0 


ae bs (E-Oh, 


5; eB 
ayy, (et Ete) 
5 _ sind 
= 


7-2 p 
ritten in the case eh exact resonance 


coe a (e2/8t— 1)cos 20, 
(eft + 1)—(e¥it—1) sin 20, ” 


th yan Lae es negatively 
7 and, — : 6.— vt <= In 


, and contrac- 
d irections soma = — va a . The ele-- 
zy Wa <7 = ~ move towards 6,—vot 
Fees in — es Pek sore towards 0,—Vot 


Hees 6 »—Vot = . and — 


he * speed of electron streaming is dr,/dt 


then the electric current from  the- 


- the anode per unit length is 


me 2xN We 
(4—»2)7R * 


Let the Xaxis of 
P ¢; Tw fe — 
= vitt7> then — 


2 GS Xy+X2, pee 
x= 2 c05| (40+ vy 
(14) 4 7) Ky = celts cb8'0,, 
t 3x 
Y, = csin [or—v.)t+0—F |, 
¥, = co-itsin Oy - 


If we cS fete terms of short period, then the locus 


of electrons emitted simultaneously from the cathode 
is an ellipse 


(15) e- FX? efit Y,2 = c?. 


It is more and more elongated as ¢—t, becomes 


aoe een 


‘Fig. 3_ 


greater and tends to the X,-axis. The envelope for 
all such ellipses for different tty is’ two pee 
bolas = Ae : ee 


= 
ry 


: fey XY; = : ce * 


‘ 


Fig. 3 shows the are Yijmotion 4 and i 4 the 


motion on the (X-5 Vosioven: The Y cecil 
emitted from time to time by the cathode are limi- 


ted in the spindle-shaped region of Fig. 4. 


The boundary pee of the et ae Pe 


envelope of all circles with radius ¢ 
centers at abet pane. of the ‘spi 


. 


forms the rotating electron poles which are often 
spoken of but have never been proved to exist. 


Fig 4. 
O= X*Y(X7+Y*) 


== ates $Y) 16XYe! 


= He 
a 
r(1—-cos 46) 


- 


—64c"(1+ sin 20) = 0, 


S curve is &) = 2c or xt4y! = 4¢?, 


" sonance domain, we get from (11) 
= 7; Crt 4+ 12€%R8 | 


ee 
~ 


ae = Mabey zane 


sin era) = sin (tea) 


(Se Vey cee (Xt Y 2)2¢? 
peat che te Y¥%)c?—8 x3 Y*c ; 


fee Txt. ¥iyet LXV + ¥2)0 
4+13X?Y %e! 


—2etr!(5-+5 sin 20-608 46—sin 60) 
+e'7?(39 + 44 sin 26—18 cos 46) 


in es ee “ordinates, vam = rcos : Y=rsin 8. 
fect Z and mR coct the boundary 


Q 8. When h-+0 and k=+-0 but still in the re- 


A dead Soo 
TH int 0 = off6t sin? (0,——) +e- 2 
ge sin ULSD) 


sint (4-2) —25in(o.—2)sin (0044) 


~ .cos 0, 


2 Ir e-fft, 


ease the semi-resonance. ° 


“positive sense with regard to ie -rotati 
except the directions 0, = vit and 0, 


_ becomes periodic as we get out of the 


domain from inside. 


-Then 6, =0 corresponds to the bound: 


_ more and more elongated in the specified 


caitine and is of a similar form. We > CE 


The case of the resonance o= Qu, ca 
treated similarly. et 


29. We now discuss the transitions fror 


to:the resonance domain by supposing 0 as 
varying parameter in the theory of adia E 


variants. We consider the B type oscillati 
the (H, Uq)-diagram of Fig. ‘1 the line DL, 
responds to d= 3 and the lines Z,— 


L,+v, =0 bounding the resonance domain > 


pond respectively to 6=0 andé=z. As @. 
get 


f wa. => cll—y,v,Bt sin 24,], 


| 0, —> vat-+G—Oo+ Qn yy,Btisini"O, » 


Thus the electron stream tends to “rote 


which are directed towards ‘he: middle 


ip te 


the split anodes positively charged by t 


‘ing field. For 6-7z the electron streat 


rotate in the negative sense ecbet 6. 
6, = yt+z, which are directed towards 1 
points of the split anodes negatively « 
the oscillatng field. Thus the motion 


sft 


In order to see the ehavion as We 


the resonance ‘domain from outside, we pt 


Ji = ¥1¥, sinh 0; , v,L, = vy, cosh | 


resonance domain. Ce +0 corresponds 
and 6,» —0 to d-+z. When 4,-£0, the 
periodic, but when 0, tends to 0 the motion 


and the rotating electron poles appear. — 


The deviation of the electrostatic poten 
the law U = U,(r/R) = —F eer" can bee “pres 
by 40,’, which is pees to be a function of 
Aa." > 0 s Sonpesponss to me d>0 and 4o,? <0 
nm>é Pig “Hence the aeanion is translated 

the eee of 6 along vy. The magnetron oscil- 


lation takes place if the condition 40,’ = +W, 


joe 


ratiEs, Copia | 
Geophys., 5 (1927), 81; Proc. Er 
Japan. 10 (1928), I, 34, 87, 127, 61; 12 (1980), i + 
22. Cf., Ince, Ordinary Differential Equations. 
1927, p. 408; Frazer, Duncan, Collar:.Hlemen- 
son for existence of the domains for tary Matrices. 1938, Chap. IX; Strutt: Lamé- 
sche-, Mathieusche- und verwandte Funktionen 
: in Physik und Technik. 1932; Brillouin, Quan- 
)-diagram by varying H or Ug slowly. tenstatistik. 1931. 
= (3) Poincaré: Methodes Nouvelles de la Mecani- 
que Céleste III. Be. | 
(4) The method of elimination is Gores in = @) 
Serret : - Cours dalgébre supérieur. Tome. 5 
pp. 168-173; 
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‘First Note the author has obtained In the present Note only the second anpiosis a 4 
the shape and the kehavior of rotat- mation is treated. The computation of the electro. 
static potential even in this second approximation ‘is 
tremendously - complicated, so an approxima ¢ 
theory for that part of the electron motion which 
is free from all purely periodic oscillations, that 
is, for the (X,, Y,)-motion defined in the First 
stribution inside the magnetron by using Note, is ‘described, although the computation by — . 
of the First Note and deduce the elec- considering the (X, Y)-motion has been actually 
potential by solving Poisson’s equation and carried out atte great labor. In the discussion 
er our last assumption on U is correct. the approximate theory we are able to get role 
ation of electrons under this modified field is tions between the radius _ of the anode and the 
— ana. the elecipe Say and the é aitnenpicn of the cathode, _and those a betwestt He 2 


be obtained. We may be able to arrive 
orrect electrostatic potential in this manner, 


of self-consistent field in quantum 


* 
ax, = cfBeS¥ cos 6,dt—ce-Sst sin 0,d0, , - 
— dY,= —cfbe-fet sin 0,dt+ce-S¥* cos 0,49, . 
Hence the Jacobian . 


D(X 5 Vaiss 


2 
Dit, 0) = cfB cos 20, x 


rons I 4), 


D(X, ¥») ¥2) 
| Dit, ts) 


= fp VA—4X7Y?. 


We assume that 2zN electrons are emitted from 
the cathode per unit length per unit time unformly 
in all directions with the same initial Speed v, the 
motion parallel to the magnetron cylinder axis being 
neglected. Then the: number of electrons with the 
initial direction (85, 9+) and with the time 
- elapsed from the emission (t, t+dt) is Ndt d@,. On 
the other hand such electrons are considered at 
present to be inside an infinitesimal rectangular 
area defined by the coordinates (X, , X,+dX,) and 
(vs ¥,+dY;). Let. the number of electrons in 


0{X, . Y,) denotes the electron density at (XGanr¥ 2): 
_ Hence by equating those two expressions we get 


Eye as 
PS es 
r ; 


a 

= yy DX» Ya) 

ca =r AAlQs 2 

a Xs Y,) “ D (t, 8, rah ’ 

4 Bor 

an : ; Ve ae ml i Nie 

fe - ; ae 0X2» Ya) fev i—4 xX, Ys | . 
a The (X,Y)-electron motion described in I (14) 
__ is the (X;, Y,)-motion superposed on this (%2, Y2)- 


a — motion. Thus the electron revolves on a elrcle 
= (X— Xs +(¥—Y,) = c? with frequency pear , of 
which the centre (X;, Y:) performs the (X,, Y2)- 
4 - motion. The linear electron density at a point (X, 
¥y on this circle is 1/(2xc). The contribution to 
the electron density at this point due to the elec- 
- trons at (Xz, ¥:) in its (Xz, Y,)-motion with density 
0(X2, Y2) is 0(Xa, Y,)/(2zc). The contribution to 
__ the electron density o(X;, Y) at (X, Y) due to the 
ote at eh ponte (Xq; ¥2) in its a, Y,)- 


Hence 


or, by the relation 2X, Y, =csin20, obtainable 


_. this infinitesimal area be e,(X:, Y,)dX,dY,, where - 


¢? dX ae : 


[ds(X, , Y,)fP = dX,?+dY,’ = Cre WV 


oN dX, ee 

Et acon een S97: ine Y) Vo—4X,'¥" 
ees 
"20 fB 

aa dX; = 
Cee Cees v eA Y Y¥ (Xa 


ent expr 
== tes 
sion for the electron ee in each of & pes 


poles and of its oniatde area, eacthee 


boundary poets) at the cathode — on 


only the density pi Xa Ya) re the no 
a of the electron motion and solv @ 


fix 2. Carry out the transformation 


| P+iQ = (X+1¥¥, 
then : 
= = c2e%it cos’ 6, —c?e-P* sin? Aer 
(q=ctsin20,, 34 : 
and 
GG) as ee 
: Ne? ; 
OO Y= Be Q VEE 
The electron pole in this transformed (P, @ ee oe" 


Ss Q = +c’ for P>Oo and P?+Q e? 
> <0, as shown in Fig. 5. It is of the — 


as for a magnetron with two. split 


-plane transformed into 


al 
~ 4p (P?+Q) Vo 


mNe’e 


a 
a? Or? 


=f, t); 


Lea SOE 
¢<c’,|t|Ssin-1—_, 
o 


‘ 


G Zs. 


: 5, 10 
for 2c’, | +] 2=sin-— at 


ch {2 cosjrar 


fis, t)cos jt ee 
JINGs pene | ae 
ss 2x ana? 4) VY ci—o'sin2a 


=R orgs 
» |t|<sin-1 


ao> oe eae: a ite last be- 


x 


ons by vy, aa and wy Ht cepesively: 
pend ee are 


; forr=c ore=c?; 
(7) 4 ¥=%"=0, forr=R or o=R'; 
7 aw ; en 

pos or ¢~—.— is finite for r=0 

or OF | res ; 


PHOTIS i105 


- 


The last condition expresses the vanishing of the 
electrostatic field on the cathode. The logarithmic 
0 or o =o is per- a, 


ov’ 
infinity of en Or =—— at. 7S 


mitted for eit ieee 

The solution’ has been obtained after «some 
labor. We give here only the principal terms. 
A \ es =e 
7% T~ 2.519 log z 


se (0.466~-1.161 tog £) 2 }dos 20 


—0.124(£) oe 40, for r>e, 
(8) 


2 
re ¥!~ 10.604(log +)? 


~ 


+ { [0.1925 + (0.466.152 log 2) fs gis 


; 4 : aes fe 20 ; 


ty 


+{ (i 0621— oer  +0.1240 2 


Re Re 


5. “0.0057 2 ae zfs | 
i ‘for rse, iticd 


—0. 0867 —— \ cos 40 
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where log is expressed with the base 10. The pot 
tial wir can be obtained from ¥ by taking 
sin-1— or Ja|>ysina and je—-O¢ >= = - si a 
because we have expanded ¥ in Fourier series th 
"regard to r or 0, so that 0(X>, Y;) =0 is ‘sal i ; 
automatically outside the electron poles. 
‘The numerical computation for P(r) and — w 
_ has been carried out for various values. of -e/R. 
The logarithmic term in (8) predominates and 
Pe can not be considered as ‘proportion 
» but rather to logr. However the term 
<i near the anode and the p 
nearly of the soar form. 


cathode appears for sieaens with sufficiently small 


‘initial speed of emission. So far as the present 
= theory is concerned the virtual cathode becomes 
inefficient if we make the speed of emitted elec- 
_ trons greater by heating more the cathode bce elec- 
trie current. 

:'@4. In-order to avoid the difficulty of the 


boundary condition at the cathode we suppose the 


a E -eathode to be a circular cylinder of radius 7 = re 
i. : parallel to the axis of the cylinder of the magne- 
tron. Further assume v,=0 at r=rc, 0 = 9% 
a 4 initially. The electrostatic potential in this. case 


js assumed to be. me Oe 


4 —@ Ud! Fe (1- = Ua. 


a 


‘That these two assumptions are nearly true can be 
Pe cesoctained by experiments. — 
The method of procedure is very. much the 


Set game as in the previous case. We get for exact 
zy “ ns \ 


resonance in place of I (11) 


Vor io are : 
12 g = vet yt+ ly 


- . : le r ; ig 
at vyefbe nel 7% eos (4 47) 


oo ne pti oS ated 
+yye-Fit es 4 yi cos(4—> ) - 

3 _ For the (&%, Y,)-motion of the electron in the 
, - rotating coordinate pine ig only difference is 
- _ the substitution of ¢/ = The princi- 
pal terms for the modnied electrostatic Paes 


for c. 


“ v~ fara @) “40, x Fe log af Cy \ 


+(2(5) 3 


0.1248 ea cos 405 


(144.605 log 7 ”) \e03 20 

Bees oot for r> ce, 
ALD G oy 

Be ey Sy) cod too 2). 4G! x 4.608 toe "- 

rs ~{ 10.604 (log -7) + Cy x 4.606 log 7 


2 
Ne +{B(— 0.6866} cos 20 


re x 08 40, for r<c’', 


Cy! x 4.605 log = = 10.604(log “°) —U+1.1183 
\ e = f 


3 C, x 4.605 log = — { 10.604 (tog) — 


\ 


cl ami =) ‘6.3418 log, ; 


eee 
x 4.605 log — Af. 171 (S) +6.3418 log. 


x 4.605 logy : 


C, = C/+1.3771, = C,-+1.1183. 


BIx (= 2) =0.6766(“) : 


c! 


[0.1223 (2)*+0.2408 ( of? 


“ a; (1-44. 605 log ct 


af 


*B = Bl—0.3408, 


—- c 
1— Ye. 
=c’ is always outside the cathode and « 


. cathode appears for 7r<c/ = 


responds to the cut-off condition. 


grams for the potential we get the following 9 
clusion. ; 
For a sufficiently large cathode ee 


and the potential curve appraacion ee 
i ha form v?. If Ja ase if ¢ | 
cut-off condition, then the potential approac 
quadratic form. Fig. 6 shows clearly the. 
‘tance that the potential curve approaches thi 
The dotted line re- 

presents the quadratic form law and the small. cir- 4 


ra ‘ic form as Ye increases. 


‘cles on this line show the positions of the cathode. _ 
The full curves show the parts WU, of ¥ independ 
ent of 6 in e.s.u. for »,/vy, = 2, H = 250 Gauss 


=, DyVF, 


ees 
5 volt, R =1cm, and respectively - 


6cm and Ug! = 1210, 1178, 781 


(12) and the circumstance becomes more 
for the magnetron oscillation. But, if y 
then sige decreases scergeing - (13) and 


te at Xa 


curve as we vary ¢ continuously.~ Tt represen nts. 
me Sel 


the function ¥ for 0 =0 in e.s. U. for rR = 


R=1cem, Ig = 50 mA, He 250 Gauss, and 
4/3 with various values of a parameter 


‘There is a curve for c=1 nae 


ous curves. 
Reineident with the dotted curve representing the 
quadratic form law. We have a firm conviction 
that the quadratic form law Uo? of the eleet- 
‘rostatic potential is necestery for the type of 
_ magnetron oscillation under consideration. Hence, 
= it is evident that there is an optimum value of ¢ 
- favorable for the magnetron oscillation. The cir- 
}  cumstance has been ascertained:by drawing several 
a similar diagrams by varying v/v, and 7-/R. It can 
| also be shown that this optimum value of ¢ is 


a proportional to Iq and to R’. Hence decrease of 


p enlarging the resonance domain. Unfortunately 
x the experiments have not yet provided us with 
_ enough data for testifying our present theory. The 
~ numerical data in the. present ‘Note may be a little 
bit inaccurate owing ‘to our omission of purely 
periodia parts of the electron: motion in computing 
the electron density in the magnetron — and to our 
exclusion of the external circuit from our consider- 


-  R is the most effective in increasing ¢ and in. 


tron as an internal circuit. 

26. Instead of starting with zero spee 
the cathode the electron is now supposed 
ejected from the cathode in the direction O 
,). ‘Then the whol 


a non-zero speed v at (re, 


the subsequent expressions. Further the fl 
tion in the value of v, has been. studied. The 
been found any essential difference with the a 


conclusion. 


by considering the deviation ‘from the qué 
form law as the perturbation. After ae 


current part independent of @ or in the alte 


current part depending op 4. 


= ~ 


$1. In the two preceding Notes the author 
4 treated a magnetron with four split anodes and 
deduced the modified electrostatic potential due to 
the formation of rotating electron poles on the 
view-point of the self-consistent field method in 
f gasanitn mechanics, together ° with the physical con- 


t Note he proposes to discuss similar 
‘ons ih more en Mors split 
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que ces to be compared with experiments. In 


‘ 


method!) in celestial mechanies for “eee 


ete equations for secular gs 


correct answer for the resonance domains and 
Se ge of the rotating electron poles. Thus the 


moiton in the ae of the exact - 


e. Among others the sharpness of the 
nee can be judged for each of these kinds of 
ce domains. The behavior r of the exponents 


onential factors of the solution i is studied 


Ti However the shape of the electron 
saly for the semi-resonance case, comes 


nsider the system of equations (8) of 


a 


so —DW s2e—2)_ , 
oe 5 acd 


k= 
ine = = ~ 215 Cpe € 
 s(s— Nw 6-2 (s—2 
Top AG 
ES me XK [elw¥a=2=Fv, +4% ie 
Pal eans 


ae calamari C4 
Sia 


)as-2-da,s 


¢ and ¢. By a 


oy matrix Q[2-1(©)£BT-10(6)] and pick out 


ments 


_ the characteristic root for the matrix 7,. 


F i nie ‘and put, with integration constants - 


From the. terms of higher orders with respect to” 


W in the same matrix we get the resonance argu- — 


e 


+2lo+(v,—.), (i = 0,1, 2,-++< 


ym)- 


 £2le, 


“for an even order 2m, and 


(+104 [(s—2-—s G42) 
= EQL+ No +[(s— Ij + G40) 

+214 1)0+[(s—jy, +52 vig 
sere, S—2). as 


@=0, 1, age 9 lees 7=0,1, 


for an odd order 2m+1. 
We now study the resonance domains. 
denote by Z the square of the imaginary part of 


behavior of Z in the entire resonance domain has 


been discussed in each. case carefully in order to ya j 


examine tne sharpness of the resonance. — The e 
quantivy ik 2aA, with . 


s(s—1)W 
402V on" —o!- Re Sain 


Bs = 


: represents the coefficient of te in the exponents, a 


We 


The | 7 | 


which corresponds to the outward or the inward) ~ ¥ 


stream motion of electrons from or to the cathode, — 4 


and hence controls the direct anode current Ta: 
Only the main Penaite of the discussion : are prie ofl: 
given in the present Note. 
23. Resonance o = SV, : 
The characteristic roots are _ ? nh gre 


+L, piace ORES aC Ts . 


shown in Fig. 1 of the First Note, the boundaries — 
in ‘tne present case being LiA(aa,) 2 z a = 0. ‘The 


thickness of the. resonarice domain is” 


s-2W 
| deme? | = (G3) 2 Re’ 


Z= [(a,0,)§~£,'v,?—P,?L"]. 


Z has.a maximum at the origin 
Zero on the boundaries o! 


¥ 


Resonance 0 = (s—I.tMy: 
he domain is bounded by two hyperbolas lation of the integration constants does not con 

L,L,—v,(a,0;)8-?£r,L,- (8—2) V (ma,)a.0,)*-8 = 0. us in the scope of the discussion of the “prese 2 
Fig. 8 shows the domain for (a,a,) <Ge-2aa) Note, so we do not bother about them an ] 

and Fig. 9 that for (a,d,)>—(s—2)"(aid,). Inthe them just as they stand. 

first case the origin is inside two hyperbolas. $5. Resonance w = (s—2)v,+2y,: 

| L, Ly —v,¥ (@,ihy)®-2£V Ly -(S—2) V (yas Nant, = 0, (i) s= 3. o = vow 2y,. 

-. and in the second case it is ~ . 


fs __ inside an ellipse 

| eae F F 
Deg? + 9° Dry? + 2Y 4709" (cg2)8—2 

Bos F ¢ * 

a — (s—2)'(a,@,)(a.@,)8-8 = 0. 

ve = 


In the first case Z shows a 


‘maximum at the origin, but in 
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SONNWWANNNND 


yh 
wt 
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nt 
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, 


the second case it has two 
_ values of which the one is a 
/- maximum while the other is 
‘a “minimum. The resonance 
is not sharp in the second 

> “case. ete, Rages) 
Let D denote the diseri- 
-minant of the quardatie equa- 
‘tion for the square of the 

characteristic root. The regi- 

_ ons for D> 0 and for D<0. 
DS are marked in Fig. 8 and Fig. 
9. The pairs of symbols ++, 
Oe. +4, —— mean the 


case D>0. The symbol ++ 

-€0 -esponds to domains for, 
periodic solutions, and the 
Sother- symbols to “resonance 
domains for which D> 0. The 
“region for which D<0 is 
i obviously a resonance domain. 


Especially for s=4 and 
(0,0) = (a,i,) the origin is— 


a the ellipse and in the hyper- 


bolas. both representing the — 
boundaries of the resonance’ 
domains. It is remarked that 


h (adi) = (QQ). | 


ae 3¥,+2y; ’ 
aren bates he 
it (ait) 2 {(a,@,)" —6(a,4, (a,@,) 
r : cs x 
4+9(a,;)}2ry2 = 0. 
is eee to the case s = 3. 


o= Ais a os 


_ The region near the origin is contained in an 


3S 


=" 


Lb? —(a,@;)° {(@2@,)? —82(a,G;)(@2a2) 


. 


— +86(a,4,)"}11°v 2" = 0, 


V2 
Py SB bar's 


(= 16 qa at,)>stre ‘| 


Z has a maximum at the origin 


2 he region surrounding the origin is a re- 
domain. ‘he maximum of Z at the origin 
y weak and the resonance is not sharp. 


6. Resonance o = (s—k)v,+ky,, (k= 2, 8, 


The condition for ic ‘omar of two p 
characteristic roots in the case of D >0 is 


1g—k\? s— SRE TET 
HES) 


<(22)< (3) Het Ga) 


We get Table I ve assuming (ims = (aa,) which Si 


corresponds to the same initial condition for the 
motion of electrons as in the First Note. F 


Table I 


surrounding the origin. The case. of D> 0 is ‘indi- q . 
eated by + and the case of D <0 by —s “The case 
in which all characteristic roots are real is desigeaneetel 


j by the symbol © and the other cases by the symbol 


The symbol p sou the — which only peri- 


~ resonance is very ;sharp. The behavior of : 


oes o these resonance domain ee been 


omitted to save the space, 
¢ 7. Now. we are in the; 


a 


apualdee the s tua ion in the ee ak | we diagram, 


OA -(8—h)yy +h, 


4 


= sox —(s—2k) Von? —Oe?. 


The curve w= sy, is a straight line which touches 
_a parabola (@.?) = wx’ representing the cut-off curve 
a in the (wz, we*)-diagram . As a matter of fact the 
_ part of this straight line above the point of con- 


tact A in Fig. 10 corresponds to o = s»,, the B 
type magnetron oscillation, and the part below the 
point A corresponds to o = sv,, the quasi-A type 
. The cut-off parabola (-’) = @y’ is the 
a envelope of o=sy, and » = sy, for all values of 
a, = w. The curve forthe other types ‘of resonances 
w= (s—ky, thy, 
Beweuching the cut-off parabola at the same point A 
for all values of k = 0,1, 2,----,s—2. The situa- 
oe Re is shown in Fig.:10 for s = 


oscillation. 


are represented by parabolas 


4 as an example. 
The resonance domains are hatched. The thickness 


| a fnmiae es fas ys at : 


for H = const., 
15. a Aen _ for Ua = const. 


: ee we have seen in the Second Note that the 
- modified electrostatic Byrepual pie not give, rise 


» |4ox| = = oe pe 


with a positive or a negative integer 


nance ; E 
o = (s+k!)v,—k’y, ee 


and 


o = (s+k/)y,—k'v, oe 


are expected to lie in this area. But such ypes 


ean not be thought physically to exist. 


magnetron oscillation. 


¢ 


A double resonance such 
as 
@ = sy, = (i—oph)v, KM, 


or ’ 


iS 
il 
% 


= pK, — (GM ~ 8)vy 


positive integers o and x, as will be touched 
in 29, corresponds to a point of intersection « 


straight line for o = sy, orw = 


served by experimentalists. ae. 


sonance of this character can hardly 
to take place actually. as 
28. The polution of the differential e 


putting 
viv, = v,L, cos 6, 


s—2 W sin 6 


IBe = (eta)? vB 
is 
1—2 tae ) = 
Vo ; 
+¢0s%¢ Voit — (=? oe? 09+ 8 sri 8 ax)s 
(22 Slee ST) 
yeaa e a) 
Le “FBat oYeit= (eS Fant ve ueree 
$0, m 
xcos( 2 “2 


for exact resonance, and 


» 


grih-Lgp dit + (“9-2 )i 


deviation of the electrostatic potential from the 
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4 fost ae < quadratic form law can also be treated similarly, 

ee . nthe but our method is not suitable for the computation 
waa (= = ve : of the modified electrostatic potential. 

ae Bae eG , 29. The higher order terms with regard to z 

and z, for which 7 =1, on the right hand sides of | 

petite (Gitoma the equation I(8) in the case s = 2 are treated by 

cos ( Se 4S +7) a similar method. From the terms 7 = 1 we get 

laa eae resonance arguments o+6v,, o+(5¥,+%,), or {4y, 

+2v,), w+(3v,4+8y,): The resonance domains for 

for semi-resonance. ie yee poles appear in o =6,, o=5y,4+», and o=4y,+2y, are similar 


Eee rcotion, 6>,t = Og? 5 Dl a EN re BS respectively to those for o = sv,, o =(s—1)r,+»; 
For the semi-resonance case the electron poles 


fe OT hee and o = (s—2)v,+2v,-discussed in @¢ 3, 4 and 5. j 
develope in the direction @,—v.t = 5°+ +55. The double resonance can be supposed to occur 


- Here d= a3 corresponds to the exact resonance. for a magnetron with s = 2 of the resonance due 


Our method of solving the non-linear differen- to the fundamental harmonics 7=0 and of the — 
_ tial equations is apt to be inaccurate owing to the 


presence of real exponential factors in the solution. 
Hence the shape of the electron poles in ‘general 
cases s > 2, especially for semi-resonance, is not 
touched upon at this stage, although it has been 
’ obtained with an artifice. 2 
Transitions to and from the resonance domain 
can be discussed similarly to the case s=2. The 


resonance due to the first harmonics 7 = 1 just de- 
scribed. Theonly possible combinations are o = 6, 
=y,+y,,0 = 5y,+y, = 2, ando = 6, = 2v,. The 
resonance domains for each of these double reso- 
nance have been studied on the supposition stated 
at the end of 27. However, we omit to report it 


here because the supposition is hardly considered 
to be tenable. 
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In this paper a theory of the oscillation mecha- 
nism of a split-anode magnetron is presented. This 
theory was developed during the War, in collabora- 
tion with Dr. Y. HAGIWARA and Dr. S. Tomona- 
GA. Although most of the results described here 
are already contained in the recent papers of these 
authors, the following discussion would be of some 
interest, since the analytical method used here is 
quite simple and is applicable to the study of other 
hyper-frequency vacuum tubes such as ‘‘ BK-tube.”’ 


- 

4 

The inner surface of the anode of- a common 4 

magnetron forms a circular cylinder of finite 

-length, which is split. into several segments sepa- _ 
rated by narrow longitudinal gaps. We neglected 
the thickness of the cathode, and assumed that it 
is stretched along the axis of the cylinder. 

Take rectangular axis xyz in such a way 
that the z axis coincides with the axis of the _ 
cylinder (cathode). Parallel to the z axis a 
magnetic field of uniform intensity A is applied ' 


we ens eee 


“ 3 * 


where we toys eae : ee ar 


Wire t 2 


Sey) ee neers 
On = >— (LARMOR 
74 


, where r= v are. In an oscillating ote site 


Mr), 


‘tion a ‘weaker alternating field swith . potential : 3 Fi = See: 


oa Via, Y t) is superposed due ‘to the oscillation of Se = 
_ potentials of the anode segments. | We neglect the 

dependence of these potentials on 2, and are in- 
fee terested mainly. in the motion of electrons j in planes ‘) 6 = Cyei2t+ Ceidyt, 
parallel to vy. ; eC 
where 2, and 2, are two characteristic frequen 
- Neglecting relativistic effects the equation of — 7. oe 
a defined by 

“motion of an electron is. 


¥ 


i ‘ 3 * a ; , a . 2 OH eye OR Tae -*} 2 
= ae ~ oH ows », me | 0,8 on Vana | 
| ¢ sae es 2 (1 ) : . 
oe Se oe 2y - ell ae re pee “Vj, | a and C, , C, are complex. constants. If on is. 
eee ‘ pen ee and, 2, have imaginary $e Gs and oe 


where —e is the charge, and m the mass, of an 
electron. It is convenient rea the following ‘ealeu- © 


lation to introduce the complex coordinate 


a Caaty. ; Uys a5 
2 and combine the Pwo: equations (1) into the follow-__ 
ing form s apa 


ee 7 “ie a os 8 ewe se ee gradually. the anode current is tout off” 
dt? ote. at in a to critical field He : Hes for which on is re | 
ae @e. In this sence We may be called ‘the “ critic 
in (2), U and Vv are Pe raiied as funetion o ¢ and aire 


LarMoR frequency ”’ 


a, its complex conjugate c. ee Pa er the following we limit our consideration 
M4 Concerning the form of the electrostatic poten- ~ . the aes aaa, which lis realized in 7 
a tial Ur) we Peraduse here an assumption, which lating condition. 
- plays a rather essential role in our theory ; ein = “For later use, we eae hovel” thas es 
s we assume that U(r) is proportional too 720: Bhi tha total (kinetic + potential) ‘energy, E v 
1 means that in the anode space a space charge is - aleatron: whose motion de s given by 6): 
formed with uniform density. If we choose the . eae 
- potential of the cathode as zero and denote the E= ae en © aca 
4 3 anode voltage by~ Ua , our assumption isexpressed a % 
@ Peeters fan = Fe, 22,16, —B41 CP) 
U (r)= ee, Be (3) Thus the energy of the circular rota w 
Ree hi : gular velocity 2, increases with the radiu 
% where Ta i is rehe! radius of the anode surface. The circle, while the motion with angular veloci 
‘physical grounds—experimental as well as theoreti- decreases with it. ; ris . 
cal--fayorable to this form of U(r) were already In order to study the motion of electrons 
fully discussed by S. TOMONAGA, nd will not be the condition when the oscillation is generated, 
repeated here. © - Ba have to take the alternating potential V also into . 
_ In the absence of oscillation, we have from —_ account. For the sake of simplicity we restrict 
(8) the following equation of motion me ie ourselves to the ease of oscillations of ‘‘ push-pull” 


type, and the oscillating potentials of anode seg- 


()) : ments are assumed to be 


2m Koc mas - 


ee cos wt, nce Je a OK 


BE ss 
Sree? 
def 0, 1,++, N—1 if. ese Poe ae the electron orbia. are 
largely in spite of the smallness _ of re 
S icine that the dependence of V on the ‘‘resonance’’ condition hoids when | vee e 


‘coordinates can be seertatns by Bivee wo = 12, +(N—1)23, 


7 =0,1,2, ae 


Ara Nr sin NO 


rath pth cos wt 


coo g-(antl) 7; € Vee 
oe a ae 3 3 du, Neha (N- ae a=, 2A 
ect Dias eee (9) dt —_.xm(2,—2,)ra® \ t —1, 
at, _. Ney O(N 
dt — -am(Q,—5 


~ 


esoticat enceny the enunaak term. _ = 
First let us take the case r = =0, ie. 


o = N. Q, 
: In this case (14) reduces to 
.n -finally impinge on ae anode with less ; : 
nergy than. eUa- The following analysis Fo serrate 
hows that these situations do really occur. __ Sie 
ese af Ned, _ 
~ Rm(Q = = 
| a Fr fi . 
2Neb, om the rst equation we e know that ; 


ane at ty=1 cog mt. (9) - 


_ very small compared. with Ua, this i 
is small. Solving the second sauaian 


_-Forther it is allowed to assume one 
y condition between W,, Ma which we 
take as follows: . 


ae os ch eiMst = 0, bere, Sig bf Be Sac tgs smal real constants op \ 


the initial velocity of ‘the electron. _ rd ng 


a 


as ; ord Vr 
(9), (10), (11) we have easily 


Ned, Pept pi 
a AY eri 
nm(2,—-2,)rg% eet 


HVME~iMat)a1e- iQ t(eiwt4 e-iwe), 


= See (18) 
On+ VOR 2 x 


; ence “the efficiency ‘increases with H (oe H) 
"monotonously and tends to unity in “the limit 
; H = oo. 

= “Further the solution (17) shows. that. the phase 
of © converges: to one of the-following N values 


os eee _eNn- Ae 
te ae Bet ee ay 


Consequently, N. rotating clusters of electrons, or 


relation between these poles and the alternating 
potentials of the anode Segments shows that the 


electrons are clustered in such a way that they 


pass the neighborhood of the gaps ef the anode 
ie segments always from high potential: side to low 


potential side, thus doing work to the oscillating 
field. This is in harmony with the energy relation 


: discussed above. 
‘is the essential point | in the oscillation | mechanism 


of : the. magnetron. 


tn the ‘Special case. of two splits Sone 


=1, wu increases linearly with ¢. Hence if we 


: neglect the initial velocities of electrons, the elec- 
- tron pole is represented by a rotating radial sheath 
* of negative charge with uniform surface density. 

u sing this — we can eeisuinte the charge in: 


nents, and identify its time “derivative with the 
duced current | ‘on ‘Leche lines connected to- the 


tive to that of the eons soltag of the anode 
segments is found to be such that the magnetron 


viewed from the outer circuit is equivalent 
: : pends 
pure negative resistance. 
: Tt 
lated-to be — bs 
} Or g® 


‘density of the pole. 


es oa are formed. Examination of the phase — 


This automatic selection of phases 


Its magnitude is calcu 


: , where g is the surface ch 
th Ses = 


When the resonance con 


citive or inductive part. The convection 


+. 


due to the capture of electrons by the anode ‘se. 


with the induction current. 


The other extreme case t = N, i.e. 


eee 


impossible. a 
Intermediate eases 1S=7 SN-1 
vestigated. 


erease indefinitely; nevertheless -electror 


small. Closer examination of energy 


es that for i= t< = the generatio 


that in the case t = 0. 


ing discussions. 
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' the Petey namics the equation of motion ; ; ies “4 
boundary condition of a largely deformable ae Ag geen 8 OE, a 6) : 
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deen, denn ‘ Dene . ; . (Ly. 88, 0, 0) N, 6) oa be, 
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sae Many anomalies. in the physical properties have 


ie 


x 
ihe 


ae been found experimentally during the formation of 


ps” 


ot Ni;Mn, Fe;Al- -ete..— 
te alloys will be. considered as the results of the | 


Such anomalies in these 


phenomena—the formation of superlattice and the 

F appearance of spontaneous magnetization. - The 

E, eae these conclusions is as follows. 

As the Magnetic phenoména’ are determined by 

‘ the exchange energies due to the transposition of 

electrons associated with the nearest neighbouring 

lattice points of Ising’ s ‘iiidel of ferromagnetism 

and since the exchange energies may depend upon 
the kinds of nearest neighbouring atoms, the mag- 

: netic properties will change eventually as the con¢ 
: figuration of atoms changes. The ferromagnetic 

state is energetically favourable when each atom 

’ ‘is_surrounded by atoms having larger exchange 
Re _ energies and the change of. spontaneous magneti- 
zation will lead’ to the influence upon the behaviour — 
of superlattice formation and vice versa. _In such 
a way both phenomena are found to be correlated 
+ with each other, which correlation will be the very 
. "reason for such anomalies to appear. 

_, The - statistical theory of this phenomenon i is 
teresting i in the point that it treats two cooperative 
oo ~ phenomena simultaneously and further the method — 
; of treatment will I bes a eeepc paver of the 


"phenomena. A feeatmiont corresponding | +6 Brage- 
‘Williams’ approximation mal be put into . practice 


as follows : 


de the ‘Theory of the Formation of Ferromagnetic 
o ie : ’ Superlattice Alloys. 


By Hiroshi Sato. 
Research. Inst. for Iron, Steel and Other Metals, Tohoku Univ., Sendat. 


(Read November 23, 1946 : Received November 25, 1947) 


ie ‘superlattice in some ferromagnetic alloys. such as | 


simultaneous occurence of two typical cooperative | se 


“> the magnetic moment. 


e 


ing simple cubic lattices I and II, and alta 


the one sublattice have all their neares 


We shall ee 


and v specifying the tatin of. the: spin 


as follows : 
[Art] = 04 ~ : 
[anit] = oa —sy, 
[Beit] = % {1-0+5 Fu, 
(Br/Il] = x {1—0(1—s)}v, 
[ain = 2 oa+ay1—2), 
[awit] = oa—s-y), 
Bim 


© 1—a+s)}1— 0), 


(BI/IT] = 3 {1—0(1—s)}(1—0). - 


energy for this system as follows: 


ioeh ice matty? ( 
ese n es 3 variables. 


bles, but also the phenomena, may change eee a 
with the relative changes of many adjustable para-— 
meters which are introduced into the theory. It. 
is, therefore, too complicated to treat ‘this problem — 
even in Bragg-Williams’ approximation in order tors 
get. valuable information to advance the experi- 
: (2) ment, and more simple approximation is desirable. a 
reaipod-: ; 1 i By equating variables which specify ‘spin direc- 
[yl (4+s)rlon 5 coe) te alee : tions, 2=y=w=v, We can separate the free 
energy ee into two parts— configurational and 
magnetic—and then the correlation between two | . 
parts enters through exchange : enegy J of the — 
magnetic part. This approximation is equivalent 
to treating the two phenomena separately and as- 4 
suming the exchange energy J of the magnetic . 2 
part to be - At ven q 


J= QcalQJan+QnnlatonQaalQlan o 
where Q is the total number of pairs of atoms naa 
QaA, Qap and Qaz | are the numbers of A-A,- 
B-—B and A—B pairs, although this assumption. is 
somewhat more lenient than the assumption x aoe 

s=Uu=Vv. : ; Lips ae 

With this assumption 6) mee -interesti So 
‘eases, including the _antiferromagnetic ‘one, a _ 


worked out, and even in this rough approximation 7 
essential points of the anomalous features of vari. 
ous ferromagnetic superlattice alloys. ‘such as 

Mn, Ni;Fe, Fe,Al, FeCo ete. are found t 
thoroughly. explained. em Ss na a 


ul - each magnetic moment associating: with 
Jatt tice point to be ges 
ee l The numerical results from sthi simple app 


as / Mo = (1+ s)x+ O1—s)y+{1- 0(14-s)}u _ mation were published in the Proceeding of 
ae ers As ape Spe packs of uaep aie Bias 
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Introduction. 


In the previous’ paper!) the author “deve- 
loped a general theory for ultrashort-wave circuit - 
¥ i systeins. There make was pointed out that for 
7 such general considerations the quantity called . 
‘characteristic matix is a, very useful mean to 
| characterize the properties of such circuit elemets_ 
% as wave guides and cavity resonators, to which the 
ae impedance concept, the powerful means for general. 
‘considerations in the. ordinary circuit theory, can 
no longer be applied. It was shown that this 
ae characteristic matrix is symmetric and unitary, and 


owing: to these properties one can obtain consider- 


ably many informations about the cireuit from the | 
; and (b). 


Fo: find the characteristic matrix 0 ut 


general eoinilecation alone without carrying out 


~ any detailed calculations. Some simple auton te 
of such general, considerations was given in the . 
y previo paper. Bea eres | 

‘i _ The aim of the. present paper. is to give further 
lad i examples showing how one can obtain the character 


it systems usin the above mentioned 
of various cireui syste fey - Lat aN uN, Nr i %) 1; L V is 1,2 


the matrix elements of the characte st 
A of the circuit (a), on:? vN, N’ =0, 2; 
2,3, +--+) those of * characteristic | 

; pe amie 2 the cireuit (b), and ony LAN, N= fe 25 a , 
86. Connection ‘of two circuit  — 3, - -+) those of the characteristic matrix 


proserties | of the characteri tic featiie without’ 

detailed caleulations. For instance we shall be able 

7a to discuss the general properties of cavity resona- 
i tors. 1 


ti Pipa severe hs ere ‘combined circuit (c). When the wave of 
if "Since: the following considerations can be aeily mode of unit amplitude enters from the first p 
"generalised, we treat ‘the simplest example of a the amplitude of the U/-th wave which Ri 
connection of two circuit systems each having two reflected back to the first opening is ay ger 
® openings. ‘We suppose a circuit. system (a) with ing to the definition ‘of the characteristic ‘ma 
two openings 0 and 1, as ‘shown in Fig. 1, is to be” Thereby the incident wave is also partly tr 


“eonnected with another circuit system (b) with the | ‘mitted to the zero-th wave guide. The am] 
\ openings 0 and 2. We assume that the wave guides of the J/’-th wave trahsmitted in this way is ag 
0 which are to be connected with each other have — The transmitted Waves enter now into the circu tu 
g ‘the cross sections of the same form. It is now | (b) and they are to be regarded as the incoming 
alculate the character tic matrix of waves for the circuit (b). These waves are then 


Me 


(2 Q = B,° P,+B,! on 
= BSP Be Q: - 


e\ going out of the first opnning contri The latter relations are due to the fact that the 


hese secondary waves is >} >} ay a bog ihe outgoing/incoming. waves in the zero-th. opening of | 
oe RES the circuit (a) are to be regarded as the incoming/ — 
outgoing waves in the zero-th opening of the cir- 
cuit. (b) when-(a) and (b) are connected with each 
other. By this elimination we obtain immediately 


. epeat such consideration further for the 


. <= waves and add eyelash barat: from 


the relations existing between Q:, Q and P,, P;: at P| 
= {Ay'+ Ay"B,"(1—Ay"By') 1403. Qs 

) +A,(1— By’ A,’)- ‘BoiQs ne. 

3 into the one opening : i ied CF: 

“4 A P, =B pik os A,°B,°)- 1Ay'Q; : } 


et 0,750,177 , ey ma it, 
ae ay,” bo, irr/dhy, br ' Le oF {B?Z+B, ie + 


ning . when the: l-th wave of unit am- 


et att, Mad 4 Vo THe e ee tip cane which mean in fact that the partial matrices of NEL £ 
lie bay _ are given by (6,4) and (6,5).* * j evs Sh 
Ms ia sai: A AOL) ea 


We can now proceed | to the question ew a -_ 
system connected with loads is to be treated. We 4 
‘consider, for simplicity, that to _the simple two 
opening system, as illustrated by Fig, 1(a), a load 
is connected. See Fig. 2. The loan reflects: Phe s ye 


(6,2) / 


a { 


1—A,°B,")-1A,!, se 


‘ ae 


the partial matrices of the character- 


f 


y 


(6,5) 
Thus the load <coas be sonata as a on ypeni 
a so in the Pitan way: we Bienes * Notelthat 14+ Bea AB * 
Q, from the fundamental relations ia SATs ty Pier 


ss esc ; ng are the 


ic nti of this 


— relation between ampli- 
uU des of ‘the Incoming € wares a and of the Ouieaine 


(6,9) 


ok 


4 Py = = Ay Q+AQ 
= Ay'Q)+Ar'Q: 
2 


| Qe = LP,, 6-10) 


cy 


abe: latter relation being due to the “faiet that the 


i 
ay -outgoing/ineoming waves in the zero-th opening of 


Bes 


ay 
: C= Ae Athy TAK (6.12) 


s 


: tae, ‘ . 3 * ee 
=§ 7. Application to cylindrical | 
> resonators. ei.” 


Ay ‘As an 1 application of ithe consideration in the 


ah 
Opening resonator of a cylindrical form. 
:#3 A ‘two-opening eylindrical resonator as shown 


- ain Fig. Be () can be regarded as a connection of 


NS, 


Ratt 


aes are to be peenried as the > ineoming/outgoing as 


preceding is we shall now treat a two- 


matrix M is given, it is in ae 
A of ee 
» caleulate the matrix (so-called resolv: 


“two. simple two-opening circuits shown in Fig. 3 
fa) cand Os so. the characteristic matrix of the. 


-s piained! teers those of the ms 


simpler circuits (a) and (b). Atha length 
resonator _may also be considered as varia 
indieuted in the ane 


simple circuits (a) and (b) be respectively 
B.- Then, pecarding to the Ret of the are 


Cc} = Ay +Ay' DEB DE) 

a {1—A,"D()B, ‘D(E)}-1A, 
Cy = BADE Ap DOB eDI)}- FACke 
Cf = BY +BYDE@)A"DE) — i 


0 ee : 


We see that the matrix é Fig: 
R= {!—ADBD}-1 

Ma Kcae 

or t 
’ R= {1—-B,"DA,"D}-1 = 


plays an impotant role in 7 Bh 


= (1—M)-! 


‘man’s ee 


= LM 
»; ; 


expansion is obvious : the n-th term Be ‘ 
in the oe of (7,3) pee 


cavity nftet n-times going | ‘and returning, 


cavity. 


bad. We apply to this case the following for- : 
mula : Ne 


to 
~~. 


96 


(—)e+Y aDet(i— —M) 


Vea 
Pare Det — Det(1—M) my” 


(7,7) 


where 7," is the matrix element of & referring to 
the z-th row and the v-th column, m,” the cor- 


responding matrix element of M, and Det(1—M) 


oe means the following determinant : 


Det(1- M) =({1—m,' —m* —m;' 
—m; 1-m? —m,3 . 
| —m;! —ms;? 1—m;3 


(7.8) 


a, 


ipborn (7, 7) we see that the matrix elements of FR , 


1 BAN 


AS 
te 
: 


he 
d 
i 


A 


: 


. 


ye 
ote. 


_ become very large when Det(1—M/) becomes small. 
We shall see below that this corresponds just to 
the resonance of the cavity. 

To see in what manner this resonance occurs, 


; ‘we introduce so-called secular equation for the 


‘unknown 2: 
aay = 0); (7,9) 


; ret! AQ), A), , As), - denote the roots of this 


Beer eons we can express (1—M)-1 in the form: 


Ts) 
= 1—A(s)” 


oe Ma (7,10) 


/ 


By applying this theorem to our case, R and 
‘R’ can be represented in the forms: 


Rag Ts) 
Boe 6 a) 

$13 

aie TNs) A‘ . 
2730) 


\ 


Det{A—A,°D(§)B,°D(E)} = 0. (7,12) 


Suppose now that the frequenty has a fixed 


i * value and the length of the resonator is variable. 


| Then the roots of the secular equation (7,12) vary 
_as functions of §. It will then occur that for some 

values of € one of the roots, say the s-th root, 
approaches unity very closely. In this case 
RE) and R’(§) become very large so that the 


_ characteristic matrix considered. as a function of & 


shows a peculiar behaviour in the neighbourhood of 
this point. The same situation occurs also when 


the length of the resonator is fixed and the fre- 


\4 
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"equation. Then Besiicine to the theory of linear — 


‘consider that in the partial circuits (a) and (b) the 
where A(*) is the s-th root of the secular equation, 


(Vol. 3 


quency -w is considered as variable. For some 


values of the frequency the characteristic matrix, 


4 
4 
¢ 
4 


as a function of », shows a peculiar behavior. 
To see that this phenomenon really corresponds: 

to the resonance, let us consider the simple caes- 

of sufficiently long and narrow cavity with suf- — 

ficiently long and narrow openings. They are so 

long and so narrow that there can exist in the 

circuit only the waves of the lowest modes. . 

In this case all partial matrices consist of 
one row and one column, so that these can be re- a 
Further, the’ matrix 
D(é) reduces also into an ordinary function e***. 


garded as ordinary numbers. 
For 

this reason the calculation of the matrix C is» 
specially simple, because all quantities contained 

in thei formula (7,1) are now ordinary numbers: , 
We obtain thus from (7,1) 


ce 

by? Gy" by2e°ikt Oia 
C7 = bo +a bce 
pies @,°b,"e74k= 


1—a,°b,°e7tké © 


Here we have written all partial matrices in small 
letters, because they are now ordinary numbers. 
Since in the practically important case of high: 
Q resonator the coupling between the cavity and the 
opening is very loose (about the relation between Q of 
the resonator and the losseness of the coupling will 
be discussed in the following paragraphs), we may 


Wave coming into one of the openings will be: 


almost perfectly reflected and only small part will 


be transmitted to the other opening. This means. 
that the absolute values of a,!, a,)°, b)° and b,? are 
almost equal to. unity and those of ay’, a,°, bo? and. 
b,° are very small compared with unity: 


{ar°|, |a4l, [0°] and. |b,?| ~ 1 


(U14) 
|bo°| = |b? <1. 


|a,"| = |a,1| <1, 

In the further consideration we shall restrict: 
ourselves only to the case of such high Q resona- 
tors. Then if is convenient to write down the 
absolute values and the phases of the, various com~ 
a numbers distinetly : an 


' 
: 
i 
4 
: 

; 
; 


. | 


ae b,° | ai? 
.tor is such that the Signor j 


i 


“Then py the Sates Bintan of the matrix 
“the following relations must hold: 


_letittlag|?a1 


“faa? |? +fa,°|? = 5 Per, Ss _If the wave length of the ‘wave in he 


Heads = 2nz i 4 ee 2, a 


J leat ilent e-21 + 104°I ei P-29) = 0 
CIES CTs ea Bei 
[bor |+ 168/721 ee ten EC ecg ae 


(7,16) —— form: 


aay fetlts 24 (be | [b.° leed 99,9) = 0, 


For: our highs Q resonator, we ‘obtain then from 
a 16) by using® , 14) the qgenine approximate — 
a relations : aie "ie 


every ‘time when the length’ ° ae 
changed by half a wave- ‘length. 


of sthe Pearinission ‘consid iol 


ay =. {1 03° |? hei" . 
a IN i smaller than unity. This can be uni 
S 0,9 = {igi ¥ cive? 4 eaantor is constructed so as q 


say (4,17) © ie 
ae i a," = = + —gi(20,- sto eae ‘\ a ED, - (asl = Westhy , 
b25 . eit! a een tha ; and the length of the cavity is ast 
i resonance takes place. It is seen from 


Now, inserting Ce 1) i into (7,18), we see that 
bie) characteristic matrix of the high | Q resonator 
can be approximately pitta by ean a 


ark EF ies y t \e 


CS + e-i(20y? 09" ) 


ipafleecion coefficients 3 ‘andl (oieet va 1 


as it should from the enerey. lay 


ms iy oe lei oe oe ina Se ee | eil20,0—0,9) _ such a, way that (7, 21) hold permits at resor 


: artes DALE Cat PHBE aaa: rn “the incident wave “from the entra 


Fay aie , fectly transmitted to the exit. a ol per ie 
bi ate {bs H hn } 


eter 4 54 a" [2+] b,° aa 


eats are to =) -2ke) ioe G 13) to the exit, the oats between the ¢ aN 


lbs iloel. rire Stat paecen the saith oo the’ exit, 


_ such a Tpsonator “ symmetric”. pete 


ay BAS 1494 a,’ | 24 byt | *t 
We suppose now that we vary the length of resonator are given in Fig. 4. i 
the resonator keeping other conditions unaltered. We can give physical meanings to 
The tt we cons from @, 18) that ce) shows a peculiar - terms in (7, A): The first term 


¥, 


ak Ge oar) unity. We see, ie instance, 


eS 


Ls 


fy 


‘ 


rs 


AY, 
a 


} 


treatments can not be applied. 


leaks out of it. The fact that for the perfect reso- 


~ nator, constructed so as to satisfy (7,21 ), the reflected 


‘wave vanishes at the resonance is caused by the 
interference of these two kinds of wayes. 

To more general cases of resonators of any 
form with any number of openings such simple 


It is, however, 


possible to develop a theory of the general re- 


sonators which will be given in the following 
paragraphs. These paragraphs will also serve to 
give examples how far- reaching the informations 
are which can be obtained by general considera- 
- tions alone without any detailed calculations. 

$8. Q of resonators and coefficient 
of leakage. 


Before developing the general theory of the 


resonator we shall give here some remarks of a 


preparatory nature. 
We suppose that an electromagnetic oscillation 


is excited in a resonator with séveral openings. 


If we let it alone, waves will leak out of the 


” _ openings (it is supposed that the reflection at the 
‘outer ends of the wave guides are prevented by 
some suitable device), and the energy stored in will 


be lost gradually. We define Q of the resonator 


as the total energy stored in the resonator divided 


by the energy lost in one period of the oscillation 


| (we neglect here the energy lost by the Ohmic 
resistance). 


¥ 
We cah are Q of a given resonator, if we 


“Solve, corresponding to its definition mentioned 


above, the Maxwell equations under the condition: 


at the openings there exist only outgoing waves, 
and no incoming waves at all. Such solutions cannot 


exist for real values of », because under such 
boundary condition the oscillation is necessarily 
damped. Thus, so as the Maxwell equations (1,1) 
to allow the solution under such boundary condi- 


‘tion, must be some special complex numbers. 


There may exist several such: complex frequencies 
which are characteristics of the given resonator, 


“ and they may be called “complex natural frequ- 


encies”’ of the resonator. 


We call further the 


, oscillations with these complex frequencies ‘‘natu- 
ral oscillations ”’ 


We now denote the complex natural frequency 
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* 


. 


by w, and the corresponding fields by E- and He~ 


If we put 


we = Qo—F Te (8,1): 


separating -the real and the imaginary parts of we,. 
then 2, may be, regarded as the true frequency 
and I./2 as the damping coefficient of the oscilla- 


tion. It will be shown in the next paragraph that 
2. is just the resonance frequency of the resonator 
and J", is closely related to the sharpness of the 


resonance, 


- As in this state of-oscillation no incoming 


waves exist in the wave guides, the electromagne- 


tic fields in the N-th wave guide is given by 


=n, UF *(¢N, YN) et tEN ZN 
(8,2): 


ge EA®N; YN; ZN) = 
Sani 1G*(x N; yne thy? Nn 


H (<n, YN» ZN) = 


where F and G are given by (1,4) and (4,5), but. 
here we must, of course, use as » the complex 
frequency We - y 

We shall now find the relations existing bet- 
ween the damping coefficient I'-/2, Q of the *re- 
sonator and the amplitudes ay,1, (N=1, 2, 3, 

-; 1=1, 2,38, ----), of the waves in the wave 
guides. 5 : 

For this purpose we use the second thagkenss in 
#3. We now use for both dashed and undashed 


fields the natural fields E, and fe. Then we 


‘obtain 


| ¢ex H*).+[E* x H),}d>) 


= i(we—o*)\ {n(H*-H)+(E*-E)}dV. (8,8) 
Vv é -*s ; 


According to Poynting’s theorem the right-. and . 
the left-hand sides of this equation have simple 


physical meanings : < 


w=+| {eH H)+eE*-EdV 8,4) 


means namely the en-tBy stored in the resonator,. 
and 


Sa =| sex H*)-+[E*xH]}d3 


is the energy which: is es in unit time through 


the openings. 
- Now, by the definition we have‘ 


(Vol. = 


(8,5). 


se ie agen ne ee SOO ee ea oe 


(8,8) 


a (8,9) 


‘Thos in words : 


part, we obtain @ of the’ resonator for this natu- 


i By ral oscillation. 
By using now (8, A in (8, 5) we eee 


it ‘eleya My eN| (8,10) 


a If Q of the resonator is lates, the imaginary part 
of Oo. is small. Then, by US 1) -we can put ap- 


"proximately 
De ees = agent. (8,11) 
_ whieh gives the relation : 

| Energy Jost in one period = Ss wl (8,12) 


“Ee 


the ‘obvious relation, ‘which expresses that the 
me gel lost is equal to the sum of the energies 


t - ous openings. : ' 

_ It is now convenient to regard the amplitudes 
of the waves in the wave guides when a natural 
B Beilition: ig, taking place and unit energy is stored 
a the r sonator as giving the degree of leakage 
been .the * waves. 
leakage BN, 1 for the i-th mode through the he th 


wave guide by means of 8 : 4 


K ‘ : “" ae oe = eal VW W. (8,13) 


es. ‘> We S Benne further the partial Q of the resonator 
. contributed Py. the /-th ‘mode through the Neth 


rear) 


of leakage. 


If we diviae ‘the real part of the 
complex natural frequency by twice its imaginary 


. form, the frequency of the osclllatien 


~ Qe. : hs Sa 


real w, it is necessary for such consid 


transported SS by various: y waves through vari- 


So we define ‘the coefficient of . 


ao 
$9. Behavior of resonators in the 


Ta ea eal ata of the resonan e 


sidered as variable. Then the study of the el 


approaches to one of the oe 
istic matrix for the econ impe 
extend the Faye of w into the ae 


para 
Now, considering thus the characte I tie 1 atr 


variable », a complex natural frequency. 


singular pout (pole) of this pete 


this paragraph is essentially the same wae Bre 
See reference (8). 
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As the simplest possibility we assume that this 
singularity is a simple pole. Then we can expand 
aN), regarded as a function of , in a series of 

‘the form: 

: boohety : 
Ne i a ee (9,1) 
ge 
- where the coefficients qn! yv and en ‘N’, t depend no 
longer on ©, and at least one of Weir does not 
vanish. 

The expansion (9,1) will converge if » does not 
: “much differ from o,, and for such first two 


7 terms will already suffice to give a good approxi- | 


: “mation. If the resonator has a sufficiently large 
‘i ; Q, the imaginary part of w, is very small, so the 
approximation may be also valid for real , if o does 
not much differ from Hi 


¥ ea formula for any! v which is useful for 


( 
Our next ee is to determine the expansion 


: cofficients qn! oy and en? yv as far as the general 
i consideration | can attain. To do this we insert 
 Q1) into (2,2). Then we obtain for the fields in 
; ‘the wave guides 


EN, Wan, YN’; ZN’) 


= aad *N/ 4 EN, Rte Ney} 


NY LE i He MeN tNe 


(9,2) 


! He the Bac equation for 
‘HIN, Yan, YN’ ZN’). 


Eley, YN’s ZN’) = = 2S, LIF pe Nv ZN’ 


ae aey YN’s ZN’) = 2S 1 Gy pet env zn 

as the elds existing in the N/-th wave aide: 
We see that these fields 
consist of only outgoing waves and thus to be 


_ identified with the field (8,2) : 


Z "having the frequency 4. 


* / 


i Seni, VFY (xn, ynre NY * Nr 
eae 2.SuN. VF iene, yneHNY *Nr, (9,4) 


where const. on the right-hand side means the pro- 


Thus we obtain an ap- 


portionality constant independent of NI. 

In order that (9,4) holds, the ratio PN 7,UlON? 
must be constant independent of values of N’ and 
l’.. We write this common ratio, which can still 


depend on WN and J, by Ty,7- 


qNiv STNLENU.g (9,5) 


Now, as the characteristic matrix is symmatric, 


we have PNA a = que from which it follows that 


T Tnv 17 
NE ENG z (9,6) 
an, 1 an’, 


for all values of N,J and N’,l’. 


common ratio by 6, we obtain 


Denoting this 


N,l NiV 
QN’,U =9N,t = 9¢N,LEN,V (9,7) 


In this way we find that the expansion coeffients 


Qney are closely’ related to the coefficients «y,7 
in (8,2). 


If we put igh 
By, = V dan,t (9,8) 
(9,1) can be written as { 
aN, = QBN, 1BN',V Ene (9,9) 


O—We . 


No confusion is caused here by using the same 
letter 8 as the coefficient of leakage introduced in 
the preceding paragraph ; because, as a matter of 
fact, we can show that By,; in (9,8) are just equal 
to the coefficients of leakage. Our conclusion is 
thus that the expansion coefficients GNey are ob- 
tained from the coefficients of leakage By.; by 
means of (9,7) and (9,8). 

To prove this fact we use the unitary character 
of the matrix (assuming to be real). . This BINGE 
by inserting (9,1) into (8,11) 


‘ 


1 QBN’, vBn,t 
aN Oy = |o—ae|? | 22 pai lan, ur|? 
Rasy 
at; + vane v7 
O—We N’? “ 


4 2cBn i >) >) Bn, vii V A 


O—We NY" 


+ EN} vr NR 
or 
. 
~ Behn t 
tore Abu fade “ape rt 


LO EO ae 


stituting (9,14) into @, 2): 


a da : ‘ WT 
8BBhe. iN 7 Seats ne: 1S SeeN U7 PST, wu 


vas] SVR ENR. 0)". 


Say hi! abs NY V7 | : 
OR yl BE he ie awe, EN LEN vi PN ae 
Since this relation must hold for all real values of an’, 7 = ; Secs 


(9,4) +3 Pa ae 


a, Sere, equalities must be satisfied :. 


aA, Sst EN cen N, a a a aN, ab via (9,11) which expresses the characteristic matrix in t er 


oe NOU pear ibs 8e! of the natural aeons: Hee and the re 
a7 R 


2 y 
Mb SB lbw, wee Pred Uv ‘Bw, i . 
Sa ae OL the resonator in the nbighbedeha 


; ta a gabe. ; nance. — We obtain from (9,17) the follo 
oe = Stew, be, ; Sh i é (9,12) ie clusion : Tf the resonator has ange 


’ . ‘ kt Q e 
ce Steere ae akan rt : Pra? on the ri yi mandala Mt 9,17 is n ee 
SRG ay eae sii anon g £ ( | x 
eae eee Ree ertiee small. ‘But. when w/2¢ becomes ve 
Fs 
Tint we see from (9,11) that the Hee Ab dss exceptionally so tees as, of he 


Ny viel i is a unitary one. pet: an multiplying 


Be all values of N si a we get, by using the 


unitary property a list 


Egle repeat v en, see = By, Ay aa Xs 
: (9; hie | gtk x me 


e 


value is given by 


ler - 26| << 225 


Ooe | 


ma 


eS Pe op aE aes 2 1 ease 
eae) ase See ; ; ‘ aan 


is oe ean also be written | as 
AL O 


“According to their ‘definition. (9, 8), Bn,1 is pro- 
dortio al to aN,1, and hence proportional to the 
a cs of ee Now; 9, 15) Cai that the 3 


Lass 
' 
Nn 


EB Pul? a iy 
Fig. 4. Seach’ of 
me _ lBnal?1Bnv 


TY gla ae Pe Peale 
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It is of interest to compare the results of this 


- 
- 


paragraph with that of ¢7 There we have con- 
_/ sidered the length ¢ ‘of the resonator to be vari- 
‘able, the frequency being fixed. But the result 
(7,18) can also be regarded as giving the dependence 
of the characteristic matrix on variable £ for fixed 
®. Denoting the resonance frequency by 2 which 


satisfies i 
2V 22 ne—K? E+0,91¢,9 = 0 (9,19) 


and expanding the right-hand sides of (7,18) in po- 


'- wers of o—2, considering them as functions of », 


we obtain 
Hi 
hg 92 O(ah|da)..a'2 |"! 
dg o a at 2 o}2 
(a4) +3 reataiyaa all 
xe (2%4?= 09? « + —ei(2,"- &”) 
Co = C 
2 a la 
2 2(dk/do).«0. 7 | * 
(2-1) +3 earache 
er Sey 
25 0(dk]da), 0!" |Bz°||b2°| 
C" Oy a ut 
a eee coer ae 


5 (20,.0.-¢,04 ‘ 
ce (279 9 +2) — et(2?? -¥"), 


: Comparing this with (9,17) we see that in the case 
‘of our cylindrical resonatar the coefficients of 
_ leakage are given by 


tN stored 
aa yee V2 O(dk|do).~0 gles? os 8 
y (9,21) 


Ry % Po? - wi iv =) 
ie TCT er ial 


_ Thus, in the case of our " resorfator of the form of 
Fig. 8 (c), the calculation of the coefficients of 
leakage is reduced to the calculation of the 
mn transmission coefficients for the simpler’circuit of - 
| the form (a) and (b) of Fig. 3. 
__ Taking the absolute squares of both sides of 
: (9,21) we get the partial @: 
i ae eae \a,°|? 
Q, 2&2(dk/do).-c 


et ee b,9|2 / 
"a 2a(dk/da)o-a!| 2*|*, 


(9,22) 


Sin-itiro TOMONAGA. 


_ between various openings with one another, and, 


Then (9,17) becomes 
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= 


which can be interpreted in the following way : 
Since * gives the reciprocal of the group velocity 
of the wave in the eavity, 1/{262(dk/dw)} means 
the number of impacts in which the wave packet 
hits each one of ‘the end walls of the cavity. As: 
la,°|? and |b,°|? give the amount of energies trans- 
mitted out of the first and the second opening in ; 
each such collision, (9,22) will give the energies. — 
which leak out in one period of the oscillation. 

In> (9,20) it is seen that ||&|| has here specially 1 
simple form : 

— ei(20,°-0") 0 


(lel = ‘ i 
Ne Saker 


—et(2?o 0950) 2! 


(9,23) | 


It is easy to verify inate the relatiee to, BS holds. 
for this ||é||.. 

The fact that ||¢|| hassuch a simple form depends: © 
oft the special construction of our resonator. From - 
the general consideration alone we can only con-, 
clude Nhat ||¢||_ satisfies (9,16), from which (9,23) 
does not necessarily follow. But if the resonator 


is so constructed that no direct couplings exist 


further, no change of mode of the incoming waves 
occurs when the waves are reflected at the june- 
tion of the cavity and the wave guide (these will 
be in practice often the case), we can assume 
without detailed calculations that iF is a diagonal 
matrix. In such a case (9,16) suffices to determine 
\|€l|. We get in such a case. 


eN,! v= aN, at, 48N, 1 
: Bn, i 


a nae inf Sagi  Aa ee 


(9,24) 


ads? Bn, UPN’, V 
IN? Ute ree F 
—_— —_— wry? @ 
ihe 1) +52 Dawes | 
4aN, of, ant (9,25) 


N,t 


or if we put 


Bn, t = |Bn, i\eN,t 
/ 
ee, - l> 
V¥ QN,I j 
we obtain ; PEN 
NL ‘ 


GN? 17 = t ae, 


For the peace important cases wnat in 


€ ich wave guide ‘only the. wave of one mode ex- 


5 we obtain. the formula 


eee es = ey a ' | ‘This shows how the energies are distribut 


meee : 
oN in VOM ws ne exits: As the resonator is of very high 
Shs Fa GN eitongit yy) 19,08) Seicres 
eae ( ao =t ft - ‘ little energies are in general transmit ec, t th ‘ 
$ Oey 2Q- : ea exits, most part of: the energy is. reflecte ae 


the entrance. The energies are distributed 


exit in proportional to the reciprocal of t 


ue ioe this opening. ‘When resonance occu Ss, th 


resonance amount to 


PEAR defer) ions Oo Aaa fGil ecda ae h T 
jan'la = 9 | |. (NFL 
and the energy reflected ask to » the entr 


Bae 


at resonance 


Siihicetion, and transmission characteristics 1 a 
pe 4 of a Do atas -resenator ; , “la I res = ee Q; 2.) 1a 


. we ie 
It a resonator is required wl ie 
transmits all energy to the exit 9 with 
‘resonance. For-instance, one ean find the 5 penavion back to the entrance, we need to 
ate the absolute squares of the reflection coefficients ; _ that 
; es ay, a." and those. of the transmission coefficients ae ‘ 
e a? and ay? of a symmetric two-opening resonator - . 
‘as funetions of w. They are given by Fig. 5.. We. 


, ee ge 
os “One 


; ‘shall, give some further applications of oar formulas 
the following two paragraphs. Br, 
i ? ; 4 ; 
$10. Tr ransmission of energies to 
: ; various openings. . 


We suppose a resonator with any number of 
eni ages is given. But it is, assumed that in each | 


ve. ve now Tae — the energies will be 
transmitted to various openings» ‘when the wave 
pele ee the first preaing and goes out of the 


ft F \ 
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Ws =) _ at Hy+4e-E) AV, (11,1) 


e 


) 
If we use here the second theorem of 28, we 
obtain 


s } / o 
We — tim ——| ex A+B Maz 
p 4 w/w O—-W “2D \ 


~ ai. {(Ex A’].+[E’ x H)}dSur-w 


(11,2) 


‘We must here use for E and H the field due to 

i the incoming wave of the /-th mode througn the 

‘N-th opening, i.e. EN:! and HIN.! of (2,2), while for 

: E’ and H’ also the fields due to the incoming wave 

"of the J-th mode through the N-th opening but 

with a slightly differnt frequency o!. Then we 
have py 


|S tex Ae Hinds 
at ey aioe. 7 Pe Kp = 
Bere) rx Cli. +16 <Grl.,34) 

x oie ND *#N 

atl WEP Al = Rj 3 
+anyi) {Fx Gr i.+[Fi x G@ Jd 
=n 
: * 
x ef enrt’ ni) *N 


sal R if fri x Gt HEY x Ci k}dS) 


ay 


x pile th’ yp) zy)’ 


hi ; 
é ESN ‘ayy. ane MF x Gey, 


} 4 4. + i(k yale Nz 1 
ALE ex Gre dDe NU N12 IN’ (11,8) 


‘The dashed Poantition:’ such as F’, G’, k’ and 
Ny are to be considered as belonging to the 
fields with the frequency 0’. 

In differenciating (11,3) with respect to o/, we 
“note that, if the frequency is very colse to the 
x resonance frequency, and the resonator is of very 

r ii ‘high , Q@, the matrix elements al Ney change very 
oN rapidly if one varies ’, while other quantities: F’, 
b G’ and k’ are slowly varying functions of w, We 
may thus neglect ——- aor tv Bal ~— and x as compared 
Ei ecith bali aa. 
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In this way we obtain, after several calcula- 


tions, using the formula (9,17) for aly, 


We _w 33 OBN, BN’. 
ey (@—a)* 


{Sets v BN, 
yx SBePNAV PNAL 


O—We 


+éNivk. 1.4) 


Using here (9,12) and (9,14) we obtain finally the 
simple formula 
@/(2cQn, 1) 
o Pes 1/12 : 
a) *4(Q) 


which expresses the energy stored in the resonator 


«.. (11,5) 


as a function of o. 
We see from this formula that ‘this energy is” 
in general.as small as of the order of 1/Qy,z, but 
it increases rapidly when » approaches to the re- 
sonance frequency 2-, and at resonance we have 
4Q? 
Qn,1 


This energy is as large as of the order of Q. 


Wo=nz = (1q ,6) 


Thus the energy storage at resonance is propor- 


: 


tional to the sharpness of the resonance. 

The fields in the cavity become also very large” 
when the resonance takes place. They are nearly 
of the order of magnitude : 


| 


o/(QcQN, 1) 


¥ pn ae ne ees newer ae 


eJEN.1, 4|HN, "le ty » (11,7) 
($—1) aor) ts) . 
which at resonance amount to 
{ el/EN,1).,.-0, ’ BAIN, weg, pos Fon . (11,8) pe 


The fact that a considerable part ‘of the incident 
wave is transmitted to the exits notwithstanding 
the smallness of the coefficients of leakage becomes” 
possible by such large storage of the fields in the + 
cavity. a 

These results can be verified experimentally — 
by detecting the wave in the cavity. Then, ac- : 
cording to our theory, we should obtain a re- © 
sonace curve of the form of Fig. 4, provided that — 
the detection is of square law (Q of the resonator — 
is, of course, assumed to be very large). a 

Since the definieion of the characteristic mat- . 
rix involves explicitly only the: aes and — 


“he oy 


) fesonarice: is cas Sone as we have seen 


_ above, with the energy stored in the cavity. This 


relation corresponds to the so-called uncertainty 


relation in wave mechanics which is quite familiar 


to Silas yi gh 
t 


This work was carried out in 1944 and reported 


“in the August of thesame year before the limited" 


circle of the researchers who were engaged in the 


“ studyot ultra-short-wave circuits under the guidance 


many tre helps nt eee 
of this work. Dr. Mirezne has also ee rc 


of the theory poknaeen here. 
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Introduction. 


Rochelle salt is well known for its conspicuous 


piezoelectric effect and its, anomalous dielectric 


characters. Results hitherto obtained agree in the 


~ general, features of variation of ¢¢ with tempe- 


_ rature, put very various | values have been mea- 


. sured by different . methods. There is a great 


" difference between. leaf s values ‘measured with D. 


i ¢. and A. C. electric field. 1)2)8)4) ‘Measured values 


a ae A. &. also differ greatly.5)®) Although it 
is said that. the dielectric properties are not— 


- changed for audio-frequencies up to 5000 Hz,78) 


various values of &@ were reported by many 


authors _ ‘for -audio-frequencies: 3)8)9)10)11) Such a 
emeut of tals. ‘values is attributed to the 


the electrodes. 
‘electrode. 


rities. H. Mueller’) says that a ee 


‘strain changes the character of the 


E. Schwartz?) used the m we iy a 


E. Hrreral4) used tin foil -electrod 


which. were. stuck on crystals by Canada balsa: 
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entire surface of the crystal. Otherwise uncover- 
ed portion becomes a source of constrianing forces 
for the inner part of the crystal. Although the above 
stated attentions are paid and those causes are re- 
This fact 
becomes a principal diffetilty in the practical app- 
With regard to d,,, a few 


‘ measured values were reported.) 4) 15) 16)17) The 


moved, ¢g’s values are not reproducible. 
lication of the crystal. 


measurements with dynamical method are parti- 
eularly few and the reliable value of d,, is not 
yet reported. 

The author has found that the humidity is 
essential to this non-reproducible values of ¢¢ and 
di d,, are got at constant temperature and constant 
| humidity. As other constants @), &c, d2;.... are 
much smaller than ¢q, d;,5)48)10) and have no 
x ‘anomaly, the following experiments have. been done 

' using the a-eut crystal plate only. 


§ 2. Measurement: of £a, 


(1) Samples. a 
Specimens were cut from a fine large crystal 
of 300~400 grams in weight by a band sawing 
- «machine and “Were finished by a lathe and other 


special tools. “ By such a mechanical finishing, the 


clean, flat and parallel surfaces could be easily | 


rt: ‘obtained within the accuracy of 0.01mm.. Alumi- 


as they c@rrode under hot and wet conditions. 
ens Lhe electrode of saturated solution of Rochelle 
salt is not suitable for studying the effects of 
e ‘humidity. The mercury electrode also was not 
‘used, since it is hard to handle the surface well. 
The author used the silver foil electrode, as they 
_ +do not corrode for many years in the atmosphere. 


ie: very closely to the entire surface of the crystal. 


_ In this experiment, no paste was used to stick the. 


_ electrodes as is usually done. The surface of the 
_ €rystal was first cleaned with benzene and alcohol, 
 -and then moistened with alcohol. The silver foil 
__was placed on the surface, and pressed softly in 
ws -order to stick so closely that it can not be splitted 
a off after alcohol has evaporated. There is no sub- 
: “stance between the electrode and the pantass of 
__ the erystal, and there was nothing undesirable 


«concerning the electrode, 
{ 


~ - 
_ ‘nium, copper or tin foil electrodes were avoided, , 


y Itis very important that’ the electrodes should stick 
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(2) ' The circuit for measurement. 


The capacity of the samples was tieastree by 
the bridge method at pure 1000 Hz A.C. from the 
tuning fork oscillator with a low pass filter. . 


. ! 
The: circuit for measurement of €q. 


Higst. 
C,: Capacity of sample.s 
Rz: Resistance of sample. 


+ 2 ‘ 
Fig. 1 shows the circuit used for the measure- ™) 


ment. — C, is the standard air condenser (maximum 
about 2000 wf) and R,, R,, Cs, 


= C3:R,/R, . 


8 
éq is calculated from 


Cz = &aS/4zd, 


where s is the area of the electrodes anddis 
the thickness of the samples. The ‘end correction 
is neglected here. As the capacity of the sample 
is constant at audio-frequencies near 1000 Hz and 
from some milli-volts to some volts perem., the 
source of 1000 Hz and 0.8~1.0 volts perem. was 


used in this measurement! 


(3) The appara for feniper aban and humidity 
control. 


The sample was |put in the desiccator and 
H.SO, of proper density was used for obtaining 
constant humidity. The relation between density 
given by E. M. Collins!8) was. used. The whole 
system was brought into a thermostat. The capa- 
city of the lead wire from the thermostat to the 
bridge was measured previously and the observed 
values were corrected. ~ 

When the temperature and humidity wens 
varied, it seemed to take a long time for the tem- — 
perature and humidity in the desiccators to become — 
constant, and a much longer time for eg to attain 
the corresponding value to the new condition, © a 
Therefore, values of fa were measured three times. . 


a day at intervals’ of 6 hours, and Biter feel 
) 


e 


atl Ps 
4 
a 
or 
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20 


1S 


ae Fig. 20. eq, temperature and humidity. 
A....Humidity: 80%. Density of H,SO, at 20°C: 1.188. 
B....68%. 1.282. C....58%.. 1.315. D....382%. 1.411. 


20 


Fig. 3. I/eg, temperature and humidity. 
A,B,C, D..... ditto to Fig. 2. 
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suecessive three measurements yielded the same 


results, this value was adapted as €q. 


_ (4) Results. 


a) The temperature and humidity dependence. 


The samples used were 10 pieces and 38~10mm 
thick, about 20mm wide and 40mm long. Two 


samples were measured always at the same time. 


| Whenever H,SO, was changed, one of the two 


is very well: Namely, 


samples’ was interchanged with a new one. When 
humidity or temperature was changed, at first two 


pt samples had often different values, but always 


took the same value after a sufficiently long time. 
Namely ¢g becomes constant in a day or so at 
high humidity, or at low humidity below Curie 
point, and in several days at low humidity above 
the Curie point. 

In Fig. 2 is shown the dependence of the values 
of ¢g-Upon the temperature andhumidity. In Fig. 3 


‘is shown. the relation between the reciprocal values 
of ¢g and the temperature and humidity. The mea- 


surements at 80~40°C in Fig. 2, 3 were done in 


summer and that below 30°C in other seasons, and 


' €, had the same value when it was measured after 


a year. This means that eg has a constant value 


é in constant temperature and humidity. Above the 
' Curie point the relation between 1/e, and tempera- 
_ ture is linear and follow the Curie-Weiss’ law, - 


| 


Teg = (TT). 


In this equation 7 is the temperature, C and 7. 


are constants. These curves consist of two or 


three straight lines as H. Mueller’) has shown. C’s 


are independent of humidity within experimental 


_ errors, namely they are 


\ 


C, = 0.450x 10-8, C, = 0.520x 10-3, 
Cy = 0.652 10-3. 


The straight lines for C, are shorter in lower 


humidity and they vanish in the humidity. lower | 


than 329. It seems that H. Mueller observed 
only in low humidity, for he said that straight 
lines of J/eg —T' curves consist of two parts. In 
Table I Tc, Ci, Cz, C; and their ranges for 
various humidity are shown. 

Below the Curie point, the Curie-Weiss’ law 
is not followed but it is noted that the effect of 


humidity is greater than above the Curie point , 


and ¢, has a maximum value in 70~60 % humidity. 
It seems that this state is characteristic of Ro- 
chelle salt and is probably related to the inter- 
secting point of two hnmidity vs temperature 
curves,19) and that there are two different states i.e. 
deliquescent or efflorescent states each correspond- 
ing to higher or lower humidity than this state. 
The maximum values of ¢q at the Curie point and 
the values of the Curie temperature vary with 
humidity. I suppose that they are chief causes 
for the inconstancy of the Curie temperature. As 
€q varies very much with a little variation of 
temperature near the Curie point, determination 
of the Curie point is very difficult but there is 
tendency that the lower the humidity, the higher 
the Curie point and the smaller the maximum 


values of eg. Namely at 702 humidity the Curie 


point is 22.9°C and eg is about 10000, and at 
80 2 humidity they are 23.5°C and about 4000 
respectively. 

b) Dimensions of samples. 


It is probable that there are two kinds of the 


- , Table I. Range of C,,'C., and C,. : 
Humidity 7 32 53 68 
- T °C 23.0 23.0 23.0 
A 2 ~ = ERMAN See Ee Seee ee Sa eS PR ae ot ES Te. P| 
Range 8G: C.P.—82.1 C.P.—29.7 OR Bee 
T °C 23.9 
. 4 . 23.4 
, Range °C 29.7—31.9 25.7—30.6 ; 
T “() 25.8 * 25.5 24.9 
_ Os : 
Range °C 307-3 31.9— 30.6— 
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Papa IAI PLES A BELLS. GO 


x 395 2O8) ah7¥ those Seeclesia showed quite the sa 


a SA hoe Nietschns ‘ In oe 5 a part of the results is shown. 


490 4.98 O302 — 


ee Fig. 4 _ Dimension of samples and ¢g. 


a "When abe effect of humidity is not uniform through both above ‘aha oer the. 
‘the crystal, values of &q must be a function of 


Cura 
example in Fig. 6 are shown the 
4 / dimensions)’ especially of thickness. In order to COS eda by ac which ee 
*. elucidate this point, crystals of various dimensions 

“were measured. In Fig. 4 a part of the measure-— 

‘ments is shown. The dimension shown in the third 
3 Tine of the table in 1 Fig. 4- are He thickness im the 

‘direction of the a-axis. It is “clear from Fig. 4 


‘that values of fq are independent of demensions. 


oe Therefore, it may be considered that the effect of 
5 i humidity is uniform through the erystal. 


dae 


a) ‘The effect ‘of the Tathod: of preparation 
of. the crystal. 


as It is. ‘often said that values of fa Pee upon 
In order to test this 


and ‘curve B to fa of. 10%. —— AG 


ae The ees of the variation of tempat 


Mm 


into another stable state after : some days. 


Tan example is shown. . At first ca is. on the 
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Table II. 


Weight change due to humidity variation. 


Difference of 
Weight of A, B. 


Temperature 


Sample A 

Weight gr. Humidity Weight er. | 
9.1447 30 96 | 9.0828 | 
9.1444 30 % 9.0824, | 
9.14438 | 30.9% 9.0824 | 
9.1445 | 30 % 9.0824 | 
9.1445 | 30% 9.0827 | 
9.1448 30 % 9.0824 ¢ 
9.1446 30 2% 9.0825 
/9.1447 70 % 9.0824 
fe 9.1443 10 % 9.08381 
9.1444 10 9% 9.0888 
9.1444 70 2% = 9.0338 | 

9.1444 10 % 9.0884 


Fig. 7. Variation of temperature over 
ry ' | the Curie point. 


~~ 


rable long time suddenly jumps to curve B (a' 


stable state). 
f) The water of eroalultiegtion: 


In order to decide whether the amount of the 
water of crystallization is affected by the humidity, 
the weight of Rochelle salt crystal in various hu- 
midity was measured by chemical balance. Samples 

are kept in constant temperature and humidity and 
_ # now and then they were taken out and balanced. 
Although the room of the chemical balance is not 
at constant temperature and humidity, it does not 


matter because the variation of eg does not soon | 


follow the change of temperature and humidity 
during they are balanced, In Table II an example 
is shown; samples A and B were taken out and 
measured by chemical balance after having been 
kept in 30% and 7024 humidity at constant tem- 


Humidity gr. ; 
10 % 12.5°C 0.0619 ‘ 
70 9 19.0°C 0.0620 
10 9 22.2°C 0.0619 
10 % 24.0°C 0.0621 
10 % 28.0°C 0.0618 
10 % $3.0°C | 0.0619 
70 2% 19.0°C |< 0.0628 
30 9% 19.0°C 0.0623 
30 9% 13.5°C | 0.0622 
30 % 15.0°C 0.0621 

- 809% 24.5°C | 0.0621 
30 9 34.0°C | 0.0620 


perature during 5~7days. In the ist and 2nd 
columns of the table II weight and humidity of 
sample A are shown, in the 3rd and 4th columns 
those of sample B, in the 5th column the tempe- 
ratuve of the thermostat, and in the 6 th column 
the difference of weight of A and B. It is known 


from this table that the difference of weight’of A ~ 


in 802 and B in 702% is very neary equal to'the 
difference of weight A in 70% and Bin 30%. 
The difference are nearly 0.1mg. As surface con- 
ditions of samples are the same for A and. B, the 
effects of surfaces is independent of the difference 
of weight between A and B. Therefore, the cons- 
taney of this difference shows that the difference 
between A’s and B’s weights in 30% and 70 % is 
almost 0.1 mg, namely the weight of Rochelle salt 
crystal varies with humidity within 0.001 22 
(to be continued.) 
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MO aN ope al 
seo: , Measurement of dy. | 
Pome = Ee: 


The electrodes were stuek upon the surface 


oe measuring apparatus. 


n Fig. gs ‘the outline of the Peat Se is shown. (1): “Pole pieces of magnets 


» bases of bakelite were prmck to two ‘ends of bakelite. (8): Copper wire. 


ah > = Mant 
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the sample (side of 2.00 cm) by shellac alcohol 


solution and in center of each base copper wires, 


"(diameter 0.5mm) were stuck which were set in 
* the magnetic field (width 2.00cm). When 200~ 
2000 Hz A.C. flows through this copper wires the 
_’ erystal is subjected to 200~2000Hz alternating 
forces. d,, is calculated from the voltage dif- 
ference appearing between the electrodes as des- 
cribed below. This apparatus and head amplifier 
"were put in a glass box which was kept in con- 
stant humidity and put in a thermostat. 
Fig .9 shows the circuit diagram used for the 
measurement. The sensitivity of the amplifier was 
: _tested by giving proper voltage between both ends 
of the resistance & (0.490 ohms). 
‘consists of three UY-6301 and UZ-42, and input 
voltage’ was about 0.01~1mV throughout this 
: measurement. When the current through excit- 
ing coil was 400 mA D.C., the density of magnetic 
flux was 1.66 and 1.54 10°. 
ef culation the mean value 1.60 10* was used. 


f (3) Calculation of d,,. 


The piezoelectric modulus d,, was calculat- 


The amplifier 


In the following cal- 


\ 


ed from the electrode voltage of sample as follow. 
If we devote the voltage output V, thickness 
of the sample (in Fig. 9) a, length of sides on 
a which Ff’ is not applied 6, length of sides on which 
Fs | F is applied c, piezoelectric modulus d,,, the cir- 
ea cular freqnency w, the load impedance between 
i * _&, electrodes and the total force applied F, 


V= 2 4 Moa [a+ rey &g@Z). (1 )222) 


ice ‘Tf Zisa ed resistance R, 


dud 


Ree ay PR/AHR OOM) (2) 


where Cy = egbe/4za is the capacity of the crystal 
_ which can deform freely. If (RoC,)?<1, from 
2) 

ae yb 


aoe Se FR = = (Roc, 


gu™ we bo Rtg Roch. (3) 


pit From (3) dy, is calculated using the measured 
value of V. Cy in correction term is calculated 
from values of ¢q: which are known already. In 


/ 


a ‘ | 


this’ measurement frequency of 200~2000 Hz was 


\used. In practical calculation, the straight line 


representing the linear relation between V and dy 
was plotted and from its gradient d,, was cal- 
culated. 

(4) Results. 

All values of d,, were measured after the 
sample being kept in a constant temperature for 
24 hours, and often once more after further 24 
If the 


temperature variation is not so large, d,, becomes 


hours, to test whether d,, varies or not. 


constant enough after 24 hours. 


a) The effect of the variation 
of temperature upon dy. 

As this measurement is not so accurate com- 
pared with that of ¢g, small variations of dy, 
can not be detected experimentally, but it is con- 
cluded that d,, has similar characters to he This 
measurement was done only in low humidity, 
otherwise the large surface leakage made the 


measurement impossible. Variations of d,, with 


@-O-f-Oex>+.... 
sequence of measurements. 


Fig. 10. d,, in 50% humidity. 


humidity were greater below the Curie point thane 


above it. Above the Curie point d,, follows the 
Curie-Weiss’ law very well, but no knick point 
was found; as d,, was measured only in low hu-| 
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at Pie 


een ® Gan _ 


midity and could not be measured at sufficiently 


high temperature. 


: In Fig. 10 and 11, curves A 
show the relations between temperature and: dy : 
at about 502 (density of H,SO, at 20°C: 1.816) _ 


From. the results above describe 


t 


ing was concluded: | 


1) ea and dj, vary with | h 


" sequence or ‘measurements. 
‘ ig 11. dy in is (eee 


“the Curie point, at first a lies on curve B in a 
quasis eos state for prise? apie per days, ce 


quite 6 reproduetble: Sa, eve se ‘ Rae \asreident ‘of 


“by Variation of bumidity See ~ paration | of the erystal. tare 
“Wher the humidity is varied, dy eparsiet the} aa From these results it is conside 
prev: us value” ‘for’ some. days as in. ithe case of &a4.. | - change of humidity produces the Mi 


ii” 
, a 


An e ek is shown in a Fig. 11 which gorresponds water of - erystallization, but it is n ' 


‘ 
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§1 Introduction. $2 The Knowledge Obtained from. 
The tryetal growth of,the metal, deposited Previous, Experimears 
on the smooth crystal surface by the evaporation The crystal orientations’ and other charac-- 
_ method in vacuum, is supposed to start in general teristic behaviors of several face-centered cubic~ 
at the centers of the crystallization, which are{ metals deposited on the zincblende surface were~ 
_ located on the surface from the beginning. These already subjected to experimentation by one of” 
“natural centers” may be certain irregular. points us.1) Since the former result being necessary for 
on the surface in some sense. understanding the present experiment, the- main 
a Now, in what manner will the crystal growth facts concerning the previous study will be briefly 
be influenced by the centers if they are artificial- presented in this section? . 
; ly made? The present paper treats this problem. A. The types of the crystal orientation of the 
iat In it, an observation was made on the phenomena each deposited metal. The results are Showni n= 
- occurring when the succesive evaporation of two Table I. . ? 


metals is committed, so that the metal firstly depo- B. The effect of the polar axes of zincblende on the 


sited acts as the artificial center of the crystal metallic crystal growth. The atomic ‘arrange 


os ‘growth of thasecondly depesited metal. “Namely, ment in the (110) surface of zineblende, which is. 


the effect of the first deposited metal of a small shown in Fig. 1, is not symmetrical in respect 


_ quantity on the growth of the secondly deposited to its [110]-axis. And this asymmetry seems to 


* # : : 
metal was studied. The experiment was made on possess two influences upon the Au-type ori- 


| | 

| 

various face-centred cubic metals, deposited on the entation of the metals. First, the [110] axis | 
fresh cloven surface (110) of zineblende. r \ of Au-type orientation above mentioned is ins i 
- i 

" Table I ¥ 

Room temp. 100°C 200°C 300°C 400°C 500°C -- Temperature 

ie { ¥ | On | | : y ‘ 

Au | No orientation Au-type 

Sree ee | oa 2 - . 

rs ' Cu (310)-type | Au-type Ni-type | ; 
r . < \ 3 . ies ra ~~ tL 

Ni No orientation Ni-type ; 


Aurtype: (110)znsL[110]metal, [110}zus//[110 meter 
Ni-type: (110)zns-1[11Umetat, [001]zns//[110 meta: 
(310)-type: (110)zns-1[310}metal, [110]zns//[001metat ; 
. : ; x 
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fact not strictly perpendicular to (110) plane 
of ZnS. This is illustrated in Fig. 2-a for the case 
of Au, whereby the atomic arrangement of ZnS 


surface is assumed as Fig. 1.- In the ease of other 


— 001) 


{ a 


Fig. 1. Atomic arrangement of ZnS surface. 
[110] axis vertical to the paper and its 
direction is from the paper to readers. 


sR Oy) 
No, 
Y, a) 

é, 
aS ZnS 
: Fig. 2 


a. The slant of {110]4u b. Twin plane (111) 
metals, however, the slant of the axis takes place 
in the opposit direction. Secondly, the twin forma- 
tion, which almost always takes place for the Au- 
type orientation ‘if the film is not too thin, is 
also asymmetrical for the two possible twin planes, 
(111) and (111). Of these two planes, in general, 
the one which is lifted upwards asa result of the 
inclination of [110].axis as mentioned above ((111)- 
plane in Fig. 2-b) is more effective for the twin 
formation. 

In the following description, these properties 
~ will be ealled ‘‘ characteristic ’’ properties for each 


metal on zincblende. 


§3 Experimental Procedure. 


The successive evaporations of two different 


Table 
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UM 


Fig. 8. Experimental Apparatus 


The combinations of two metals examined in 


this experiment are shown in Table II. 


Table II 
~ Nuelei 2nd-evaporated metal 
Au Ni, Cu 
Cu Ni 
Ni Au, Cu 
Table III-a. 
Nuclei: Au 2nd-evaporated metal .: Ni 
Direction 
Orientation |Temperature | Orientation of | 
orientation 
120°C Au-type ae 
150°C a + 
310°C . -— 
Au-type 430°C os ee 
440°C A) == 
460°C Au-type = 
460°C -+-Ni-type = 


+: means that the direction of inclination of 
[110]-axis is the same as that of gold. 
—: means that it is opposite to that of gold. 


metals were performed by the device shown in 


Fig. 3, in which two tungsten filaments for the 


III-b. 


Nuclei : Au 2nd-evaporated metal : Ni 
Mean thickness 10 A Mean thickness 100 A 
Orientation Temp. : . Direction of. | aa : Direction of 
Orientation inclination Orientation con 
160°C | Au-type+ Ni-type Au-type-+ Ni-type : = 
250°C | Au-type _ Au-type _— ae 
‘A 270°C | Au-type+ Ni-type.. — Au-type-+ Ni-type = 
type 300°C | Au-type __ - Au-type = 
7 340°C | Au-type+Ni-type : <a 
470°C | Au-type Au-type-+ Ni-type = 


ou 
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evaporation of metals (A and B) can be placed 
alternatively in front of the erystal D, by rotating 
the ground joint G. 

During this procedure, we observed conti- 
nuously the changes of patterns on the fluolescent 
screen, and photographs were taken in important 
stages. The shutter C is to avoid the effect of 


volatile contamination. 


$4 Experimental results. 

a) The evaporation of Ni on Au-nuclei. 

The combination of these two metals is in- 
teresting, because their characteristic crystal ori- 
entations are quite different from each other in 
the wide temperature range from 100°C to 500°C, 
as is shown in Table I. 

The experiment was performed for two cases; 
(A) when the average thickness of Au is thick, 
and (B) when it is thin. 

(A) The mean thickness: Au 380 A, Ni100 A. 

The result is shown in Table III-a. 

(B) The mean thickness: Au 5A, Ni 100A. 

In this case the evaporation of Ni was carried 
out in two steps. In the former step the eva- 
porated quantity of metal attains to about 10 A, 
whereas in the second step the exaporation of the 
whole quantity is finished. The photographs were 
taken in the both stages. The results are shown 
in Table III-a, and some examples of the patterns 


are shown in Fig. 4. 


a. Au-nuclei on ZnS .b. Nierystal evaporat- 
surface made by eva- ed at 270°C on the 
poration. Pattern Au-nuclei. shown in 
is due to Au erystal Fig. a. Pattern is 
with Au-type orient- due to Ni crystal with 
ation. Au-type and Ni-type 

orientations. 


Fig. 4 The evaporatin of Ni on Au-nuclei. 


Electron beam being parallel to [100] of ZnS. 


We can deduce from these tables that when 


the surface of zincblende is wholly covered with 
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the first evaporated metal Au, Ni simply succeeds 
the orientation of Au, but when the surface is 
only partially covered, that is, when the evaporat- 
ed quantity of Au is small and the temperature 
of the base erystal is high, the crystal growth of 
Ni is apt to reveal its own characteristic proper- 
ties, such as the appearance of the Ni-type ori- 
entation and the inclination of its [110}axis in 


the opposite sense. 


b) The evaporation of Au on Ni-nuclei. 


The mean thickness: Ni~several A, Au~50A 
The result is shown in Table IV, and illustrated 


in Fig. 5, 


Fig. 5 The evaporation of Au on Ni-nuclei. 


a. Ni-nuclei made by b. Au crystal evaporat- 


evaporation on ZnS 
surface. Pattern is 
due to crystal with 
Ni-type orientation. 


ed at 420°C on the Ni- 
nuclei shown in Fig. 
a. Pattern is due to 
Au crystal with Ni- 


type and Au-type, and 
Ni crystal with Ni-type 
orientations. 


Electron beam being parallel to [100] of ZS. 


Table _ IV 
Nuclei: Ni 2nd-evaporated metal: Au 
Orientation | Temp. “Orientation 
| 220°C | Ni-type- 
Ni-t : i-type (Ni-+Au)* 
+ PS 410°C | Ni-type+Au-type 
420°C | Ni-type (Ni+Au)* 
+ Au-t; 
420°C | Ni-type ts 


SSS 


* This means that the patterns due to Ni and 

Au have Ni-type orientation. 

In this case the crystal of the first evaporated 
metal, Ni, is supposed to take a dispersed distribu- 
tion. Au, evaporated on it generally succeeded the 
orientation of the Ni-nuclei, but at high tempe- 
rature the characteristic orientation of Au (Au- 
type) appeared. 
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c) The evaporation of Cu on Au-nuclei. 
mot 


As was illustrated in Tabe I, the characteris- 
tie orientation of Cu is the same as' that of Au 
only in the temperature range from 230°C to 330°C, 
but outside this temperature range they differ 
from each other. Experiment was made for the 
following two eases. 

(A) The mean thickness: Au 20A, Cu 150A. 


The result is shown in Table V-a. 


Table V-a 


is =a eae SaaS 


Nuclei: Au 2nd-evaporated metal : Cu. 
Orientation| Temp. | Orientation Vere peor 
150°C. | 
190°C | ar 
Au-type ore Ap type i! 
430°C -- 
480°C — 


ee = 2 


(B) The mean thickness: Au 5A, Cu 150 A. 

In this case, too. the evaporation ‘of Cu was 
completed in two steps. The result is shown in 
Table V-b and in Fig. 6. 

From Tables V-a and V-b, we can see that 
the second evaporated Cu succeeds the orientation 
of the first evaporated Au. But as in the ease 
of Ni, the inclination of the Au-type orientation 
of Cu is opposite to Au when Au-nuclei are isolated 


on the surface from each other, i.e. when the 


Table V-b 


| 2nd-evaporated metal: Cu 


Nuclei: Au|— S| aa ae ware 
Temp. °C| 10A thick | 150A thick 
oan | Au-type 
150,230 BENE i 
230,280 


320,350 |}Au-type 


Au-type 

420,430 | MCN Gey 

430,450 | Au-type 
pl 


Au-type Au-type 


temperature of the base is high and the quantity 


of Au is small. 


d) Evaporation of Cu on Ni-nuclet. 


As indicated in Table I, the characteristic ori- 
entation of Cu is the same as that of Ni at higher 
temperature (above 300°C), but below it, they are 
different. The observation was made for the mean 
thickness 50 A and 10 A for Ni, and 100~200 4 for 
Cu. In all cases, Cu succeeded the orientation of 


the Ni-nuclei. 


e) Evaporation of Ni on Cu-nuclei. Also in 
this ease, Ni always succeeded the orientation of 


Cu-nuclei. 


$5 Discussions. 


a) The effect of centers on the orientation of 
metal crystal. It is believed that the deposited 


metal layer covers wholly the base surface when 


a. Au-nuclei on ZnS surface 
made by evaporation. Pat- 
tern is due to Au crystal 
with Au-type orientation. 


structure. 


b. After the evaporation of a ce. 
small quantity (10A thick) of 
Cu at 280°C on Au-nuclet 
shown in Fig. a. Pattern is 
due to AuCu,; having super 


After the evaporation of 
whole quantity of Cu (150A 
thick) was finished. Pattern 
is due to Cu crystal with 
Au-type orientation. 


Fig. 6. The evaporation of Cu on Au-nuclei. 


Electron beam being parallel to [100] of ZnS. 
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the evaporated quantity of metal is large and the 
base temperature is low. In such a case the ery- 
stal growth of the second evaporated metal may be 
completely determined by the “artificial centers’’. 
In fact, on such a condition, it was observed the 
second metal succeeds the orientation of the first 
evaporated metal (24.1 (A), 24.8 (A) ete.). On the 
contrary, if the quantity of the first evaporated 
metal is small and the base temperature is higher, 
the artificial centers will take dispersive distribu- 
tion, so that many bare portions may be remained 
on the base surface. In this case, the crystal 
growth of the second evaporated metal will be 
effected by both the artificial centers and the 
natural centers. 

Which of these two sorts of the centers is 
more effective seems to be related to the combina- 
tion of metals. Generally speaking, the effect of 
artificial centers seems to be more predominant 
than that of the natural ones when the two metals 
easily form an alloy, and when the second eva- 
porated metal is considered to be mobile on the 
surface. Otherwise, the second evaporated metal 
is apt to manifest its own characteristic behavior 
by the effect of natural centers. The evaporation 
of Ni on Au-nuclei may be the example of the 
latter case. On the contrary, in the case of Au 
evaporated on Ni-nuclei, the influence of artificial 
centers seems more ettective, probably on account 
of the mobilness of the Au atoms on the surface. 
Similarly, in the evaporation of Cu on Ni, Ni on 
Cu and Cu on Au, the effect of the.artificial centers 


seems to be the determining factor. 

b) The starting position of crystal growth. 
Next we consider the question from what. portion 
of the nucleus the crystal growth will begin to take 
place. As shown in Table III-a, Ni evaporated 
on an Au-type Au nucleus takes the Au-type ori- 
entation, and in it, its [110] axis shows an inclina- 
tion, which increases with its growth. As known 


nucleus nucleus 


Fig. 7. The manner of crystal growth. 


(Vol. 3 


from the description in 22, this inclination is due 
to the direct influence of the zineblende surface. 
Accordingly, the growth of Ni-erystal takes place 
under the effects of two origins, the effect of the 
artificial nuclei and the effect of the zineblende 
surface. The only place where such condition can 
be realized is the foot of the crystal nucleus, for 
example the point A in Fig. 7-a. Therefore, it is 
supposed that the vaporized metal atoms, after 
wandering on the surface, finally arrive at the 
foot of a nucleus, and it is from here the erystal 
growth commences. Thus, in general the crystal 
growth of metal is considered to take place by 
continuing the preexisting bud at its foot. 

The similar situation is observed also for the 
twin formation. In the Au-type orientation there 
occurs twinning on the (III) or (II) plane. As 
previously mentioned, the habit of twinning is re- 
lated to the asymmetric arrangement of atoms 
of zincblende surface, so that it is clear that the 
twinning in metal erystal occurs under the con- 
tinuous interaction with the base crystals during 
its development. Accordingly, the twin formation 
is always evoked at the foot of the crystal bud 
which is in growth. 


c) The two manners of the crystal growth. 
There are two manners of the crystal growth. 
(1) The one is the case of Au evaporated on 
Ni-nuelei. As is shown in the Table IV, the dif- 
fraction patterns from Ni-nuclei and that of Au, 
both having the Ni-type orientation are coexistent 
even when the thickness of Au is rather thick (~ 
50A). In order to reveal such a diffraction pattern, 
the Au erystal and the Ni-nuclei should not mix 
or cover each other but. being situated indepen- 
dently, touching only at a base point, from where 
the crystal growth developed. This is illustrated 
shematically in Fig. 7-b. One of:the reasons of 
such a behavior may be the fact that the relating 
two metals are. difficult to make solid solutions. 
(2) In the other. cases, only the diffraction spots 
of the second evaporated metals appear on the 
pattern, so that the second evaporated metal cry- 
stals are supposed to be covering the nuclei as 
shown in Fig. 7-c. This will happen when the 


relating two metals are easy to make solid solu- 
tions. 


the: solid solution of gold and copper. These pat- 


D2 terns are of face-centered cubic lattices, and we 
observe them at 150°C, 230°C and 420°C (twice), 


Pas 
3. 78A, respectively. As these lattice constants are 
very close to that of the super-lattice | structure 
AuCu; (3. T5A)@), we can regard the here observed 


_ solid solution to have this structure. In fact, 


 fleetions could be found. (Fig. 6-b): 
§6 Summary. 


eee 

Be 
" { ‘ 
. 


: The effect of “ artificial centers ”” upon the 


“crystal ett of vee figs was stadied, xy 0 
serving the baad which ss place wher 


the lattice constants being 3.76A, 3.734, 3.724 and . 


sometimes the spots due to the super-lattice re- — 


of evita growth. When Cu was eva 


Au centers, sometimes the formation af 


solution of Au-Cu was found. ee 


| We are indebted to the Ministry of 
‘é 
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Statistical Theory of fiaean Polymers. IV. Effects of 
Hinderance for Internal Rotation. — coe < 
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4 
_Antroduction. 


In the iSreeeding papers “we gave the theories 
j be of intramolecular statistics of linear polymers, 
. _ rubber elasticity and elastic double refraction,')?)5) 
. in tere the hinderance for the ~ rnal rotation 


i be of some interest because it will predict. the tem- 
: hi _ perature effects of -various | physical properties 
: which are caused by the existence of the Poe 


for internal rotation. 


= ‘ 


91, "Fundamental Equations. . 
We take a long linear polymer composed of a 
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ies only in some approximation. Thus a rigo-. 
 rous treatment oe the mentioned properties may . 


of submotecules, ae relative orientation 


A 


The van der » Waalss correction ue 


oe 


here to be similar with respect to 
being of a definite form, for example 
figure formed Be two neighbouring 


-_ 
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anit of the chain is specified by a rotation R which 
is defined as the operation to bring it from a 
standard position to a rotated position in the 
Space. It may be represented by the transforma- 
fs tion between two coordinate systems S,(X, Y, 2) 
and S(z, y, z), the former being fixed in the space 
_ and the latter to the unit molecule. Thus the 
; configuration of the chain is defined by a set of 
rotations R,, R,, ---- Rn- 
energy F is the sum of the hindering potential 
_ energy terms each of which is a function of the 


The configurational 


+ ; relative rotation to bring a unit to the orienta- 
tion assumed by its neighboring unit. Thus we 
. % 

EXRy , Ry, +--+ Rn) = 21e(R5R§-1)- (1) 


or The partition function and the free energy of the 
Ai: ‘chain with the specified length r can be obtained 
Ms ‘i by the method described in I.» When the number 
i of units m is large, the asymptotic behaviour is 
determined by the following characteristic equation 


de 


fs | om (2), 
120s, RY) = exp{ea( RD} ; 


! 


Be x Jexpl—«(R/R"-Y/kT Us, RI)dR", (2) 


_ where a is the skeletal length vector of the unit 


aes 


. components are functions of R in the co- 


aces in S,. The vectors corresponds to'the tensile 

: - force of the chain. 

a The free energy F(r) and the orientation-dis- 

: “tribution of the constituent unit are given by the 
largest ' eigenvalue A and by the eigenfunction 

_ belonging to 4 (cf. Eq. (18) I, Eq. (4) IIT) namely 


Rea Br) = kT (er —n log X(s)). (8) 
 O(r, R) = e-salB) f(s, R)}" 


/\p-otile, BPAR, (4) 


aes eis ene | 
ise Bde avn (5) 


«For the sake of convenience we shall define 
ihe operator & by 


ge \ RRR NERY, © 
where K(R’R’’-1) stands for exp{—e(R’R! AY/kT}. 

Then Eq. (2) can be written simply in the form 
Ay = essay = Rs¥, and e:akt = Rs (7) 


In later discussions we shall normalize the corre- 


‘Jation function K as follows 


| x)aR =1, 


K(R) = expt—<(R/kT}/ lexpl-kTHR 8) 


Then the eigenvalues of Eq. (7) are multiplied by 
a factor depending only on temperature. 

The eigenvalue method is suitable for the dis- 
cussions of the asymptotic properties. An alter- 
native method shown in the following is useful - 
for obtaining the average values of powers of r. 

The generating function Qn(s,R) or the La- 
place-transform of the relative probability Z,(r, 
R) (cf. Eqs. (2) (5) and (6) I) satisfies the recur- 


rence formula 
Qnxrls, Rk) = RsQn-i(s, R'"). (9) 

Now we introduce the generating function for n, 
i.e. ; 

= > As, RY-*, (10) 

2=1 . 

which can be readily seen to satisfy the inhomo- 
genuous equation 

= “Ss 19, +¢6—1RsU, (31) 


Q,(R) being the Laplace-transform of the initial 
distribution of the end unit, which becomes equal 
to exp(sa) when there is no restriction in the 
orientation of the end. The generating function 
Qn(s) is obtained by the following contour integral 


Qnls) = a f Utn-idedR. - (12) 


Egs. (2) or (7) and (11) will be solved in section 2 
in the forms expanded in powers of s, in which 


Am Ata bagsl+erss, (13) 


U(s, R) 


Be U,+8sU;+8'U;+--++. (14) 


The average values of powers of: tare related to M 


the expansion coefficients in (12) and (18) in the 


a 
% 


~ following way (cf. Eqs. (18) and (21), I.) 


<1°> = 6nA,]&, = 6 fp [ve t)er-1dedR. 


etc. (16) 


Sometimes we are interested in the averages 
of certain physical quantity which is a sum of 
functions depending only on the orientation of each 
constituent unit. For example, in the case of the 
theory of double’ refraction we need the average 


of polarizability given by the equation 


<a> = \0(r, R)a(R)dR (16) 
which formula has been used in III. Here we 
give another way of its proof as follows. / 


Let the polarizability tensor and the external 
electric force be « and f respectively. Then the 
polarization energy is given by (faf)/2, and the 
characteristic equation becomes 


(fo f) 
QKT 


£Ag, = exp} — \ Rada (17) 
instead of (7). Eq. (3) is valid for the free energy 


Fir, f). Hence we have for the dipole moment per 


each unit, - 
<af> = ei kd log 4/0f. 


Differentiating Eq. (17) with respect to fz and 


assuming f to be:small, we get 


(« Fx adn 


Hh 008 6 Dray. 6,00 


Bhs 1° Of kT 


By the orthogonality relation | 
Jexp(—sa)dadanrd R =0 for AA, 
we can easily show that 


<uf> = \O(r, Ry RFR. 


| 


where 4 denotes the largest eigenvalue of Eq. (17) 
(cf. Eq. (4))- 


\ 


§ 2. Expansion Formulae. 
We shall give here solution of Eqs. (7) and 
(11). Expanding the power series of s, Eq. (7) 


‘becomes 
(18) 


Ag = ho (sa)?+--> -}ay. 
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We seek for the largest eigenvalue 4 and its eigen- 
function ¢ which become equal to 1 and a con- 
stant respectively as s tends to zero, provided that 


the correlation function K is normalized by Eq. 


(8). For brevity we shall introduce the projection 
operators 
ROR) = \unyar. (19) - 
and 
(1-8) 0B) = 0(2)—| (Rak 20) 


The perturbation method.to solve (18) gives us 


1 1+ 
A= ey | (sa) a (ca)} 4: (21). 
1 
¢= do 1+>—— (ca) 

| i + Lee 
+ aw (I Bolea) Gag Coa) +:+--], C2) : 

and the orientation probability 
O= exp{—(sa)}{H(s, RY 
= 14478 (ap 5G a 81005 at 
4 e) aoa 8 sh 


In order to solve ‘Eq. (11) we may proceed in ak 
similar way. Expanding exp(sa) and U, it will — 


j 


easily be proved that 


U= os z (sa) 
+p ig on SE (ea) |g CO 


2 


§ 3. A Group-theoretical Method. ; 


In the paper I, we have’ solved the fundamen- 
tal equation (2) by expanding ¢ and K in spheri- : 
cal harmonics. Now we need to take an ortho- 
gonal set of functions involving at least three 
variables defining rotations in three dimensional 


space, which set is provided by the irreducible 


. representations Dz of the continuous rotational 


group. The elements of unitary representation is 
known to satisfy the orthogonality relation 


| Drak R)Drree(R-)AR = Ngo a7 Oi Onn, 


DAR-') = D3(R) (85) 


t. 


FAG) = Strace (AgflKy+)Dz) 


122° 


as seen in the representation theory of the rota- 
tional group. 
We shall expand K and ¢ in series of Dy; as 
: 


: ; K(k) => = trace K+ Dj7(R) (26) 
J J 
({R) = dS} trace AyD Ah), (27) 


where Dy, Kz and A,z are matrices with dimension 
ef 2J+1, and Ky* is the average of Dy+(R) with 
respect to the correlation function K(R), i.e. 


Kjt+ = | K(R)Ds*(R)aR (28) 


With the use of the orthogonality relation (25) 
then we get 
RY = SI trace (AJKj+D)) (29) 

and 


(30) 


for any function /. 
‘The iteration of & or the correlation between 


the 1st and (n+1)—th units is shown to\be 


leis ce pe nD y(n s)Ds(E,~- (31) 


In such maetiea of scntitient we often meet with 


integrals of the type 


: (y, Me) = \ \ (RN MUR! RI Y(R)dR'dR” 


= 2 trace(A;M7*ByJ*), (82) 


‘where the matrices are given by the expansion 
coefficients, that is, ‘ 


# ; Ryogo Kuso. , ma 


oe we 
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§ 4. Representations D; and Db. 


Here we choose real representations. Then 
D, is nothing but the transformation matrix bet- 
ween two coodinate systems S and S, which is 
given in the Table I, where 0, ¢ and ¢ are the 
Eulerian angles. ; 

We denote each of thé elements of D, simply 
by the expression of (ik) (i, & = 1, 2, 3). 
presentation D, is generated in the space of three- 
dimensional vectors. Representations of higher 
order Dz may of course be constructed from the 
products of D, by the recurrence formula 


The re- 


Dyx Dy = Dye + Diep -1t- +++ +Diz-- (84) 


As’ the base of the representation Dy we may 
choose the set of spherical harmonics of J-th order 
which contains 2.J-+1 orthogonal functions. 

Thus, the base of the irreducible representa- 
tion of D, x D, will be functions 


1 
Fo = HYiteYrtoy;,, & = t3Ys— > (21Y1 + 22Y2) 


l 


¥2 ¥3 
&,= *3 (mY: —2X2Y2), Ss =a (wos +%3Y2), 


v3 £3 
= 7s (%sYi+%Y2), §s as (aY2+%2Y1), (35) 


§5 = LeYs—UsY2 » Es = M1Y2— MY 


£, = &3Yi— MY » 


or 


fo = DT pig tiys , (36) 


where the roman and breek indices refer to the: 
bases of the representation D,x D, and its reduced 
representation respectively. The representation 
D,x D, is reduced by the transformation (86) to 


(R) = Sitrace AyD(R) phacttcies asia d a i 
AR) = SitraceBy*D(R-) (33) or for D, we have 
Rf) wt teaee MKD AR) (Ds)eo = 31 Toialth) (jl)This 0, ¢ = 1, 2, -+++5. (88) 
Table I. fi 
4 | u z 
x cos ¢cos 8 cos ¢ — sin¢gsin % sin ¢cos @ cos ¢% + cos¢sin ¢ — sin 6cos ¢ 
: ‘ 
y — cos ¢ cos 6 sin ¢ — sin ¢ cos % —sin¢cos sin ¢ + cos¢cos ¢ sin é sin ¢ 
{ SZ cos ¢ sin 0 sin ¢ sin 0 cos 6 


™ 
ocean ile 


. 
| 
f 
| 
| 


; Nae ag 
to D; ,. SO fhe expansion in n question mz 


nthe Table Rp see é ee : lated as follows; — Cee 
4 The correlation mbtrices K, and K; are — ; Gach = y sast ‘arb Fon 


y= fRuaDGoae weer = Sushi BD rs wu 


: Pea Hed at = ElexXs)oCr(aXdr 
ie a feo Dak )PA=T<DixDi>T+ where : 


Ua acme fais aes (40) Cre EL Conve A Some 
; that is, Ky he the average of the transformation — st ig 

atrix of two coordinate systems sv and S/’ fixed Ban Be 
neighboring units. eae and Cae and (ax be are cons 


Tn a SS a one expressions, a is a vector 


3 “The fanetion (62), therefore, takes the form 
- (sa) = Bouaslid) = trace oxe)D, Beare cre , 


e Xa) is the direct product of vectors s and Aivect Stace Shion ee si th : 
being the _tensor of second rank. When an irreducible representation D, and the 
ope Ned ie) is operated 0 on ee) it may be ee the direct product in the bracket i 
b . s pi Eq. (44). 


+2 


on ine Ks ae (42) 2 


us oe a ria) —@) 
Ne - a the batts ona in the gases par 


BY Eqs. So (21), (43) we get at once Fp 


ey 24 Ryogo Kuso “ a Seth Ae) “Vol. 3. 
ease “4 th fune- 
= cx 4 and &’ to the other end. By using the func- 

<ry?> n{ a5 K, a) (47) a 


as an asymptotic formula. The exact expression, 


is obtained by Eg. (15) and (24), i.e. 


Be: -L: cn C+e 
a Bet ff Co te 
“ae x 2 q,arac 
tele cn ¢+ky 
= eri amet ak a) ae. re 


‘ 3 The contour integral may be calculated by the 
* sum of residues at poles of ‘the integrand in the 
usual way. Or introducing the eigenvalues and 
ae eigenvectors by 


a= Ba, (49) 


Kjai = Sai, 


ae By (48) is shown to be 


Bet gq et) = 
‘Ag <i> =n(a ik, *) (eGo y *) 


+2 3 oe (a, ai) (50) 


i-1 


E(1—Gi) 
(1—¢;)? 


K,0—K, 
ig ere) 


ea Lice 
Bt 1-6; 


s=1 


mel 


Meas) 


14+K, 
1— | eas 


where all the Gs are assumed to be of absolute 
"values smaller than 1. 

5 .* S. Oka, K. Suzuki and Y. Suzuki have also 
- derived expressions of <r_,’> for eal with 
7 hindered internal rotation. Our results, however, 
ist are more generally valid than theirs including all 

eases ‘ip ore discussed. Furthermiore, calcula- 


a iy esa’’Q! UR! esa! (51) 
ve "instead of the function (24), in which U has the 
ws “expression given in (24). The vector a’ and the 
correlation operator # belong to the one end while 


va 


4 aon ye Sys fuk ie 7 


tion (51), Eqs. (51), (42) and (43), it follows 
<1p!*> = <f{a! + Sajal }P> - (62) 
1— Kk, 


= <(Siai)" >+a"+al?+2(a Br ap a’) 


1 

a(S Kk" a") 42a! KY K,"-1K,/a’). 
Although we have worked out the averages of 
the length of the chain so far, the length vector r 
will correspond to the total dipole mement of the 
chain molecule, if the vector a is replaced by the 
dipole moment of the constituent unit molecule. 
In all the above equations, therefore, we have only 
In an ex- 
ternal electrical field the polymer is found to have 

the effective dipole moment | 


4< w#>/8kT = f<(Sinf)'> [kT 
f K,Q—Kyn 
o tlm fe eee é 


(l—k,)’ 
provided that all: the units are similar and have 
the dipole moment m. 


to read a’s as the dipole moment m’s. 


1+K, 


i-k, (53) 


If the dipole moments, m/ and m” are localized 
‘in the end groups and there are no other dipoles, 
we have from (52) 


<u> = m!?+m!!+-2(m"K,"K,2Kj!m!), (54) 


which may also be proved directly with = use of 
the correlation function (81). 
Next we shall calculate the average of a ten- 
sor (16). Let the components of the tensor « be 
ai in the coordinate system S. Then .we have, 


(fof) = DASsik\(qlrx, 


where f is a vector fixed in the space. Inthe 
same way as in Eq. (44), it may be written as 


(faf) = =F X Fyoep(#)(S3Dpo 


BY Moa 
moe f? trace ate trace {(f Xf)(2)X(«)2)D2}, 


the suffix (2) having the same meaning as fe Eq. 


(46). With the use of Eqs. (23), (80), (82) and (44) 


therefore, we get 
<(faf)> = = \(raryoaR 


ns 1p traces +75 BEOXM«KD: 


\ 
H 


Td) 


(58) 


3ise = 0 for ik. 


2a 2 ie 2 A 
go, ape 2, op = 
are 3 


ie) 
7-88 


(56) 


«Hg em) eho” 


oH SOR: 14<D,xD,> mis . stressed state 
Seay Spun, | el inne anes Et 
OTN ae ? ate <DxDi> J 

ee SO iE e & “An = Mn-NL 

esc 4 1+ (1+ By t 

GCE) cove (EB) em) a ewe cara 
ee oe Sa psy Toman a eng (a 
s , es ala 1 eke =H) aw <2 ie Be 
bike f = = ap _ and for its ratio to the stress. Xe referr 


actual cross section 


hie i 


- SM ait ee 1 Tea: K: ; ar An _ Balad +2)" 


Pr 4 e a 
ug 6. ‘Physical Application. : /* comilt ax ini Ba) (65) to theeps 
ale we have shown in the paper II, the stress without correlation: as show 
ok by substitution of Ae 


of 
ee 
ay 


chu 
ce referred to the ine cross section is 


ins 


en 


Bogeractare ‘of polymers are tight ane immo- 
a Putting the results (47) or (50) i in the above : 
formula, we have (for small ,, i. e., the chains "squares of the distances it eee 
re considerably curled in the unstrained state) from the centre of gravity is requir 
a eee % Ne ae luated, which may be worked out 


aR. ies nate,? ! 
m f{ §¢ 14K, | oka Sei) Sy of treatment as ‘Sai a 
Cait fete een ti Sein ; 


B<bi-ra"> = BK (a mae a) 


mata 


¢ # (s— ee 1 
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a esr BBO n 2 <r) 


3 K,i-ta) 


— 
t=1,7-it+1,/k=1 b-a+1 


2 
(a, (64) 


1+K, Ky _ 
= (a1 G42 GK 
Qn ~=—s«K? 
n-+1, (1—K;,)3 


< 2K,’ (42K,)\(1— a je a). 


(n+1)(—Ky)’ 
where r; is the position vector of i-th unit from 
one end specified by i= 0. Eg. (64) gives us the 
_ detailed knowledge of the temperature effect and 
the changes in the intrinsic viscosity of high- 


molecular solutions with the length of the chain. 


Conclusion. 


aa In the foregoing we have succeeded in giving 
the general expressions for the. statistical quanti- 
ot ties of chain molecules which are capable of rota- 


t . 4 


he i 

; 

4, ¢ : 

_,  Whei ithe thorium tungsten is bombarded by 

ions, the activity is decreased as a result of the 

Oe spattering of adsorbed thorium atoms.) It is said 

¥ that this effect is decreased when he surface of 

. the tungsten is carbonised. We have investigated 

__ this effect with the bombardment of alkali metal 

ions, and found that this cause lies rather in the 
form of adsorption potential of the carbonized 

_ tungsten than in the adsorption. energy itself. 


$1. Experimental Method. 


We employed the caesium, rubidium, and 
‘ potassium as the bombarding ions, because * these 
atoms may be ionized when they impinge ‘upon a 


+e a / 


Hazimu KAWAMURA and Jitsuo SHIMAZU. : ; 


a Ap ee eee Soe ee Ae 


Bh 


ov 
Tae 


tion under the infiuence of some hindering poten- 
tials. 
parison with the observed properties of actual 
substances shall be given in later articles. 
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hot tungsten filament. For their ionization poten- 


tial is smaller than the work function of tungsten, 


and these elements give no effect on the electron 
emission of thorium tungsten, so far as the tem- 
perature of the filaments are mainteined so high 
that the alkali atoms are not adsorbed. The bulb 
emloyed in our experiment ‘was as shown in Fig. 
1. A pure tungsten filament F, ‘and a carbonized 
or uncarbonized thoriated tungsten filament F, 
were stretched in cross, whose central portions 
were set apart by abuot 0.5 mm. The mixture of 
alkali chromate and alminium powder was used as 
the getter, from which the alkali metal was flashed 


by the induction furnace before the Pale. ag ‘ 


(Velnn 


Detailed discussions of our results in com- 


- 


ne a ae ee kl onan a on oe ah oe 


Thoriated 
cuheds en 


Deerease of Activity 5 


ai 2 2s 


‘Experimental tube , — | Bombardiag Voltage 


A Figs 4 Wi Fig. 2. 
; tipped off. ordinate is the difference in thé logan 
| “The procedure of the experiment was as fol- activities before and after bombardmen 
a lows': In order to maintain the vapour pressure the ion current. Tromthis result, we 
of the alkali metal to be constant, the bulb was there is a threshold voltage at about 20 
immersed in a oil bath. The activity of the thor- that this threshold voltage are almos constant 
_ jated tungsten filament F, was measured applying different inital activities, and therefére fo d 
20 volts between SS and By, after activating at fraction of surface covered with ie 
a ~ about 2000°K. ‘We chose about 1700°K as the To obtain the true threshold values ve co 
measuring temperature, in order to avoid both the sider the correction due to the ean a potenti 
Be oorption of alkali atoms and the activation of _ difference between F, ank F; , and the pote 


the thoriated filament. Next, the ion current was. f drops of the heating currents along the fi 

a@measured applying the bombarding voltage bet- 

PY ‘ween F, and F,, while only F, was heated at about 

700° K. F, was then bombarded for 10 minutes, 

i ‘heating ‘both F, and F, at about 1700° K, _ prevent- 

ing the adsorption of the alkali atoms on Tints 

a After the bombardment the activity of F’, was” 

i ‘measured. The same procedure was repeated at 

a different bombarding voltages: after activating F, 

to almost the same degree. The temperature of 

"the. oil bath were . 60°C for caesium, 80°C for ne aa me : Rb Ny 

rubidium, and 90° GC for potassium. The vapour Ww  g6V 26 V 
essures of alkali sae are pou 10- ’mmHg abuis Wea 46.2.V 68 v 


These corrected values for caesium, 1 


perfection of the carbonization. 


Table I. 


ed 


Ks me 
# - 4 Ph 


a ay ‘ voltage becomes larger as the mass of the ’ 
‘§ 2. | Result and Discussion. parding ion becomes smaller, and also the values ; 
oh ‘The results £ the unearbonized filaments, with for the carbonized filament are larger by about 
ons were sho ni inHg. a where the times than that for the cabonized one. ig 
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If we suppose that an ion of mass m makes 
head-on collision with a thorium atom of mass M 
which is adsorbed on tungsten surface, only a part 
of the initial kinetic energy, with which the ion 

_inpinges upon the surface, may be delivered to the 
thorium atom. Let Eo be the initial kinetic energy 
of the ion and E” the energy delivered to the 

ei thorium atom, the law of conservations of energy 

and momentum tells us E'/E = 4Mm/(M+m)?. If 
# is larger than the adsorp tion energy U, the 
struck atom will recoil from the tungsten surface. 
Therefore, the threshold voltage can be written in 

be the form 

E= poe (1) 


i Here we can not take the free mass of thoriun 


232 for M, because the thorium atorns are not in 
me free state but are adsorbed on the tungsten surface, 
i} and therefore they exhibit far greater resistance 
_ against motion due to the adsorption force. There- 
: fore, M which we may call “ effective’? mass of 
the adsorbed thorium atom, can be determined by 
A _ the repulsive forces between an impinging ion and 
at _@ thorium atom, and a thorium atom and tungsten 
"surface. This effective mass will be equal for Cs, 
Bs Rb, and K, for these ions have similar electronic 


_ configurations. But for: carbonized and uncar- 
Oe bonized tungsten, we must assign the different 


__ effective masses, because the repulsive force bet- 
_- ween thorium and tungsten, and thoreum’ and 


, 
1 


eit _ Hence there is a linear relation between m and 
_ mE. Fig. 3a shows the experimental results for 


* 
? 


the uncarbonised filaments. Three points for Cs, 
Rb, and K lie fairly well on a straight line, and — 
from the intersection of this line with abscissa 5 


m+M = 2VN/UV mE. (2) ° 


~, 
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and ordinate, we can determine the effective mass 
M and the energy of adsorption U. The results 
for the carbonized filaments are shown in Fig. 3b. 


. Fig. 3b. 


The aie of Mand U thus obtained are tabulated 
in Table I. 


Table II. 
| .U(ev) M (atomic unit) 
WwW 8.2 900 
W.C 8.8 2500 


———~ Distance from metei surface 


Fig. 4. Potenial curves for the adsorption of 
. thorium atoms at tungsten and carbonized. 
tungsten surface. \ | 


The adsorption energy U coinsides fairly well 
with the Langmuir’s*) value 7.5 eV. and Andrews’s) 


+ 
% 
\ 
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mass rather than the larger adsorption energy. 


Phys. Rev., 33 


#X 


On the Ground State of the Hydrogen Molecule. 


; By Eiiti Isicuro. 


} 


_ Institute of Physics, ed of Science, University of Tokyo. 


~ (Received ‘August 16, 1947) 


7 


“82 i Sas dsaeion 
“The ‘oa function. of the thyaroeel molecule 


owas: already treated by many authors. First. of © 
all, vegies London!) saeiat ace and Sugiura?) con- 


the azimuth ace on ms instead of 


‘ orbitals and ‘alonlated: the binding energy from 
to him J—C function has ‘two 


Bee? function by sa ea eo. ee im- 
namely it does not give a good insight © 


_ nie state as other simpler ones i) d 
‘Along this ~ s _ 


if Ly = 
“Tine ‘Resaritly Inui®) and Nordsieek) made further eggs ano of J—C Bey ee 
5) at is, t t it Owe 

- contributions. James and Coolidge”) (JO) pointed ae: : i : 4 pee 2 Mt ol 

alone suilices oO construct the wav 
out that the implication “of atomic individuality and f 

the ground state, : 

the omission ofan essential coordinate were the _ ; 
Hence we ‘shalb use even powers of 


J=C method, that becomes the sam 
azimuth ahgle and construct the- new Maver 


theoretical weakness. of these functions. On ac- 
oe unt of this fact they expanded the wave func- 
“tion ‘in power. series of the required coordinates, 
- tion for three different internuelear at 

> and. used ‘the Ritz variation principle. In this way é 
_ they mieeseded to obtain the. binding energy within 
; the limit of the probable nose of the experimental ue 
I; ‘ : ee pose? : xe , 
oe Be a ~~ Nes. Method of Caleulati n 


ee: far as the energy is Tv ehucarned their results if 
The Hamiltonian of a Hydrogen mol 


cLiwecetincese convergency of the series | i 
to be worse than that of JaanOs function). 


fixed nuclei*is given by 


oa yeu | Ay Ady 
= ps Seer 4,1 {1+ Ate, A 7— He 
(1) 
: = TE, Pig eh eget TD 
tt Q) 


¢%; azimuth angle. with respect to inter- 
nuclear axis 


$3 band atomic units are used throughout. 
. FEC! five terms peneson, which was recommended 


H6(4; +42) +250} (3) 
0 = 2ry./R (4) 
We may put in (8) 20504 instead of 2c;0. 
the other hand 
; - ee 
—2M cos (¢,—¢2) (5) 
(6) 


E eu Heg(Ay HAs) + 65(Ar?2 +222) +2 6A Arey 


i oo (@—#9)] = Beida(l-2) 


, ky 
en we find c’s which minimize (fre Wdt, dt, 


er the normalization condition \\7* ¥dr, dt, = 1. 
r a given value of 6 and R, there is one func- 
tion which satisfies the above condition. Varying R 
ON shall have a potential energy curve of the 
ound | state for each 6. The envelope of this 
family of curves will then show the lowest energy 
‘obtainable for any R& with the corresponding most 
appropriate 8. Change of 8, which is absorbed to 
some extent in the change of c’s, is not so large 


(7) 


5 and calculate the energy for R=1.8, 1.4 
| 1.5, ‘ The method of calculation is closely ana- 
ogous to that of J—C. For Hj;, where either or 
both of i and j are 7, a little different method is 
used. We shall explain it briefly. 


i 
\ 


Eiiti Isrcuro. 


ear equilibrium distance, so we have fixed « = 20 


re 


The necessary pa ra are 


4; Py be 


2 
5) eas 72a gy, oa TOD 7 af ey 


Ei 5 
—94,;—— +(1— 2?) —— 
25, +m ) ang 


+p BER be! 20) ait | (8) 


(42—1)1—ai*) 49; 


ies 


+a 


dt; = (9) ' 


( 2) "C= Be) didadg; 


<= SBD DvQ- (As) P(A Pee aE ) 
TtT=0 Y= 


-c0s Y(¢Y, oa 


wh a en em We de a Ting 


(10) 


where 
Dey = (—1)2(2r +1) 
{(e—») ety) 5, 


Dro =A 27-+1, 
(¥ 21) 


and 4,(4-) is the larger (smaller) of 24,, 4:- _ 
From (1) (8) (9) (10) we obtain for 7-57, 


vas — 2 [ 2517,1(2.2)—10W40,2)+ W,%(0,0) 


4 
ae 1 
+3 W, (0,0) | 


2 Nala ence ning AR MO ier, Gil Um Mtr lh te 


H,, gh Re wi (2, 2 — 05 W,(0, 2) 


ol ts 


As W2,0)}— Atmve, 2) 


ai a 
2 nse} 

Hy = < [W222 wi0.2)+2, 40,0) 
type woo] 


Files Bi [mn W,1(2,8)—5 W1(0,3)—5 W, (1,2) 


~ 150 
+ W10,1)+5 W20,1)] 
rig 
Ay, = —— RFs W,(2,4)—5 W100, 4)—-5W.1(2, 2 


+ W,1(0, 2) 7 W100, 2) ark 


150 


He = — 5 [WEBB G WHA ge WiC) 
\ 
4 wd 
ar 85x 7 4 (ql, )}s 


H,, is somewhat complicated 


¢ 


% ae 
aati Wan ha } } 


et, = ee Aja 2 4,44 4) 


He (4, A, + A.) +2 ( W,*(4,4) 
= W,°(2, ote w (0, 4452 > WH, 2) 


= a HO W.%0,0)) i: W8(4,4) 
ae = Ww! @ 44% a WA, 2) 2 Ww. (0,4) 
+E = Wit (0, 2)4+4 W;*(0,0)) ae al W,°(2,2) 
—2W,(0,2)+ W.(0, 0)) +5 xa W,2(2,2) * 
ie 2 W240, +76 5 W200) + Gaps 


eles 


+> A, +.) | \ 


2 ‘| 
ne Lid (0,0) | 


path baer ~ A,) (A.-¥ A,—2A, 


: ~where W.%(m, n) and Ay are defined by 
W(m, n) = Ff 2ayPraje-eOr 4) 
peti? ta 


r y y 
(A?—1)2 (A,?—1) 2 dada, 


An = i e-arAnd2 


’ sand are tabulated in Kotani, Amemiya and Simose’s 


-paper.!0) Matrix elements of unity are given by 


S;, = 0 for 77 


RS 6 1 
Sn = ag (Arg At g 4) 


Then we get the energy and c’s from the roots 
_\,0f the secular equation and the linear homogeneous 


c -equations. 
. | 
§ 3. Results. 


We shall summarize the results in Table I. 
“The value of coefficients are compared to that of 
- Nagamiya and J—C 11 terms functions. This 


~ seuracy of the wave function. Table Ii shows the 
ee values of Y in the configuration space of two 
oa electrons. Columns (3), (4) and (5), (6) show that 
ie -. electronic repulsion effect is not so large in our 


4 follows. 
- with ‘the function (7), we can take only the terms 
. -with vy =0 or 1 of equation (10) into account. So 


“comparison seems to serve as a criterion of ac-. 


" -function as in J—C function. This is explained as, 
When we construct the energy matrix. 
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Table I. Coefficients in normalized functions. 
Reis [Reid REG 
Our function: 6 = 0.75 
’C,| +2.61810 | +2.46595 | +2.29501 
C, |. +0.98603 | +0.90325. | +0.82526 
C; | —0.70188 | —0.67659 | —0.64411 
C,| —0.49117 | —0.59722 | —0.66111 
C; | +0.05030 | +0.05081 | +0.05333 
Cy | +0.00090 | +0.01191 | +0.01891 
C,| —0.04938 | —0.03731 | —0 02839 — 
Nagamiya: 0@ = 0.75 
Ci, 42.1942 | 
C3 +0.8920 
CG —0.6245 
Ci . —0.3175 
- C; Sees | 
Ce . 
on — 0.03652 


‘Some related coefficients from J—C rh terms 


function*: 6 = 0.75 


fooo00} | +2.47282 


+2.29326 | +2.10831 ° 
foo020} | +1.14862 | +1.19526 | +1.20876 
foo110] | 0.44227 | —0.49921 | —0 58385. 
[10000] | —0.82703 | —0.86693 | —0.87515 
f20000} | +0.06100 | +0.06621 | +0.07168 
[00001] | +0.39769 | +0.83977 | 40.28909 
[00002] | —0.02596 | —0.02456 | —0,02264 


(m, n 9, ke p) 


Crit, Ms J) k, p] 

: 1 -5(a, +0) , ae oe 
[m, n, J, ky pl = gre Ora (Ayman, 3p, kOR 
+ yrds FLIP) 


the rapid convergency of the equation (10) is: neces- 
sary to obtain a good result. On the other hand, 


if the above condition holds, we ‘obtain our fune- — is 


tion from J—C function by expanding e terms in. 
Neumann series and so our function coincides with — 
J—C€ function. ie, 
result, J—C method gives also good result, but 
Table Ii, IV 


and Fig. 1. show the binding energy in e. v., most 


Hence if our method gives a good. 
the opposite is’ not necessarily true. 


of which are adapted from J—C’s paper. 

The author have the pleasure to express his 
sincere thanks for Prof. M. Kotani for his conti- 
nuous encouragement and helpful arma throgh- 


out the work. 


182) ; Biiti Istgur ° 


4 ‘able II: Values of ¥ ‘in the configuration 
space of two electrons. 


= . coordinates 
| Tia C255. uh O86 Fs re ddaLe 
T1b 1.4 * BAY tasgs. 1-4 - 
Ta Pepe 0%) ig 2.4 es, 
Bem 909 1.4 14, 
js 0.525 0.7425 0.8556 1.0834 0 2.4249 
i—¢2 =F — . -0° « 180° "0° 180° 


‘ values of 7 (normalized) 


a 
Rosen 


1 


0.0532 0.0849 0.0533 0.0533 0.0219 0.0219 
0.0702 0.1215 0.0710 0.0710 0.0249 0.0249 


J—C 
5 terms 0.0798 0.1172 0.0698 0.0777 0.0162 0.0271 
11 terms 0.0783 0.1180 0.0667 0.0777 0.0130 0.0271 
. 18terms 0.0769 0.1162 0.0656 0.0772 0.0142 0.0269 


‘ 


our’s 0.0790 0.1094 0.0746 0.0760 0.0215 0.0251 


ia Eat ES ee ee 
Table III. Binding energy of the hydrogen 
molecule in e. v. 


Function Binding enerey “Sistance in 
Bes fs Bohr radii 
") J-C iterms |-2.56 1.40 
va 5 terms —4.507 1.40 
oN" _ llterms —4.682 1.40 
as 13 terms —4.697 1.40 
Wang  —8.76 1.42 
_~ Rosen ‘ —4.02 : 1.416 
_.  Inui-Nordsieck —4.03 : 1.40 
- ~Nagamiya 21 1.40 
__ Present Paper —4,262 1.40 
___ Experiment —4.73+0.04 . 


4g Table 1V. Energy of H, in e. v. for the 
sat! internuclear distance F in Bohr radii. 


meek). | 12 | 1.8 


ee" Tnui- | 
Nordsieck 
“Present | 
me paper 
terms 
egy { = 0.875 
650.75 
Morse 
curve 


—4.41 | -4.62 
4.49 | -4.67 


3 IS 46 17> [74 


Fig. 1.. Enérgy of H, molecule in: e. v. against 
separation of the nuclei in Bohr radii 


a: Rosen ' b: Nagamiya 

c: J—C 5 terms function 6 =0.75 
d: J—C 13 terms function 6=0.75 
(1) Inui.-Nordsieck 

(2) Present function 

(3) J—C 11 terms function 6 = 0.75 
(4) J—C 11 terms function 0 = 0.875 


(5) Morse curve 
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Ca 


v8 1. Introduction. “a i where A and. B are ae cee 
the energy has minimum ; 


i = = ‘Since the discovery of the electric eee 

_moment of the deuteron by Kellog, Rabi, Ramsey 
: and Zacharias”, its existence has been. interpreted 
as an “evidence for the non-central character of 


coordinates of the i-th’ clectron, 


ee, proton-neutron interaction, w which follows from 
the meson theory of nucleons: ae as 
# ~ Now from the molecular beam experiment Of 

4 | Kellog and’ his. collaboraters, we know. only ‘ the integral ME 

"product qQ, where Q is the. “Mobtrie quadrupole heen Con Se. Caluclation of q F 
_ moment of the deuteron and 2q is the gradient of We used the following funeti tz 
the electric field: at one gecieds in the hydrogen . 
: molecule; ; hence ‘the accuracy of Q obtainable 
from the experiment depends on the knowledge of $host bdo duet g 


Sl 


ek ‘the numerical value of g. Now the most accurate = Do Fy 
; a U2 

evaluation of q “hithétto made. is that of Nord- ars 

- sleek’). Sint se, /however; the value of Qis:anim-- Mea A ie 
portant data for the theoretical physicists, it seems 
BF a 

_ desirable to recalculate it” using a. more refined = d We aes elliptic. eee din ates 
RN wave fanetion of val hydrogen molecule. ‘The cal- Now integration Res o(R) a ma ar 
c ation reported cee pe been carried os from rather than polar coordinates. Howe 
these points: of view. |\ Md See vane luating the conditionally convergent 
: According, to Nordsieek, ‘q 3s written as we have to take care to carry 0 e 


L ah SOP AS. Hig) De Sat pe integration outside the small sphere | 
ese os 2 : \ a = 0? ‘ rae ae -Q) -and then bend e to zero3). Hence we 

2S Vala . eae iagtey 2 oP domain of integration into two parts; 
eezion cade the A ae 4 = 


w ith n the internuclear ine, ae dole, 6) is the Gaston of the following integral, 


y- Average is to be taken over the zeroth f S60 0 1 ous 
, 0 SS + 
~ nuclear wibrational state. To calculate SERVI Rae r, 0) r 
dsieck proposed. the. electronic ory function atnne x \ e I rs Hele fi Be 
E>0 
ATS outside the sphere Welter f eo ‘ 
eer ahe 'Ofes ames LB) ¥9)] gi haghes 2 nb eae eon eee ae ye 


‘A—pe 31+ an)? 


Jan EN cae 


* Now putting 
aa ee Ware, Bje-ripmdddy 


= im[ ” ¢ aida” ie: p)pmdp 


&>0 


+ pete 2225 aa ay Re ppd | (7) 
+1 2e— . 


a= 20, 


PG, m) = Mj, m)+T(3, m) (8) 
ons. en ou ae hee ummeat (9) 


+ 241 
“Ie, Oa Let. (82—2)log a 


Ts myitdn = 24(4222—21) aaa 


ig ies ~ (422°—3522.4.8)log— ease 


“a wu'de = 1(3302'— 26822 +24) 


—42(165A'— 189+ 2g ie 


‘ 


(12) 


Z 1 1 BS 
Wrz ai, yas Lena. Rida 
ae 

given by the table of M, ee A. Amemiya 
; '. Simose’). Further we put 


i i+e : f \ 
. \' e-4). Aida = Fj). . (14) 


Js . Hiiti IsteuRo. ~ TL PRESS et aie ea ol. 


—2.6FQj+4)- OF 5+2)+F Dt 


4245) -2F G43) FG EDF 
C f 
=—e 


Or generally we obtain 


T(J, m) = (—Imzes / a5) 


Thus T( j, m) does not depend on j, and takes plus 
or minus sign according as m is even or odd. This 
means that only the value close to the origin con-— 
tributes the integral. From (8) (12) (15) we obtain 
P(j, m). Further we define L{k, n) and N j,k, ™, 
nm) as follows 


wor+l 
TX aes $I. Jew yakundhd ' 


6 
id 1 
Abe 


| 


Ak, (16) 


N(j, k, m,n) = P(j, m)L(k,n) (27) 


Then we obtain the integral, 


: P 3 26—1 : 
qi = lim Scos'—1 Yidjde,dt, 18) 
>0 e > 
outside the sphere : 

Tr=ER 


fe 


in terms of N(j, k, m,n), for example, 

qu = 2R*N (0, 0, 0, 0) ~ 

n= RN (2, 2, 2, 2)4+N(2, 2, 0, 0)-+N(0, 0, 2, 2) 
+N(0, 0, 0, 0)+N(2, 0, 2, 0)-+N(2, 0, 0,2) * 
+N(0, 2, 2, 0)-+N(0, 2, 0, 2)—N(2, 2, 2, 0) 

 —N@, 2, 0, 2)—N(2, 0, 2, 2)—M(2, 0, 0, 0) 

—N(0, 2, 2, 2)—N(0, 2, 0, 0)—N(, 0, 2, 0) 
—N(0, 0, 0, 2)] 


eae a ie 


Then from @), (4) and (18) we obtain 


(R) = 5 — Bovesay ia (19) 


The values of g(R) are tabulated in Tab. I. ou , | 


value is smaller than that of Nordsieck by about 
0.006 atomic units for each R. 


Table I. Values of 9(R) in atomic units. 
LS A aaersn e 


i - a 


R Nordsieck . Present calculation 
‘18 |. +0.2462 --$0.24063 

1.4 |°  +0.1755 +0.16942 
1.5 +0.1257 001971 


3 ge AP, anree) potential | fanetion® and 
-Jeppeson’ 8 experimental ‘data®) are used. The 
oe of qg are given in Tab. I: 


Bits II. Values of g in atomic units, values 
- of g in em-? are also given in brackets. 


- Nordsieck " Present calculation 


| +0.1768(1.198 x 10%) +-0.1729(1.169 x 104) 
| 4-0.1763(1.190 x 10%) -++0.1728(1-165 x 10") 


"Numerical Vali of the quadru-- 
oe pole moment {Ts 


“From q together with the’ “experiment of mia 


- Kellog ete: “we find the quadrupole moment of the 
B: deuteron, Q; “ 


me 


ee: 


y where qis the Sota charge ; Hd is ihe mag- 
2 netic ‘dipole moment of. the deuteron , H''’ is the 


Bmrenctic field i in gauss obtained from the analysis 


of the radiofrequency spectra and is related to the 


hyperfine Bpeocnre que to auedppcle Doma: 


& 
‘ 


- whereas Nordsieck’s value is +2.73 


Nordsieck considered that the e r( 


culation is within 2%, on the oth 


2.73)/2.79 equals 2%. 


Pas ‘this generous assistance. 


woes 
(pe “s ; 
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* 


; For dealing oie atomic and molecular pro- 
sf blems which include any detailed caleulations, good 
| approximations of the atomic wave functions are 
; weeded ae of all. Well-known Sp ae for this 


j 
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186 Simpei TUTIHASI. > fs: (Vol. 8 
j : « : 
or molecular systems. Boron. 
J.C. Slater’) showed a method to obtain simple 


: : Pa 


: BI. 18°2s’2p 
' and available-analytical expressions of tabular self- 


* 


consistant one-electron functions. I have calculated Is 20.2676-4.73r 

such analytical expressions for a few atoms as 25 . 5.1176 5.94r_—210872e-1-25r 4 

’ ’ | y 
ial 1 ks, -So far as the | ‘ . - 

reference materials for later works. -So 7 2p |. p2(1.54e-18% 4:0.47¢-0.70r) 

principal quantum numbers are small, the computa- | : 

tions ‘are simple. For large principal quantum Cerin: 


numbers, however, nodes of the radial functions 


& | 29.0292 2 3 
| with smailer azimuthal quantum numbers become / . C I. Ist2s'2p' | Cl. Is'2s2p 

_) numerous, and the computation becomes laborious Is | _ 95 .1dye-588r 26.42re~Ssir | ; 

and inaccurate. Thus, as an example, I have estab- 4 

ie : : é 2 5. 92re—4.89r 5.957re-4.0r + 
ae lished an analytical expression up to 3p radial eau —3.9472¢-1.62r —8.9872e7162r 
function of Lithium I. The results are reported Be 4 9°(3.55¢—2.58r |. r{B.47e-2.35r 
, 26e-1.25 05e-Lisr 
__ in the following table. : +1.26e-12%r) +1 oe ) 
- * ‘One-electron functions are written in the usual - 4 
: ; Oxygen. 
cae form Rnyi(7)Yin,(9, 9). An the. table 7R,,.’s (Har- 
ae tree’s Pnz) are given where r is measured in atomic Ol. 1s°2s*2p' ¢ Oo di. 13°2s*2p'. 4 
* units. The one-electro radial functions of the same a us ri 
Se 5, Is 42.44ye-7.10r 42.44r¢e-7.20r 
Cae azimuthal quantum number in this table are not : f 
= ah : | 9.69re-6.73r 10:117e-6-66r 
ee * exactly orthogonal. Thus, if one will make use 2s | —9.46r2¢-2317 —10.327%¢-237r 
x of this analytical expressions for constructing any ° | 9°(9.62e-3.16r (9. 89e-3.14r 
od symmetric wave functions in the form of ‘determi- a +1.47e-18r) +. 4+2.689-166r) 


- nants, one. should make them orthogonal and 


Tie. normalized. Th thod i lai i y ; 
a e method is explained in Slater’s OL. 1s°2s°2p" O IV.. 1s'28°2p - 


paper). 
; in conclusion, I wish to express my sincere ‘1s 42.447e-7.i0r A2.447e-7-70r ; 
_ fhanks to Prefessor G. Araki for the interest he Qe 10.647-e~-6.51r 11.34ye7-6.38r i 
Ba has had in this work. | \L% —11.787%e-247r —18.66r2e-2.00r j 
) 2 7°(9.35¢-3.62r +°(10.50¢-3.%r 
Table.2) : P +5.16e-2.05r) +7.10e-2.37r) 
‘, 5 . f . bs \ 
; \ Lithium. : 
Lil. iss | Lil. 1s2p | Li I. 1s°8p References. 
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aed 4 (1936), 535. Boron; F. W. Brown, J. H. Bath. 
7-0.096~2.00r) a lett and C. G. Dunn: Phys. Rey., 44 (1933), 
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| 0.827e-1.92r 
28 / | _0.319%¢~0.5er 
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es at, 
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“The quantum mechanical fine Sirachire formula a, ee 1 ‘as 


Cn. nl = — 
012 Or, 


‘of the’ energy levels of hydrogen-like atoms was 
first derived by Pauli). Its complete expression 
was later given by Dirac?) on the basis of his re- 
- Jativistic equation of the electron. Further the 
Pauli formula was found to be semi-relativistic 


See of . Dirae’s. These formulae me 


4 
© Alkali-doublets have often been believed to bel 

i represented by the “above inentioned hydrogenic — 
formulae) with | the effective atomic number of 
; alkalis. However, ‘these formulae never: coir 


Miie 


inversions “of alkali-doublets. is 

: _ atoms are emnlepinted according to the 
In order to geta correct formula, alkali-like cals cor 
- tioned cent sorne e toes a nfig 
iat atoms » must be considered as many-electron atoms. 
q Sich a calculation was first carried out by David 
= or Li 1s’ 2p, but he aia not arrive at a general 


ormula. * The general doublet formula. for alkali 
1 toms was ‘later derived by Araki®), taking into © 


sh account the. electromagnetic interactions between 

in the previous paper’), 
oo electrons. pike result of his numerical ep hones 
os ve ages constant. which ‘is 


good agreement with an observation. His Sata 


functions were of hydrogenlike atoms with suitable ~ 
ng -eonstants. iat ees 
ots 


‘ - > a i } ay 3 : (Z—s¥ ree 
het 1—hy, 1 = (2141 2—oypF- -3, as CO 1 
y Pie ( : ae Hr : n+l) (t4+5)t 


_ drogen-like atoms. 
defined by 


canes 


Al 


ex. ae 


138 thik \ ae _ Simpei TUTIBASI. 
; pi ‘ s ld s 


§ : equal to for 0 Crs: o-) Our fo, 91 of B is positive, 
_ whereas Araki’s is negative. For 0 3,2 the both 
have the same sign. _ 

In conclusion the author wishes to express his 
aa Bhcstty Yanks to Professor G. Araki for the kind 
‘ oat he taken in the present work. 


oe Table I. Intervals of doublets (in em~}) 


_ Atoms Symbols Cale. Obs. 


BI 


0.21 0.34 b 
(ous 0.8527 0.7740 0.6768 
| 0.05 é 
E20, 21 I 0.0986 
9.549) 15 


380.177| 387 


Mees 5 . Calculated values of ¢. 
re 
eran si), 2p 4 
ee nae ee 
2.4790 : 2.5522. Ree es 
2.9110 : 
(1). W. Pauli: ZS. f. Phys., 43 (1927), 601. 
2.6664 (2) P. A.M. Dirac: Proc. Roy. Soc. London (A),. 
117 (1928), 610. 
gti (3) R..F. Bacher and S. Goudsmnit Atomic: 
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» 19 ee 592. 


et 


i D, 
q in this paper. In order to save the pages of this 


Meh. : 


ar 
f Blectr ! agn c 


atu 


4 


A 


By Tokio oe | 


Electrotechnical Laboratory, Ministry of Communications: 


(Read October 6, 1947, Received August 20, 1947.) 


‘Since the progress ‘of short-wave ‘technies 
necessiates the investigation of electromagnetic 
scillation on a plate conductor, the fundamental 
theoretical treatments of the subject are considered 


"treatment the notation in J. A. Stratton’s ‘‘Electro- 


f 4 magnetic Theory” is used except when special ¢: ex- 


i” ay is” added. 


i to the es ‘side of wy-plane and intersecting with 


S13 ‘Wave Function of Plate. 
rig ‘ 


A plate ‘conductor is located on ‘the ay-plane of 
sahe rectangular axyz-coordinates. 
" vilinear coordinates %y » Uz, u;-lines are oriented 
symmetrically with respect to xy-plane exeludingthe 


a iit sign of direction, u,-lines starting perpendicularly 


- from: the surface of the plate and at the starting 
3 point - Uy = 0, and ‘welines running from upper side 


- 


ry- -plane at uy) = =0. Therefore, w,-lines on the 


‘a é plate surface cross perpendicularly the edge of the. 


ay at. ty = = = 0. tilines + ‘are distributed in like 


ae upper and. lower gurfacos of the chee 


oe expresses a beencral S wave Function satitying : 


b= oven) td: a 


haha 00 oak oy 
; ey Baa Bus) 


ad t= % a oh ae Ci 
au ee J) 


“phat 


on the aes cor the plate is ‘assumed toibe: curved - 
wily, ee raining siaralel ‘to Zs oath may 


Rectangular eur- : 


(1.2) 


i 


plate. Therefore, we can choose . bs 
with parabolic cylinders vie 


parallel to tae: in the _neighbous 


axis Peete to z- axis. then’ the re atio 


&, 7, ¢ and w,, Uy, Uz are i 
ae 


fires fat Wy =, Ug 
hy = hz = ay Var ut 3 hy me EA 
‘Hence on the plate surface 


V 28, 


UW = 


-aceoding to (1.5), (1: 6) 


0? Yan 1 Obi ech ae a Ymn 
ag "QE a€ 07? 
i: 


If we > suppose , that the variation of Gm 


eo Pn, 10? iO? bmn. 4 Fe mn Phan is § 
ys ata) aM re ¢ 


140 - Tokio SAKURAI. Wane s : ~ Vol. 3% 
domain. If and the fundamental solution of (1.19) is approxi- | 
\& | = AM/4, (1.11) _mately of the form ; 
_. the condition (1.9) is\nearly satisfied. Therefore, hye a2) 


it is convenient to select the closed curve whose 
distance |é,| from the edge of the plate is given 
by (1-11) as separating line of both domains and 
to define the domain outside this liné as boundary 
domain and inside this line as central domain. 
If we substitute into (1.1) 


i ~ Gn = Viner, usdexp( jk), (eG)*: const.) (1.12)* 


and use (1.5), we have 


BS ¥ Vi gnn 2 Vinn 


by as Ou? Ou;? + {k?—(km®)?} (uy? +3") Vinn = 0- 
eos : ; (1.18) 
Vai: Jf we put - 

at Vian (tr, » U3) = mul) Imn(Us), (1.14) 


‘ oe an 13) breaks up into following two equations 


d? 14.2 ay\2 ou 
eae tm + a2) 0 = 0, (1.15) 
a 
9mm k?—(kim® =0. (1.16 
du;? fae, erm he m?)"} us" gine ( ) 
o Tf we solve (1.16) and use’ (1.6)'- tae | 
| $ ; Imn = e- En, (on the plate surface) (1.17) 
ie where sf \ 
Gn = On| V —26. (1.18) 


oe ele 
Rp eee: 


_ If we substitute (1.17) into (1.15). and use (1.1), we 
‘ Bet : 


@ Bomnn, een A (demn 1d9mn 


cae 25 ae 


+{k?—(kem)? +an*domn = 0. 


(1.19) 
If there exists the relation (1.9), we can put 


J. Ss 


yee 


= 
> 


> 


Ann = Qn) WT —{hmOP an, (1.20) 


le ae 
a5 


ee eee 


= 


B=prl+el 
Rae: “= joepx 1, 
_ * 'Precisely speaking, 


ae: 
oa variable functions of 7. 
~ (£Gkm{2%) and Vinn, we have neglect this fact. 


xe ** Concerning the practical solutions we shall see in my next. 
paper with the ‘tittle 
_ Evaluation of Electromagnetic Oscillating Modes on Plate ieee wtth slowly curved Edge.” 


/ §2. Properties of Field on Plate Surface. 
Let ZZ, and Tn* be electric and magnetic Hertz vectors and Ty ska is be unit vectors along u,, u,, 
om lines respectively. The field on plate surface due to both Hertz vectors is 
E* = —joup x Il*, 
H* = py D*S kT, . | 
rs 
me the factor exp (+jk(2)7) must be a exp (4jk@)y), where a and k&,,(2) may be Sowly _ 
But since this variation is small compared with the sinusoidal’ 


Cnn = et27\5|/Amn 


Hence the variation of ¢m» is approximately sinu- 
“ goidal in é-direction and is of the form (1.12): If © 
we substitute. (1-18) and (1.20) into (1.11), and solve 
the equation thus obtained, we get the distance 
\é,| of the separating line from the Plate edge as 


% 


follows: 


1 7 
2_ (4 Prmnrice VI+P*mn— Pmns; (1.22): ; 


Din = On| {2ry/ Ke — Cee). (1.28) 


There are two fundamental solutions of (1.19), 
which we express by ¢%,,.and Yin,» the former being 
seven and the latter being odd function of 2. 
uw, =0 on the edge of the plate, the behavior of 
these functions near,the edge is known by (1.19) 
and (1.6) as follows: 


Can & Cos(an V —2&), ~¢mn & sin(an V —2€). (1.24) 


If we solve* (1-19) so as to behave like (1.24) near 
the plate edge, the forms of ¢i:n, Gan in the boun- 
dary domain are completely determined. Hence by 
(1.17), (1-14) and (1.12) the form of ¢%mm» in the 
boundary domain -is completely decided.** 

In the central domain the wave equation be- « 
comes (1.10), which can be solved by familiar 
method. If we solve this equation so as to make 
electromagnetic field expressed by wave fonstions 
in both central and boundary domains continuously . 
connected with each other, the wave function in 

entire plate surface is completely determined. 


1) 3 


variation of exp 


“ Approvimate wg 


Wen ait 2 te 
ieee eye ox pe 


x | 
Since -— 


field of-¢ are on the separating line 


‘mans 


Ki s 
field Of ¢mn are on separating line . 


Coon = Cie cos peas 


connected on the separating line, if 


The functional forms of “Pm and Pin in (2.6) and 
(2. 8) in entire boundary domain aré evaluated from 
(1.12) to (1-14). If we use Ymn cee after (1.14) 
in place of Yn implied in Pmn and Ginny We denote 
“them ¢mn and Onin - If Goin is used, they are Ginn 
‘and Goris The functional forms of ¢mn and Nee 
in (2.4) on entire central domain are determined, 
_ if we solve (1.1) so as to satisfy (2.7) or (2.9) on 
separating line assuming that the propagation 
; constant perpendicular to plate surface is equal to 


\ c idl 


jozkrnn 


Gmn = (Binn 008 kimn €-+ Binn Sin es) exp (thin (2) mks C), 


sin kx 8) exp (Lh atkins). 


a 


Plate Conductor. .- ; 14 
Ws bi, i Ht se) (on central domain) (2.2) 
Il = ¢$i,, N* = ¢*i,, (on boundary domain) (2.3) 


Since ¢mn and Wmn satisfy (1.10) on the separating line, these functions must be approximately of 


_ the form Z 
bmn = (Cn €08 Hf Conn Sin Mn) exD HEE YEH) — 
Yn = (Cnn C08 Kyan€ -+Crnn Sit. kin’) exp HLkm 7Lke 6), J. ee 
whére 
= (KD by 46)? = (ey + (Oe + EE pe on 


. 


The two wave spnetiogs on boundary domain whose superposed field is Gontin ously connected with the 


‘\ 


Grn = (Amn 008 kent + Arn Sin kimné) Xp jt him athe 6), 1 eh 
(2.6) 
Ginn = (Brn C08 kinn€ + Bryn Sit Kin néyexp jl otk). J 
The fields are calculated by substituting (2 4) in (2. 2) or (2.5) in (2.3) aad using the velauon (2.1) The 


field deduced. from ¢ in central domain and the field obtained by superposing the fields deduced from 


= g and ¢* in boundary domain are continuously connected on the separating line, if 


‘ 


A ; in 
is H Game 5 ihe « Bn ke— (ke) Cmn » 9 , 
| : cae (2.7) 
; Cee gs “at lee) Co. pe —joek, | 
s mn Che Lm » MR aa BET pat @) mn + . ; 
—(km )* k’—(kim:) 


x 


The two wave function’ in boundary domain whose superposed field is continuously connected with the: 


- = 


f (2.8) / 


The field of ¢* in central domain and the superposition field of ¢ and ¢* given by (2,8) are continuosly” 


(1) 


- ke (2) Ee é =: Lem 
Ann = a ain do Cin ? Boon co} je (2) mn > * S48 
—in k?—(km (2.9) 
¥ sen sats cer Sie joule er is 
—(km~) k?—(km”) ca 


kes) or *(3) . Tf the values of ¢mn are equal to: 


each other on the corresponding points. of both: — 
plate surfaces, the notation Onn is used. But the 


ee 


* Concerning the practical evaluation of ¢ and: 
¢ using these conditions, I shall discuss in my next 
paper. , 

#* Ag we shall see in my next paper kG) of 
¢e and ¢o do not coinside with each other. In order 
to show this discretely suffix p is used for ¢0,. 

while suffix » is used for ¢e. Seek 


mene, 


ae signs of ¢mp are reversed on the corresponding 
points of both plate surfaces, the notation ¢inp is 

 used.** If we remember that the differentation 

: i with respect only to u, is antisymetrical on both 

ae corresponding points, the following fact is easily 
‘provable. 


(i) The field of ¢,» is continuously connected 
on the separating line with the superposition field 
of Gian and Gro, - 

eS (ii) The field of %),, is continuously connected 


on the separating line withthe superposition field 


_(@y) The field of ase is.continuously connected 


E, on the separating line with the superposition field 
of Prop and inp - 
Though we'can not express by & the oscillat- 


ing modes on plate conductor as explained above, 
oa ‘shall use the notation ¢ to express the mode 
pe on entire plate whose field coinsides with the field 
of ¢ on _ central domain. 


% 


f 
Re 


If we remember (2.1), 


a8), HO, 2 we, 
et ig) ey yl) pel) { 
(2.10) 
an tat the fields of Yap and Prin modes satisfy 
Bm? Bo on, a a, 
HE, Sa = Sg a «Sana «ge 
(2.11) 


. on the plate, where (+) and (— —) in equations mean 
Mie 
} the field on the upper and lower plate surfaces 


“imespectively. 


f : § 3 Excitation of Oscillating Modes 
. Py External Field. 


- 


s! j 
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, : $ rata oho io) 
\ H ' AMPS Ath 


ponents must vanish on conductor, this field is 
subject to the following conditions. 


B.+k = E,+Ey = H,+H, = 0, } 
(on both surfaces of the plate) 


Since E, H are continuous throughout the plate, 
E, H must satisfy (2.10) and not (2. 11). Therefore, 
mp and Pron modes are not excited, on the plate, 
and the field on the plate conductor is the linear 
combination of the fields of ¢j,» and Oren modes. 
The surface electric current density K and the 


charge. density Q.of these modes are given by 
K = —2(H i— Hj), Q = 22H”, 


where , j are unit vectors directed in x, y-direc- 


(3.2)9) 


\ tions, the field intensities on any observing point 
due to the source K, Q are expressed as follows: 


cof me Pol ha 
< , 
afro ial I 
(8.3)3) 


where 7 is the distance between observing point 
and the surface element.dS of the plate and p is 
the gradient operator acting on the plate surface. 
Since HS), HE, BS? and ¢%m and ¢,°,, modes 
can be calculated by (2.1), (2.2) and (2.3), we can 
“evaluate by (3.2) K and Q of these modes. Hence 
the field E, H on any point are determined by 
(3.3). 
Now we shall discuss the dispersing field due 
_ to the hole’ made on plate conductor of. infinite 
breadth placed on xy-plane. If the hole were not’ 
made, the external field E’, H’ propagated from 
'z>0 side of plate is completely reflected by xy- 


plane. Hence 


E; = EB), = H,=0 (on all cy plane). (3.4) 


But Ei, Hy, H, lee nate eat to zero on z >0 
side of xy‘plane. If we use EZ’, H’ even when the 
hole is made, E., A, Hy, are zero on 2<0 side 
of «y-plane, while these are not zero on z > 0 side. 
Hence such a discontinuity of the field must be 
caneelled by. superposing the field E’, H/ due to 
current and charge induced on the hole surface by 
E’, H'. Since the sum of £’, H/ and E/, H' must 
- be continuous through the hole surface, ‘we have — 
By, BA! SANG alse oe 


i " bcnareel Q* of these mode 
formulae : 
K* = (KP: — BO? i, 
The field EG), HG) on any point d duc t 


_ are given by 


iene 
Pe eu ie No ay ¥, (9:6) 59 
We now introduce the field E(+), HG) which 
ae oe with Bes Taka as follows : 


. Fi 3 ‘ f { 1 en~skr ; en 
EC) = 8, HG) = HI, (on z>0 side E(*) = ee kt i ae )}as, | 
EO = —E!, HO) = he (on z<0 side a 


: . : (3.7) 
By @ 5) these field Baars on. plate surface | } eke Q* oP sh 
i) = — BS, Hh) = Be aE we a. eases 
: Be err 8) It is easily shown that the fiel 


given by (8.11) satisfy the condition X 
Rae aby 2. 10) the fields of ve, and Grom modes i. e., the vanishment of tangential 


_ does not satisfy (8. 8), these modes do not excitedon __ normal magnetic field. The fields . 
the: hole surface. Hence on the hole surface they — eylated by combining (3.7) ania expres 
ae must be linear combinations of the fields of ¢mn and — due to electric current and char we: 

_. So modes. Since the ‘fields of these modes satisfy ternal field E’, A’. 
a (2. sit), pene by (8.6) and (8. De ere ee the eee field due 0 eh 


HEC) 2H8) = HO 42g 


: uae a = BS 42Hh aN = 0; ae) “Heferencban 
(on the hole ies pe (1) Stratton, Westromacnetia The 
Bane eres ats (2) Stratton, loc. cit. pp. 483-484, (1 
Since @. 11) is satisfied, there are no electric cur- (8) These are obtaied by replaci 
rent and charge on the hole surface of Ynp and — ‘Stratton, Joc. cit., p- Ae CL, si 
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ei Ty 


§ 1 Tntroduction. 


“There” are ‘many methods to baatonnine the 


“thermionic constants experimentally. When the | 
a sthode surface is covered with an aces work papers. (1) In these Meiers the ee 


mination, as pointed out in foregoin 


? ‘the value of thermionic constants, ex: ; 
line method, ¢:*, and the one by ine: initial Me 


city whiten ti on*, are pie by 


y 
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_ Fn 
Dpn (¢n fe) T 
nm 
gs = “26h , (1) 
Syne kT 
v7 
* = 55 log (Spree) @) 
Vh® = oR 08 (2pm 


respectively, where ¢, is the m-th work function 


and p, the ratio of the area with the work fune- * 


tion ¢, to the total surface area of the cathode. 


These formulae show that ¢;* and ¢;* are functions ~ 


of temperature and thus the value of the tempe- 
_ sature coefficient of work function depends upon 
. _ the experimental method used for its determina- 
; tion. One will encounter practical difficulties in 
nea? experimental determination of the temperature 
- coefficient by means of the above-mentioned me- 
. : thodes, “and especially it is almost impossible’ to 
make use of the Richardson line method, unless 


: 
: 
Re _ the variation of work function. is very predomin- 


ant. The methods mainly used for measurement. . 


of tethperature coefficient are based on difference 
in contact potentials and the photoelectric pheno- 
mena, which in this paper are not touched. The 
_ th'rd method is a calorimetric one which will be 
iq i Wwith the Richardson line method and 
‘ _ and the initial velocity method.in this paper. 
a The experimental value of work function deter- 
_ thined by the calorimetric method i8, of ‘course, 
__ equal to the value by other methods, so\long as 
_ the work function is uniform over ‘the cathode 
surface. When there co-exist many work func- 
tions on the cathode surface, what relationship does 
hold between _the “average? work function mea- 
ag sured by this method and the true one and between 
their temperature coefficients? 


What relationship 
4 does hold between two of experimental temperature 
_ coefficients measured by different methodes? In 
this paper these question will be answered and 
> . experimental results hitherto obtained will be 
y . discussed. 


§2. Measurement of temperature 

coefficient by means of the | 
initial velocity method. : 

The average work function experimentally 

_ determined by the initial velocity method is given 

_ by (2). When pn is independent of temperature, 


F ¢* is a function of T or 1/T and thus its tempe- 
/ bs. 


> 
_ 


] 


‘rature coefficient can be obtained by differentiating 


(2) with T. So. 


do,.*  k _€?n 
aT = (08 Spat ue) 
On \ Pn 
1 Dn (en—T ar’) 
ee a (4) 
f Slpnt kT is 
wt - 
Substituting (1) and (2) into (4), 
OvK* o ES * _ ok (5 
ar 7 T (¢,* —¢¢*) . (5) 
As shown in the foregoing paper, 
kT A 
vk — oe = =e log Ae" ' (6) 


Thus (5) is written in the simple form, 
* 
Fp 7 We ae: 6’) 


Apparently, it seems to be independent of the true 
temperature coefficients, but as seen from (4), 


there must be some relation between the “‘average?’ 


temperature coefficient and the trué one, although 
more or less complicated. For simplicity, the case 
when ~ is equal to 2 will be considered. If 


ef wore 
ay = p,AT"e kT > p,AT"e kT = te, 


the following relation hold as shown in the forego- 
ing paper, 


_ 


kT 
Ge =, OEY = O+— lo = ’ (7) 
e P1 
Thus (5) becomes 
Oox* 06, /k, 1 
aT = oy eg PER x (8) 
If ay Kit, ’ oe =%> },* 
so that . 
Ov* Oy, 
a OT = OT , » (8) 


is obtained. (8) and (8’) show. that the apparent 
temperature coefficiet coinsides with the true one- 


only when almost all emission current comes from _ 
the portion with the higher work function, while 
the former is always larger than the latter when 


it is mainly contributed from the lower work 


- 


function, because p, is always. smaller than unity.. j 


i 


ee, Se ae 


ae ne 


nam 


mney =P’ 


srmeayss! a EE ia edi eo ie 


wy 6 F d \ ; a : i 2 
y Ao Wee To evaluate the true temperature wo e 


PT jee eh 


¢ _eP EP a2 
2 Pn?né kt 


= ; —e?n 


tions to the ot eathode surface area ee 


\ 
2 , Accordingly, the direct application of thi 
ok <= (Oty poe : 1 . i . eae see 
- % #ta*® L aT : (11) to a polycristalline cathode to determin 
Se ‘. ¥ earn act temperature coefficient, is very diffier It: 
%ia* is the apparent work function purely due to — : x u my 
the co-existance of many work functions. In the ; * cls Bot Calocime trie Bee 


following it will be discussed “whether the. conde 
_ tion. (9) does. hold for general cases. For simpli- 
sy the case. when there co-exist. only two diffe- 


i 


"4 fren, work function is Gasidored: Putting 


iene . 2 a Sa Bes : the cathode, it “tales from the cainene. = 
es pate ‘ Safes . 7 st a 
oR ar ar ite or or td: (2) 


s 


- 


as the heat of evaporation ee 


the second term of wor @ i is written as follows: (eee effect i is measured by the variation 


age eee ot Cae aes input to the cathode. When the wo 
Sage or "Pirie et + PaPaé er ae ue all over the cathode surface, 
Be yl me. ae Pie — pis eer __ mental work function determined by 
way babs _ is, of course, equal to the true one or | 
oe 89 a D1 Ae -o +p, 4,e ae value obtained by other methods. How 
ABN iy anes ek a Roeser ent | (is) there co-exist many work functions 
a (ta Pit kT SURI er io cathode surface, the experimental vah 
> ‘In this case we have ae ; \e Tae but an ‘‘average”’ value ina sense. br, 
oie Daneehsaaes Neots it eS “average” value and fs is the to 
a _ Pivie a Sees in : - current, the heat taken from. the cathod ‘ S gi a 
* : va = : EF en heen ; ; a 
Res pre FF te kT oe bot 


“So that the | third. term may be ae as com- 
pared» with the second term, the following condi. 


tions: must: be satisfied : Net. 
; on Y 2 ; from place to place, so that it is given } y 
in P7 en So tin a Ha | 2uT 
oi Sue. b> Di ae FERS M Lg ; Din (wt) 
We. a, i ‘ a (14) " e : 
Whee ee cht aif 7 dg <4 ro a Equating (15) to (16), the following rehation ig 
etna CCU at Te a ea a 
Sh a Pr - ROT, oat ey obtained. * yer. 
ence of igor fnetions is small, a _2?n . . 
ates (ope PE saree HF 
function depends only ” ; \ 
SA cou of tas Anta A hte Pee ‘ : 
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Ao 
=3 (n+ =F) are a7) 
Thus, ¢.* is given by 
eh 
Dl pnene kT 
2 Sloe eoerre (18) 
ZPnt kT 


Comparing with (1), the relation 


Don = at e kT 
afore oT 
mee. f c¥ = ot +T™ en (19) 
meet es Stone &T 
¢ n 


‘ "2 is easily deduced. If 0¢,/07 vanishes for any 1, 


oe  ¢-* coincides with ¢;*. . Davisson and Lester’s result 
i on pure tungsten is shown in table (1), showing 
_ that the coincidence between values obtained by 
ne “both methods is satisfactory within experimental 
e ‘error. Even in the case of the oxide coated cathode 
several results(s) have been published without 


' sufficient coincidence between ¢;* In this 


and ¢,*. 
«Table I 


Thermionic constant of pure tungsten. 


ag ; Observer R, 1, method | Cal, method 
es. Duahmana & 
4 a others (3) 4.58 
os Davisson & L. H. 
Germer (4) 4.55 4.52 
SH Lester ‘(5) 4.48 


:. case there is a predominant change in electron 
‘emission with time as pointed out by Blewett?) 
<a Kawamura’). So that exact value of work 
s function must not be expected from this method 
4 which it takes:'long time for measurement: 


_ §4. Measurement of temperature 
ee coefficient of work function by 
ae i means os the calorimetric 
‘a ‘ method. 


_ As seen from (18), the experimental work 
a function determined by the calorimetric method is 
‘a is a function of temperature and thus it is easily 
_ differentiated with T'; 


ort ap, kT 
[— J € 
ar (= Pro 


OP —< 


(Same ")—(Zramee ) 
_@n d 
Ty (Bene) (20) 
a (=) 
Making use of (4) and the formulae 
ePn a 
a (pnene *F ) = pa{ (Toit on) em | 
4 (a . ‘ 
CPs 
Nn -$n 
2 (nye tt) = pa (700 —ou) et 
a(z ) Z 
(20) is written in the form, 
dg* =Pwap © a 
gan — 
Dnt * 
w” 
ae a eo 
tefl Some "(rao eB 
—ePn _¢, 
an gree Fg) A 
_ & 
—@ 


The co-relation between 09,*/dT and @9,/dT is 
too complicated to be predicted, but if (9) holds it 


lth me 


becomes very simple as follows: ; 
6? ; | ; 

26 kT ; 

‘OT OT ‘kre Pn ¢ 
= Slone kT 
‘ ~6?n “ ; ; 

SynGne aT ‘ 

oo ORR (22) 
Pn g 

Dipne * 

ww ‘ 


The first term of the right hand side is equal to ‘. 
the true temperature coefficient and the second 
term is the apparent one due to the co-existence 

' of many work functions on the cathod2 surface. 
Multiplying by AT? the numerator and deno- a 
minator of the right hand side of (21), bee et is 
written by - 


| tot “(a a ae | Oh oe 
eT ie (ein ma « or " = Pf T sf 
ee OO, Ay (23) becomes 
\ or ors Beet Wes: fone 
a eA: (21”’) on" kT? ea 2 
ep 3 ate ta (Spae *) 
ip Eee 7 aioe | ro 
A" : : ¢ 7 
a ‘Neglecting the difference between a9, /0T and 30,/0T, 3 y [Sipe _T on }e. 
‘i qu) becomes oe 2h ae a : n Pe Sy 
dec p ca os \ O¢2 on ae . i eee teem 
eee -( yi or +) or ter a (i) _fstpalon Poet) e P| 


ot ae ee BUTI) 

‘The first and eongnd Gortne are ene temperature 
coefficients of work function and the third term is: 
the apparent ‘temperature coefficient. If >t; 5) 
‘ 85/0 is equal to the coeffcient 49,/0T, and if 
Mee iy ‘it is equal to 0, eT. The third term is 
_ symmetric »*. regard to %/ts oF iz/is when the 
ae is 3 fixed and thus - . 


oe Me ‘if eae = 0. or isfis = 0, a =0 


oe it Silia = ils or 4 = te, agst/07 “becomes ; 


’ 


maximum, 

: § 5. i Medetirembnt ey? the temperature 

Hah coefficient of work function by 
“means of the Richardson 


_iine method. is written as a function of the 


iy “In the case, of ranee in which there co- ‘xia e's 


/ “amany work functions, the ‘‘ average ’ » work fune- Bait Hs 4 
Ve eet & ‘in 2 
tion determined by means of the Richardson line | Botte = FP? {a(F ) ne | 
: - amethod is given by (1). Its temperature coefficient ; ee Giastee Sth; i 
hy imilar n 
Na is easily obtained by differentiating a with “i :? erethepmers: one expression 
: shoe deduced from (2A) 


Ae = [a(®) ) (enon) 


Bibb a) eG 


n 


3 
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dgc* Og — OH b 


= (26) 
oT of OT. 


e 
canbe obtained. This shows that when there is 


no difference between work functions of cristal 
faces or their difference are negligibly small, the 
difference between the temperature coefficient ob- 
tained by means of calorimetric and Richardson 
line methodes gives the true temperature coefficient. 
To determine in practice the temperature coeffici- 
ent from the Richardson line method, however, is 
a very diffeult task, and thus, to obtain the. true 
temperature coefficient from the relation (26) will 
be difficult. 
of ‘cristal faces are already known, 0¢;*/0T is 


But when values of work functions 


_ ealeulated from (25) or (25’) and from these 
Gr values and 99,*/07, the true coefficient d¢/07T' will 
be evaluated. As seen in (26), 0¢,*/0T coincides 


as 
« 


: 


M 
; 
al 
h 


i 


2 
ws. 


By 


3) 


( M é 
9¢;,*/8T is easily calculated from these values of 


with 09;*/9T only when-the true coefficient vanishes. 


. $6. An example. 


As an example, the case when there co-exist 


only two different work functions ¢, = 3.0 e. v. and 
ie, =40e.v. will be discussed at first. In this 
_ ase, the variation of ¢;* and ¢;* are shown in the 
' foregoing papers®) and thus only the temperature 
coefficient will be’treated. For simplicity yg, and 


9, are assumed to have the same true temperature 


coefficient, that is, 


OQ, uf 99% = dg. 
oT oT OF ¢ 


%* and y;* obtained in foregoing papers. In Fig. 
1 the temperature variation of 09;*/07 is shown 
with p as a paremeter. The temperature range 


/m0" (ev/seg 
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is from 1,200°K to 2,200°K. When p is equal to 
10-1, 0¢,*/0T is almost constant, 2-10-4 e. v./deg., 
over all temperature range. When ‘p becomes. 
smaller, the variatign of @¢;*/oT becomes more 
predominant and when p is nearly equal to 10-4, 
the temperature variation is maximum. If p 
decreases beyond this value, @9,*/8T begins to 
decrease and at p = 10-° its variation is only bet- 
ween 10-4 e. v./deg. and zero. In Fig. 2 the varia- 
tion of d¢;,*/8T is shown verus p and 7’ asa para- 
meter, where instead of p, log.p is used. The 


¥10*(2:u/deg) 
g 


Loos"K 


- 
iy 


© ALIS ae ree 
loge 


Fig. 2 


, Variations of 09,*/0T' v.s. T' are &, complicated. 


while its variations v.s. log. p are much simpler. 
When the temperature is lower the maximum value 
of 9,*/8T is larger and these maximum points. 
shifts to the smaller p value, In all cases;the 
initial increases of these curves are almost linear. 

Under the condition (27), 4¢;*/@T' is quite equal 
to dve*/AT, which is caleulated from the relation 
(21’’). Wheh i,/is is used instead of log. p, 
the curves are parabola quite symmetrical with 
regard to 7,/is = 0.5. Such relations are shown in. 


¥10°(ev/deg) \ 
3 


(vol. 8 | 


iN. = 


fo hown against Tv with ily 8 as a : 


Bae hdie variation 
If the above two 


He 


4 


“e fap 
‘Sai 
1600 
Fig. 6 


In the intermediate region, the curves 


imum as seen in the curves p = 10 


a vob 3 ‘ 7 
tooo. . 4209 - 


Figs. are transformed into the Figs. in which p 


is ordinate, curves pecome very complicated as 
shown in Figs. 5 and 6. From Fig. 5 in which 
- the ‘ordinate is log. p and the parameter di it is: 
iz seen that the maximum alues ‘of a¢-*/OT are pure poly cristalline ae such special 
4 iareer and their maximum points situate at smaller as described in the above paragra: 
P; when the temperature is lower. The remark- experienced. ; 
able difference to (Og%*/0T is that (1) the former — : 
: is always larger than the latter, and (2) the former | $7. In the case of oxid 
is ‘not. Zero “over rather a wide range of p, while 
es: the latter is limited in much nallower range. Pig. 
6 shows the temperature variation of Mania with 
is found to be 3.60-10-4 e. v./deg. Th 
was carried out by Sano.” 
ss Nes degree of the cathode ose 


possible. 
ever, in the la activated state | of | 


followed : 


= 1.00) v. and $* : 
ee 
Thus, Ox") laf is given by 5. 8x10 pie 


: ee 


“As seen in this Fig., curves are very 
; At p= 10-2, dyc*/OT increases mono- 


the inerease of temperature, while perimental error. 
n In the case one the oxide-coated cath 
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tion (9) holds, because the work function g, and 


g, are written by 


y 


9; =ZEtV and ¢, = E+V (29) 


respectively, according to -the present semi-con- 
ductor theory), where FE is the energy difference 
between conduction band and impurity level and 
VY that between;conduction band and vacuum level. 
Thus, the temperature coefficient depends upon 
whether KE or V is a fuction of T. If Visa 
“constant and # a function of 7, .¢,/0T must differ 
from 0y,/T, while if. H is a constant and Va 
“ function of 7’, 0¢,/0T must be equal to 4y,/A7'. 
As pointed out in 22, 09,*/0T is given by (8) 
at the best activated state, while at the non- 
activated state it is given by (8’), If p, is well 
~ known 69,/8T is calculated from (8). In the case 
_ when F is a constant and V is 4, function of tem: 
perature, 99,/8T, calculated from (8) is equal to 
- the experimental result obtained at the non- 


é activated state, while in the case when V is con- 
"stant and # is a function of temperature, the 
rT _ former must differ from the latter. That is, the 
ye important question whether # or V is a function 
py of temperature will be answered by measuring 


__ the temperature coefficient both at the best acti- 


_ Vated state and at the non-activated state. Up to 
rit the present, however, experiments are still too 


ve 


=. 
Sty 


insufficient {0 answer the above question, 
eet 
_ $8. Temperature coefficient of work 


Mg function of pure polycristalline 

an tungsten. 

ae . 

_ In the case of pure tungsten, the thermionic 


re work function of comparatively many cristal faces 
a _ have been known. In Table II, data obtained by 
ae Nichols (12) are shown where he measured the 


_ thermionic constant of five cristal faces. 


Table II ; 


_ Thermionie constants of pure tungsten 


On the surface of polycristalline wire, many other 
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4 


! 


“faces than the above mentioned faces will appear. 


It is still to be questioned what kinds of faces 
frequently appear on the polycristalline wires. In 


the following calculation it is assumed that only ° 


the above five faces appear with the same chance. 
The calculated temperature coefficient are shown 


in Table III. 


Table III 


Temperature coefficient of work function 


of pure tungsten 
ee 


temperature ti eal a¢/aT 

| F000 Eee ad eau eee 
de.*/dT | 3.255 1.832 8.0 ea. 4.7 
2.595 6.0. ‘fea. 3.5 


do*/dT | 4.345 


As seen in the above table 0¢,*/@T is smaller than 
a¢./0T and the experimental values(!8) are always 
This shows the ex- 
istence of the true temperature coefficient. Pro- 
bably it is about 4.0 e.v./deg. Measured values of 
the temperature coefficient are almost constant 


larger than theoretical ones. 


probably because the true one is comparatively 


large. ‘This is a cause to the result that the tem- 


perature coefficient experimentally obtained by . 


several methods is independent of temperature. 


$9. Conclusion. 


On the cathodes where there co-exist many 
work functions such as the polycristalline wire, 
the temperature coefficient of work function ex- 
perimentally determined by several methods were 
calculated by the theory developed in foregoing 
several papers. The temperature coefficient deter- 
mined by the initial velocity method seems to be 
independent of the true temperature coefficient 
and it is given by a simple relation as shown 
in (5’) or (6). On the other hand, the temperature 
coefficient of work function determined by means 
of the Richardson line method or the calorimetric 
method are complex functions of true temperature 
coefficients. In the special case when true tem- 


perature coefficients of all. cristal faces are the 


same, the ‘“‘avarage’’ temperature coefficient 
becomes very simple forms. = It is divided into two 
parts: one is the true coefficient and the other is 
the apparent coefficient caused by the co-existence 


of many work functions. They are given by (22) 


1 
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and (25) respectively. The true temperature coef 
ficient is equal to the difference of both ‘‘ average * 
temperature coefficients At the present state, it 
is more or less difficult to determine the true tem- 
perature coefficient of work function by the above 
procedure. Moreover, it is more difficult to deter- 
mine the true value by comparing the theoretical 
and experimental results. In this paper such 
comparison was carried out on the oxide coated 
cathode and the tungsten, the exact value could 
not be obtained probably because of more or less 
large experimental errors are accompanied by ex- 
periments hitherto obtained. According to the 
calculated results, however, it will be concluded 
that ‘the true temperature coefficient is smaller 
than the results experimentally determined up to 
the present time and it is independent of tempe- 


rature. 
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Idea and Design of Wire-and-Plate Type Counter. 


By Kazuji HAsimoro. 


The Hitati Central Research Laboratory. 


(Received August 22, 1947) 


The parallel wire-and plate type counter which 
is convenient to the measurement of cosmic ray 
shower has been recently constructed. Fig. 1 and 
Fig. 2 show the general and preliminary designs 


cone 


16 


hae 


Fig 1. 


(five central wires) 


Tiagram of counter. 


of the counter. Three or five central tungsten 


wires are put between two parallel plates. 


DOD ® @ 


Toe Zs 


(three central wires) 


Diagram of counter. 


The central»wires are arranged 2 or 38cm apart 
from each other and the parallel brass plates which 


sandwich the central wires are both 15cm long. 
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and 3¢em wide as shown in Fig: 1 and Fig. 2. 


Fig. 3. Fhotograph of a counter. 


(five central wires) 


Fig. 3 is the photograph of the test counter 
which countains five central wires. 

The central wires may be denoted No. 1. No. 
2. and so on. It is desirable to seal the argon and 
alcohol into the counter, but in this preliminary in- 
vestigation, dried air and alcohol have been sealed 
up at 50 mmHg and 10mmHg respectively which are 
substituted for argon. The characteristic eurves 


of thesecounters are shown in Fig. 4 and Fig. 5. 


/000 


Fig. 4. Characteristic curves, 


(5 central wires 


Fig. 5. Characteristic curves. 


(3 central wires) 


In this case the counter pulse and plateau are 
not so excellent as those of counter containing 
argon and alcohol. 

It is important to examine whether or not the 
discharge of one special central wire is induced by 


the neighbouring discharge. ‘These experiments 


(Vol 3 


have been carried out as follows. Let C be the 
counting rate obtained from one special’ central 
wire when neighbouring wires are in action, and 
C’ be its rate when others are not in action. If 
there occurs no induced discharge on the special 
central wire from neighbouring ones, C may be 
equal to C’: otherwise C may be larger than C’ 
by the induced phenomena. Therefore, C,C’ may 
denote the mutual induction effect of the neigh- 
bouring wires. Table I shows these experimen- 
tal data. In table I, the notation 1.3,, etc, mean 
the counting rate obtained from the central wire 
No. 1 when neighbouring wires No. 2 etc, are 
in action, and the notation ] etc, without suffix 
means the counting rates of No. 1 alone. More- 
over, if two or three central wires are connected 
together counting rate may be two or three times 
larger than that of individual wire. Table Il shows 
the results of counting rate obtaind from the test 


counter which has three central wires. In Table 


Table I. The quantity of the induced 


counting rates 


C: The counting rates obtained from one special 
central wire when neighbouring wires are 
in action 

C’: Counting rates when others are not in action. 


Connection Tozas | 2134s | Sroes | 4e235 | 5iese 

C 

Cr A feat 12 1.5 1.3 1.3 
Connection uf 1; lL, 1, 

goer ‘ 

Cr 12 ile 1.1 ulPue 
Connection Se 3, 3, Os 

UG, | 

ro 2 12 1,1 1.0 
Table II. Counting rates obtained from 


three central wires. 


rr er 


connections of 

oS apraa fah Bd ie 3 ah <a 
E 
1 
| 


central wires | 
23.6 | 24.8 | 24.4 aie 49.6; 69. 


4 


counts/min 


II, 2+8 ete, show the counting value in the case 
when No. 2 and No. 8 central wires are con- 
nected. These measurements of counting have 
been carried out by the natural counts. As shown 
in Table I there are some chances of mutual in- 
duced discharge by neighbouring cental wires. 


— 


; iestineeted togetier the height of pulse may be five 
times greater when the discharge has ‘occured at 
_ the same time. Table III shows an example of the 
percentage of double height pulses. in the total 
_ pulsations when two of the unas wires are 
connected. 

| ‘The author has deseribed here on the con- 


"a. q 


tt the irecllnt counter of this type is ie 


on a oie 
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§ 1. 

“As is well known the Geiger-Mueller counters 
‘eontain argon and alcohol vapour at the rate of 
"the optimum condition. However, if the produc- 
i "i tion has been carried out with careless arrange- 
Ww Bh ment. of. the evacuating system, the counter with 
e _ the same character can not always be obtained, 
for it is difficult to fill all the’ counters with the 
y gas and vapour at the same proportion. The most 
ra skilful ‘method about the “distribution of gas has 
_ been examined from the standpoint of discharge 


é “mechanism of the counters. 


disuse oe ee due 
central wires f 


a struction and character of the Soi plate-type | 


“Notes on ais Production of Geiger-Mueller Counter ‘Ss 
and the Discharge Mechanism. ie 


The Hitachi Central Research Laboratory. 
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This method bos serve aSa reference i in sealing : 


2em 


-8em 
4em 
6cm 


em 
8em i 


shower may carried out more conve 


it requires many small counters 


on the various points in the course 0 


/ 


Bez: 


ayouten 


(50 AH: for the most avonent Ace 

of the counter will be obtained as hown it 
| 1 (curve D) in this optimum pressure a 
| When the total pressure is. cons an 

Hg. we obtain curve ee having the” 


character. 

_ If the pressure of alcohol vapour 
or too. low the starting potential, at 
counter begins to work, and voltage pla a 


* ral 
a 
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Fig. 1 The characteristic curves of the counter 
contains various gas compositions. 


~ e of ay Alcohol : 30':mm Bes. ne 20 mm Hg 
Py Sane : 80mmH¢g Ar: 40mmHg 
5mm Hg 10mm Hg 


C: aan 


Ale: 
Ar: 55mmH¢ x { 


Ar: 50mm Hg 


- hanged as shown in Fig. 1. The anode of the 
counter used in this experiment is 0.1 mm tungsten 
wire, and the cylindrical cathode is of brass ap- 
B? ied 19cm long and 2.8 cm in diameter. 
ne o 
§3. New Technique about Gas 

a Sealing 
a To all up gases in the counters the author 

adopted formerly the method as shown in Fig. 2. At 
alcohol vapour was admitted into the counter at 
Ph: first, 10mmHg, and subsequently argon at 50mmHg. 
In this method the alcohol vapour which re- 
"mains in the glass piping was pushed by the argon 


__ subsequently eamitted so that, remote counters 


a é 
Fig. 2. Diagram of | gas distribution. 
q (formerly adopted ) 


- character which is shown by the eurve D in Fig. 


i : 
Bri oe argon and alcohol vapour at desirable ratio 


Fig. 38. ‘Diagram of gas distribution. 
(new method) 


A, A’, B, B’, ete. in order contain more excess 
alcohol vapour than the counters D, #, D!. 

The characteristic curves of these counters A, 
A!’ ete. resemble the curve A or B as shown in 
Fig. 1. respectively, for they contain excess aleohol 
vapour. 


But counters D, EF, D! show, that excellent 


1. Now the author adopted a hew method as shown 
in Fig. 8. i 

By this method alcohol vapour is not pushed 
especially into the special counter by argon and 
naturally every counter ean contain argon and 
alcohol vapour at desirable proportion and their 
characters remain always the same. 

There is more skilful method that argon and 
alcohol are mixed previously in ordé&r to seal the 
vapour into the counter at desirable proportiom: 


§ 4. On the Discharge Mechanism. 


The fact that the counters AA’ ete which were 
produced by the method as shown in Fig. 2. do not 


have been proved by the identification of every 
characteristic curves'of the counter with the curves 
However, the experimental faet 
that the starting potential and the voltage. plateau 
are changed with the variation of the vapour 


shown in Fig. 1. 


pressure and the composition of the sealed gas may 
also be proved from the standpoint of the electric 
discbarge mechanism of the counter. Especially 
the starting potential of a Geiger-Mueller counter 
may be calculated approximately in advance, if 
desired, for the ideal case of a perfectly smooth 
cylinder and central wire. In practice _ it ‘some- “che ‘ 
times happens that the ate to be applied 


ae, From ceavation @) ana ® ) the fo sm 


ee be obtained.. 


( anism with its corresponding equation. Let Vy Bata °-% 5 me 
‘be the field intensity at © apart from, the “ eae ied ea 


* 


eentral wire, then, 
ee (3) gives the starting potential difteronbe 


mean free path Ay. of an electron q oo ne | 


: 


— 


gas, alcohol ang argon, is given by © 


; ae ; 
VAs = = SS fe ai 
2 (ny V2, +g ayy : 


: eylinder = the rea wire, R the aa of the , Ws a 
eathode cylinder, ae r the radius of the central whee HT EES? te mine es ue 


Let Ww be the energy of an electron accele- ( 


rated between the cylinder and the central mace, 
\ 


| pus eR 
W=Ve= \ Eze de. 
ps : aye i ; . | values, namely 


Sohies 7 = 0.005 em 
“wire, then, - ; es es, 
an | “a : ; a Vi = 10.8~11. bev (nization potential if 
: 
Kez 


x 
‘e ai ‘aleotoly = 0. poe em (at 1 mr 


Has %. ’ ~ ee, 
a ‘Therefore, tHe potential ditference necessary to oo a; fereons = 0.027 em Ce 
. “produce a field intensity Ey at mn is given by! 
(20k % f 


i Vs \" eres Snes pe (1) 
Cae : uve aye : ; ae 

o An electron. produced in the Geiger-Mueller counter 
; data. 


fr m the 2 actual « 
_ionizes alcohol ‘moleculés or excites argon atoms _ somewhat different Say 


in the field with rapidly changing intensity which cae aa: wee 
i aiipears near the central wire. The excited argon cae difference may ey 


| d gas and the si 
- radiates photons which ionize alcohol molecules so , the pressure of the mixed ga : 
wire and cylinder are not known accurately nough 


x 


a moves to the central wire-by the electric field and 


ase the cumulative jonization of alcohol molecules i 
to oie closer results, or due to the sligh 


| a “occurs along the central wire by the catalytic > 
a _ action of oot les the meas ion sheath of 


the impulses until the voltage reaction 


is the leotrie discharge’ in the counter may Hee 
Ceol isk Se ; mental value. 

a De et , S : % 
Tf the cumulative ionization ‘of. aleohol vapour “Ak i as ep k 
in th field on the central wire, EL, ‘multiplied by - HOw re ment. SASS OS 
n free path Ais, of an electron must be, 


‘ionization potential ee of alcohol at 


\ 


} 
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Table I The starting potential of the counter for 


various gas composition. 


Mean free path of an Starting potential ‘v) 
electron 4;, 


Starting potential (Vv) i 


gas ratio. PA (60mm Hg) | - (theoretical value) (experimental value) 
ree 
i Aleobol 10 ce He 0.00085em ieee 2 ey 
ee 4p nis > 9.009286 ! g 1060.57) 
Se 1250 
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Three Point Spark Discharge Tube. 


Kazuji HasHImoTo. 
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aaa Se Introduction. 


, Resently the three point spark echares tube 
4 ty which was used for the modulation of the magnet- 
tie ‘ron has been in demand for the relay and the 
; substitution of thyratron. The tube possesses two 
electrodes, anode and cathode: the latter has a Fig. 1. 


Sly oka ashes Tecan 


ee of Sartieel section through ; 
“needle point which plays the auxiliary electrode the tube. ma) ) 
i 7 


rp _ for the spark discharge. Generally this discharge A: anode. B: cathode. (: needle point. 
, tube contains hydrogen at 300mmHg. Here it is E: needle point connected to B. G: glass tube. 


Fa investigated how the time lag and disorder of main When the constant voltage’ about 4kv is ap- 
r 4 ; % 


vd 


i spark discharge are affected by the pressure of 
a hydrogen and by the size and form of the elect- 


plied between main electrode A and B and suffici- . f 
ent voltage of 500 cycle for sparking is applied: 
to the auxiliary needle electrode the spark discharge 
occurs in the main gaps A and B with the same 
frequency. Some optimum conditions satisfied by 
this spark discharge tube must be as follows: : 
f A ’) Fig. 1 is a vertical section of the tube. The 1) The main spark discharge must occur by the: 


- $2. Description of the Tube and 
. Electric Circuits. 


oe main semi-spherical electrodes, anode A and cathode needle spark discharge at one to one corres- 
3 Bi » which are situated 10 mm apart from each other, pondence. 4 
Rr are ‘sealed up in the glass tube. The cathode has 2) The durations of both main and auxiliary dis- q 
a hole of 0.5mm in diameter at the top and two charge must be as short. as possible. 


Z ‘auxiliary needle electrodes C and EF are situated 3) The time lag between the main discharge and 


closely to this hole. auxiliary one is constant and its disorder must 


“ap pate to “be prevented from being 


a 


Re rr ey cre ba anOe Mae thee 3 3 
oe Gro: 0.01 ak R,: 100K2 “Ry: 1Me2 
Ot pe R,: 500K2 “Ry: 3302 
2 0.0001 #F — Rae 500K2 Ry: 3802 
> 0.00014F ~ Re: 10Ke@ Ry: 100Ke@ 
_ C,: 0.001 #F R;: 500K2 Ry: 2M9 
OCs: 2aF\ R,: 500KQ Ry: 100Ke 
aN R,: 10Ke . R,,: 500K2 
4 eee - -R,: WKQ Rs: 500KE 


Mig fiers eh Ts 2 1000 7,1000 (turn ratio) 
Si ee Fat 200 : 1200 (barn ratio) 


‘Fig. Pe Diagram of . ciecaly: 


“8 a Shs ‘character of the tube. The 600 eycle blocking 


fi 


; 
Ps 
g a 


P latestecina. axis bene oscillated by the main dis- 
B charge. current of the test tube. 


Be. Be “The ‘fe. of locking’ ‘oscillation. 


“Full, line.......--+---Voltage. 
pecs line seeeeseesseurrent 


ae . Fig. 2 shows the diagram of circuit for testing _ 


ia “oscillation caused by the tube UZ—-2A5 affects on | 
the auxiliary needle gap of the test tube, at the 
same site the eee ke tube is parser in 


excellent character. — ees 


Ke ne 3 is the sketch of the general blocking 3 


‘had disorder B. on the alos ray ta 


Time axis is oscillated nae auxilia 


a rod 5mm in diameter, the Sue a 
a semi-concaved cap and the eedle has 

a 
polarity. These test tube have n 


These experimental facts p 


from the one consideration. 


eR 


Fig. 5. Streamers in the irregular el 


Fig. 6 “Streamers in the substantially fo 
electric field. 
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Table I. 


_ Streamers easily extend by the concentrated field 
a intensity, but on the contrary negative onesihave 
. not so much tendency to extend, that the main 
_ spark discharge is extremely affected by the exis- 


tence of auxiliary needle spark discharge. In Fig. 
6 anode and cathode forms are substantially the 
same. Therefore, negative and positive streamers 


_ extend more uniformly from each electrode in 


comparison with the case of Fig. 5. 
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Therefore, in this case the main spark discharge 


is not so much affected by the auxiliary one, be- 


14 
cause the space where the auxiliary spark occurs - 


is included in the extending streamer. Actually, 


in the case of Fig. 5 the difference of sparking 
voltage of main gap according“to whether auxili- © 
ary spark exists or not, is larger than. that of | 


Fig. 6, d 


* ™ ceeded cn eats jena tyr wtine oP Bae. thay oar mt 


a 
* 


Many experiments have been carried out with 


th oe other since the field intensity i is weakend 
on the'surface af the electrode which has an auxi- 


vo vies 


‘Wie. q hice the design of the most excellent 


ee discharge tube which is constructed under 


Anusde A petiericat (v) 


Fig. cs Diagram of excellent spark 


es . discharge tube. Fig. 9. Time lag of main » discharge cone 


to the polarity of electrode A, BG; 
Fig. 8 eo the value of the main sparking » auxiliary. blocking pilnion é 
& * voltage of this tube plotted against the hydrogen 
et pressure according to the polarity of main electrode 
and to the ‘condition of needle bas eres. of 


this connection this test tube peeps excel 


ent stability. . 
_ Now the investigation on the character of the , 
te st tabe has been chiefly carried out on the tube 


Be shown i in Fig. ers 


, 


negative. 
The disorder is ‘not denoted in ‘the: 


- opposite polarity. 
This fact is also understood from. ‘Fi 
When negative blocking pulsations a 
needle point, the time eS: and Tee 


nn 


ate 


4 
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anode A is positive and needle point has higher 
potential than that of concave cathode B. 

The reason for the existence of these discon- 
tinuous points may be understood from the follow- 
ing considerations. : 

ay When the potential A is not too high and the 
_ «oncave cathode B has lower potential’ than the 
needle point C, electrons cannot escape from the 
"small hole. : 
But the negative blocking pulsation of the 


oscillatory current igs an alternating current, so 
____ that in the later part of a cycle the point B has 
“Solana yoltage than .C and electrons can escape 


from the small hole. If anode A has very high ' é 8 

Mam wellage (KV) 

en! the electrons produced between the space 

Fig. 11. The characteristic curves of the test 
tube according to H; pressure and 


ij the polarity of B and C. nainvoliacee me 


hes Band C can reach the anode A regardless of 


Therefore if. the tube is constructed conveni- 


3 i @: Main spark voltage (needle point is in action) — 
Ey toe Keep: the concave cathode B' negative @: Voltage and pressure curve at 14S disorder — 
_ against the needle point C, further intersting ex- @: et sg - is at 0.645 _,, ; 
is "periments may be expected. @: ” » ” ” 0.125 ,, 
The character of the test tube concerning to ©: a pear ** 4, U-08 % a : 
" s Bh -©: Main spark voltage (needle point is not in ~ 
A “hydrogen pressure has also been determined. Fig. ‘ action) 

4 \ ty 10 shows the disorder of the test tube concerning t 
to the hydrogen press d i t 
He e hydrogen pressure and main sparking vol $4. Summary. i 
i "tage. Fig. 11 is plotted from the same data of bd ‘ 
LH 1. As hydrogen pressure is constant and auxiliary — 


‘Fig. 10. to see the relations among disorder, hydro- 


Tig pressure and main sparking voltage. ee nara “ pelonathe main spa rk 9 
discharge begins from a critical low - voltage. 
In this condition the time lag and disorder are 
very large. They decrease as main voltage in- 
creases. But this connection is limited at the 
constant value according to hydrogen pressure. — 7 
If the main voltage takes, its value over the | 
spark voltage V, in which the needle point is — + 
in no action, the main spark discharge does not 4 
correspond to the auxiliary spark discharge. 

2. The main voltage with constant disorder in- 
creases according to the hydrogen: pressure. ‘ 
3. If,it is desired to maintain the value of the 
disordsr less than 0.1 s in the test tube, hydro- 
gen must be contained at the Proqqure 10~400 
mm Hg. Me : 

4. In the test tube an excellent characteristics 

may be obtained at the hydrogen pressure 10~ 1 . 

via Sv Pieicin ea Nie ee ae 200mm Hg and in this condition the disorder: 4 is- 

_ -*Fig. 10. The: ma‘n|voltage and disorder of the 0.05 #8. | 


test tube concerning H, pressure. 5. At the pressure less than 60 mn Hy the d 
on hae he! 


pian? hy ; ‘ j y 


transition metals as Fe, Mn, Co, 


Meee 


order may decrease but the range of main spark 


ah voltage may become narrow. 

6. The disorder increases with the hydrogen pres- 
sure in the range of 400~760 mm Hg. 

7. The time lag decreases as main voltage in- 
creases, /but at 550mm Hg jor more the time lag 
increases suddenly at the certain definite main 
voltage. 

8. ‘In this test tube the peak’ value of current 
earrying capacity is 7A, or 15A at hydrogen 

: pressure 200 mm Hg or 500 mm H¢ respectively. 


' 
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9. The voltage drop of the test tube is about 
1200 V at 20) mmHg. ‘ 

10. The peak value of the blocking pulsation is 
1200 V and 80 mA, ‘ 
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§1. Introduction. 


Recently magnetic properties of the so-called 
antiferromagnetic substances have been studied ex- 
perimentally by Bizette-Squire-Tsai,!) Féex-Graff,”) 
_. Squire,s) Haraldsen‘)5) and others. The suscepti- 
bility of these substances takes a 4-form with the 
rise of temperature ; during the cooling from a 
_ high temperature, it increases gradually according 
to the law - 


C 


; er (1) 


7 


temperature it decreases gradually with the fall 
of temperature. At the absolute zero it retains 
a certain value x, or entirely vanishes as shown 
in Fig. 1. These substances are composed of 
.... ete. and of 
non-metallic elements such as O, S, Te, Se .... ete.; 
probably these substances are the semiconductors 


of ionic binding. 


; * Due to the fund for the research of Natural 

_ Science of the Dept. of Edcation. (Name of pro- 
ject : Ferromagnetism of Semiconductors. Persons 
im charge: Tokutaro Hirone and Noboru Tsuya.) 


(Received September 2, 1947) 


and after reaching a maximum value at acertain - 


On the Theory of Antiferromagnetism.*  - 


| 


By Noboru Tsuya. 


Research Institute for Iron, Steel and Other Metals, Tohoku University. 


Fig. 1. 


The antiferromagnetism of these substances 
has been worked out theoretically by Bitter,‘ Van 
Vleck,” Firgau’) and Y. Takagi®) on the spin lattice 
statistics assuming that the Heisenberg’s exchange 
integral J takes a negative value. Recently Miya- 
haral) developed a theory based on Slater’s theory 
of ferromagnetism with the aid of the Wilson 


{ ' or. Bays Ry eae 
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model of semi-conductors. According to. the ex- types of antiferromagnetism are caused by the 
perimental data, however, there are various types various types of state density distribution, and t 
of antiferromagnetism ; in some cases the suscepti- thus we are Sble to explain the existence of vari- i 
bility curve is concave upwards in the lower tem- ous types of antiferromagnetism. Moreover, it is : 
perature side and convex in the higher and other expected from our theory that the susceptibility 4 
« eases to reverse types occur and further there does not always vanish at the absolute zero of \— 
are different cases of A-type variation, in which temperature. 
' the susceptibility curves on both sides are concave ; i 
upwards. Certain substances possess more than §2. Calculation of the magnetism! i 
_ one peak in suseeptibility-temperature curve, al- : According to the electronic model of antiferro- 
_ though there appears only one peak in most sub- magnetic substances proposed by Miyahara, the 7 
Be stances. Those varieties of the type of antiferro- free énergy F of whole crystal of semiconductor 
magnetism, however, are not yet been ‘explained is expressed by the state density D,(Z) of occupied : 
* 7 successfully by the above mentioned theories. We electronic energy bands as follows!) (ef. Appen- 4 
= __ have here discussed this problem on the basis of dix) iS i 
aes Miyahara’ s band theory, assuming that the many } 
e ‘e | oy F = U-TO = SWJiiSe/L+NC+@ (2) ; 
ti : #4 \ i 
er . = -kT >| log{l+exp[(¢—E +H Sit 5 2 JigSSULORTT- DBE ; 
ee \ —#ES) log bexpl(¢-E— aH UiSi+ 5 DIwSVLIRT I: DABAE, 
we ; : \ Gj = 1,2 8, --++) (3) oi 
rs where S; is the total spin quantum number corresponding to the i-th energy band, N the total number _ 


ss : of electrons in the energy bands now in consideration, Z the number of nuit cells contained in the ery- . 

Wi stal. ¢ is the Fermi energy and Jj; the Slater’s exchange integral caused by transposition ‘of a pair of 

__ electrons, one of which is in the i-th band and the other in the j-th. Here the Summation extends over 

as all energy bands in question. » is the Bohr magneton and & the Boltzmann constant. From the thermo- i 
_— dynamical relations = : : 

” mx 

By see (4): i 

ae ) ar hae 

 —_—- agp 7% Em 2B s+) On 

+ and 

2 | 2 203. a. (6) - 

Fe ts We are aad able to obtain M as a function of Temperature Now the relation (5) and (4) are trans-. 

____ formed into ‘ , ¥ 

am 

- a) -1 

: 4 28; = ve texpl(6— B+ nH JiSi/L—s DS JeSsLyery} -D( EE 

e “—([{1+e B-nH4JSiL+2 ef | 

* xp[(¢—H—“H+ iSiL+-5 3 JesSi LRT} -D(E)dE, 

i (921,28, ++) Asa 

2 Re 9 age / 

vd ‘ ’ N > i 1 -l “ 

Bs : = : \{ texpl6— H+ aH JiSi/L—-5 3) JigS3/L)RT : D(E\dE - . 

#4 t ' . 

1 -1 

‘4 ag +3) { 1+exp[(¢—E—xvH +HS/L+5 B FigSi/L)/RT}} -D{E\@E. " 


(i,j = 1, 2, 8, +--+) me . 
“When we assume that the value M/(#N/2) is considerably small compar ed with 1, the « ity e is ig 


ey n a ; BSR at ' wry, 


EB RFE exp <r -2. DEE] 


forearm ite quer eD4nya 


: (a1, 2, zy 


Ua -rpfseste-om uyconeR 


ee ae C= @UpeUM 3, ai pene 


$3. Cee ev cion of Typical Types _ is given by 


of Antiferromagnetism. Gta Arno = yeh, 


‘Firstly we consider a semiconductor, whose which leads to the result that 


state density D&E) is shown in Nigh: 2 and further is not always zero but retains a certain 
at apap iat Zero of sneer 


tate Density OCE) * 
a na 


ine 
oa! 
Pay 
! 
1 


y Dye? - 


1 substances. Now we shall cama 
ately represented by Dirac’ ad » function, rena gy ol'O) i, ec the Ey-band is tomt 


DB) = Lix6(Es— ye met) electrons. emma for the ie 
(Ei 


q onl ‘3 Mn ae shown in Fig. 8. 
BNE ®} a a, ml (14) = =~—s‘The various types ‘of A-transition are sl 


for x and zi we obtain the following relations occur owing to energy band structu 
e us 2D La Ebi +6)-# rons in the substances, including the ‘ 


ie Habit-+89 a ‘ ee) of electronic structure, in which the | and. bi 


ry con Yak? ay ; of D,(£) is zero, temperature at the m 
Wy ee STN, Meta aaa at 
@- “io IN] h im ae 7 anomalous heat, pepe appears at low: 


} 


‘3 mum oH ~ Assuming for the density distri uw fe 


as oe thorefore, 7 pA ie DE) an appropriate breadth, however, we sha 


iS: - : 
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’ f OAS : j be 
ee Table Te.“ , , | 
ne EdEEE EEN ESS 
, E,—E, E,.— Ey Jb; a - 
Curve bp /by b;/y ko Seibea 10 210 7 Type * 
(1.1) Gide 40:5 20 | 4.0 2.0 ne 
(1.2) y Ks 3.2 CrSb, MnO, CrO 
(1.3) ” ” ” ” 4.0 = 
(2.1) 2.0 i 8.3.9 4°43 2.0 — 
(2.2) - Sete 2.5 MnS 
~ (2.8) i - ES Aa Mh 2.8 — ¥ 
(3.1) 1.5 ie 3.8; gies 12 2 
1 (3.2) ES — pints 4) — 1.5 MnS e 
(4.1) 0.1 0.1 pel a A 4.8 - 
a) er ee a) (4.2) | >»? Bd ” | 23 0.0 ve F 
. ets, ‘ ie Sete “16.0 MnO, MnSe, CrO 
Beck? (5.1) | \. 0.2 - BIE A Ye ee 2.4 = 
TD ES 


further Ji; = Jj; = ----, the obtained behaviours of * : 
with respect to 7’ may be considered to still hold — 
quantitatively for the more general cases, in which 
Jy Jjj + +--+ and Dj(Z) have some breadth. ; 


$4. The Magnetic and Thermal 
Characteristic of Maganous Selenide. 


ree eae + 


Now we shall show that a quantitative explane- 
tion for the magnetic and thermal data of MnSe 
may be given from our above mentioned model. 
Taking E,—E, = 0.0313 eV, E,—Ep= 0.0982 eV, — 
Jyy = Jez = 0.0491 eV, Jz3 = 0, b; = 1.00, by = 0.28, 
bs = 1.89 ‘and m = 0.01 for the various quantities 


ena 


= 
Fr 


Fig...\3, 


be able to make the former temperature coincide 
with @ or ‘appear somewhat higher than @. The 
__ mentioned temperature of anormaloushaet capasity, 


m therefore, will be expected to coincide with the 
aR _ observed one if we use the correct. state density 200 
distribution. Although we have assfimed here that Absolute Temperatare 


the state density is expressed by 4-function and Fig. 4... 


Ut ek At 


#é 


ae. In ws Bh. 


two maxima. a3 our caleulated anorm 
capacity is nue uy ths electrons. in) 


We are. able te get the heat capacity Cc from _ 


\ 


poltowing,, relation 
‘ ; gt 3 OU. E : ta that ¥ 
Us = ae + Sebi BB +4) =e 
Buus! is 


Absolute Temperature 
2. es pale Cea , this Pivestlewtion! 


‘Appendix. 


(Reduction of the formula of Free Energy.) 


More: we eet eauetior: the expression of’ the free energy for the ‘substances in qu sti 


ne discussion the notations Bae the same sired as defined before. 


Us = SUS Nin Bin) vey Nis 001 


eh Dae. 
: a 


A ot 
UL = hh Hi t/Nix ! u (Ziz—Nix)! 


eat, 
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| of ) Nee a 
0-3 log { 1+exp(—«—8 Ba 8 oha ) }ran+eu+e> (Nix/Zik(O//ONik), 


| « and @ being Lagrange’s parameters. . ay 
_ Next, we should have to consider the form of /(----, Nix---+) in 1). The exchange integral Jig, — 
Pres concerning two electrons with parallel spin, one of which is lying in the ¢-th band and the other in the 


j-th, may be expressed in the form 
ie Jp = DE{ o Sexplilts—ks, Rrr—Raollf worthy — win @)uiu(l)der 
= : iPp@ =1,1 


+ 3 Sexptits ts, Rou Rod, f waka h2) 7 win Quad 


es Fn ee nS Sen eS 


a 2 3} exp ish, FR furan) 5 uiv(2yuan(1)de 2 


| +e ” 9 i, re (7) 


hake 


i pends of atoms in one unite cell of the said compound, and 4 = 1, 2: Mm, U=I12Z--+-n, ve 1. 2 -+--1, 


eae nies p and qg run over the total number of unit cells L, m,n, andl ete. are the number of different 


—_ 
@ 7 


oh ae PON eRrredees@ug(Dder. +4 (4, 5, drret-+-- fe 


(type of atom m) (» 2) 


; For example, if the substance is composed of two sorts of atoms, m and n, then (8) is reduced to 


L{m\\ mis Bete fae ac}. : (9) 


(m) (n) ; 


i 
rm Sin ce the wave functions u;(1) ete. are normalized with the factor (Z.m)” 2, then (8) turns out to be 


eit Se eee en OR Ft Pe Pe ee en ee ‘ero ote we 


if a mln) RYE neal) Eu teh = Blt Shin YL. (10). 


pyebede aie) . 


(type of atom m) 


Jj = Jl TEE aie ae ). Ja (11) 


My Jig = IG2 (i, j= 1, 2, --- ) 

hays” _‘Taking ‘into account the distribution of the spins of electrons in tenes energy bands, f becomes 

Hf am (JinS;?/L)— papa (JigSiS3/L), 
9749 


eke ‘ ; au | 
x} and by using the relation s; = — a indian the expression (12) changes into 


fs eae SUES Ndi) + 3 (Tal LD Ninbin (= NawSin) 


wise to ~1, (Nine Zix)Of/ONix is te easily found from the above equation (18). 
si a Using these formulas the free energy F is obtained as follows. 


Fs U-TO = SJiiS?/L+NE+29 


of S; (f= 1, 2-+--). 


form. 
} 
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The radial distribution function in liquid argon 
"which is obtainable as a solution of Kirkwood’s 
- integral equation is calculated numerically, making 

use of the approximation as to the coupling para- 
meter. The result obtained is compared with ex- 


perimental radial distribution functions. 


§1. Taeeedaption: 


In monatomic liquids, the radial distribution 
function or Menke’s probability function g(r) is 
4 used to express the probability that two molecules 
a Ee are in the specie volume elements do; 


ae 


The Radial Distribution Function in Liquid Argon.* 


By Syt ONO 
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and dw, separated by a distance r, in the form 


do; do, 


We (yo 


De Ane, 


where v is the volume of the container. Owing. to 


the absence of long range order in liquid, we 


_ obtain from (1) 


ok eadalvted eh we paper, -BUSSEIRON KEN- 
KYU, 2. (1948), 15, appeared originally In’ 
Japanese ; the content’ of this paper was re- 
ported at the regular meeting of the Osaka 
branch. of the Physico-Mathematical Society of 
Japan on April 1, 1943. 
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aot = 1 (2) 


r>o 


This g(r) is: obtainable from X-ray diffraction 
patterns given by liquid. Attempts to calculate 
-g(r) theoretically from the interatomic. potential 
have been made by Wall, Coulson, Rushbrooke, 

$e ‘Lennard-Jones and Corner), 
model of liquid. 
parameters, such as the number of atoms on each 


based on the cage 


In their theories, undetermined 


_ coordination shell, which are adjusted so as to make 


the agreement between theory and experiment as 
good as possible, are introduced. And liquids have 


a. en ee se. ae ee 


-no evidence of long range order characterized by 


the regular successive coordination shells assumed 


ie i 


in the cage model, but only of rapid damped local 
order in the density distribution arround each 
- molecule. ; 

For these reasons, the author\ will discuss from 


‘a different point of view, and will carry out thé 


—s ee we oe a a ee Oe eT 
Se er ae ame “ 


_ numerical calculation of the distribution function 
the interatomic potential, by using Kirk- 

as integral equation, to which the brief des- 

 eription will be given in the next section. 


_ §2. The Derivation of the Integral 
ee Equation due to Kirkwood.” 


~ 


Let us consider the case where the potential 


Se _ energy of the assembly of N atoms’can be written 
as a sum of terms, each depending only on the 
_ distance 27, of two molecules 7 and k: 


N ; t 
Vn=>Virn),  - (3) 
= 
= } where V(r.) is the potential energy of the pair 
of molecules i and & as a function of their distance 
| VYik- This condition would be almost exactly satis- 
¥y fied in gaseous and liquid argon. 
_ As shown in Fowler’s book®)the radial distribu- 
e , tion function g(r) in such an assembly is expressed 


© olrix) = exp(—8 Wet) , (a) 
 exp(—8 Wi#) : 
M55 Sexp(—8Vy)do,do,..-doy_s 

¥ SJ-.-Sexp(—8Vy)do,do,---doy , (b) f (4) 

Woe bee! 1 ae 

4 B =p? (c) 

é = : 


where / is Boltzmann’s constant, T is the absolute 


. Sy ONo 


‘ween zero and unity. 


we obtain 


temperature and dw; is the volume element of atom | 
t. Here the integration in the numerator of (4b) i 
is to be performed with regard to the coordinates — 
of all atoms except i and k, and the integration : 
in the subspace of each atom is extended over a : 
region bounded the volume of the container. It is, ‘ 
however, a tedious task to carry out the integra- 
tions in (4b) exactly, but Kirkwood has shown that, : 
W;k is approximately obtainable as a solution of 
an integral equation. j 

In order to prove this, we will consider a 
hypothetigal assembly whose potential enetgy is 


(5) | 


where 4;, called coupling parameter, varies bet- 


Vy) 2S) Viet avi 
RelFit 


= DV, 
k 


When a value unity is 
assigned to 2, we have a ‘real assembly of N 
atoms. If, on the other hand, a value zero is 
assigned to 4, we have an assembly of N-1 atoms. 


And we define W7*(A;) and Wsjx(A;) by - 


exp (—8 Wik(Ai)) 


33 wSS-- J exp {— BVA) }do, dw,:: dp 9 
SJ.--Sexp {—B8Vn(Ai)}do,da,-. 


* 


exp (—B W3x8(Ai)) 


_ LSS: Sexp {—BVn(Ai)}do,do,---dwy_3 
SJ---S exp {—8VN(Aj)}do,da,---doy_» aS ; 


where the integrations in the numerator of (6) and 
the denominator of (7) are with regard to the 
coordinates of all.atoms except i and &, and in 
denominator of (7) over all but those of i, & and 
s, and W7;*(4;) depends only on the relative coordi- ; 
nates of the atom pair & and i in the absence of 


long range force. We will use the alternative 
notation 


WA) W AL, rin) | (8) 
to clearly designate its dependence on Pik and ai wf 
And we have at once \ 

Wik(1) = ie ) 
Wik) =0, J “jac 


using (6). and (6), where W; is defined in (4b) « 3 7 
Neglecting the small term of. the order of 1IN,. 


BW o(A) dois. | a 0) 


Hie. 


ext 
fk 


If there be one rnore ‘relation hartoee Wik(As) and 
Wins(’s), we obtain “an equation which Wike(A;) has 


) satisfy, eliminating Wirs(ai) from (10). 
es The force: acting at the center of gravity of 
atom & for a fixed configuration of the other 


~ 


f 


| «ia = —reV ne), 


a 


<P> 
ae JeSSe SpuV madexp{— _ BV ap{do,doy- dons 
= = SS: ‘Sexp{— BY wi) dordor: -don—2 


nee <ifferentiation of boris aides of (6) yields 


cP = EW j( Aj) . 


The funetion Wik(As) i is therefore ‘the otic of 
: the. mean force acting at the center of gravity of 
ae atom hk when a is’ held fixed at some point in its 
~ y vicinity- Similarly Winrldi) is the potential of the 


a6 oy Eater of all: atoms except 7, k and s. 


pt 
i ‘Then we will assume superposition in the 


\ 


potentials of mean force 


Wael) = = Welds) + We). - (11) 


he direct action of i and & on s through the terms 
Pact Vi i it ‘cannot. ee Nee ee for their indirect 


integral equation Gi 


E We) = = AV) 


- i ¢ = . 
~ where the notation Ges in @i is s used. 


_ ‘Inean force acting on atom 8, averaged over the 


‘Though the additivity expressed in (11) holds for 


function of liquid argon from Lennard-J 


4 


Ss 3. Numerical Gateulatiant of th 


Since, it is difficult to solve the ne 


integral equation (18), or to find the ¢ 


havior of its eee _ we will introduce a. 7 


atoms a and & reduces to ~- 
: 2 


WA, r) = AV(r), 


tion of a4 into (18) leads to 


- Wd,7) = Saye. 
ee. ME a 


{i— Bahl =AVer 


xfil— exp {—8V(r,)}do. 


ture. 
atomic potential®) oer to (15), b b 


Fehtal aati! 
the assumption (14) is very poor appro 


Thus, it has been co ae ed th 


liquid. a 405 
Here we introduce the assumption of 


dependence on 4 © 


WO, r) = We, ry Ee a ‘ 


\ 
instead of (14). (16) ean be justified in t 
of increasing volume from (14), because 
tends to AV(r)- as the volume increases. 


use of (16), we can considerably ga 9. eek 


me 170 
_ will assume the form 
of f To aha (To. 6 
vo) =o {("2)"-2("3)), 


where * is the value of r for the minimum poten- 
tial and ¢, is the absolute value of the minimum 
' potential. Setting r/7, =x, r,/ro = %, and 72/7, 


"| =a, we can rewrite (13) in the form 


Wax) = AV(z) 


+ 


ae ("an "ar, «ay Vien exp{ —B W(Aya,)} 
Zz so 0 


a \"rexpt—8 WA, «.)}—Ude, , (a7) 
4 leary! 
where 
22Nr,* 
7 alm aaa 
v 
If (16) be utilized, we have at once 
ee 2) = 2V(2) 
Sm Via)\ 
a e\ de gama 
a : a blexpt— ‘BWA, x,)}—Mde « (18) 
, “am 


We have only to calculate W(1, x) for the purpose » 


of computing the distribution function. It should 
i, be possible to determine by numerical calculation 
‘tnx’ _ the self-consistent functions which satisfy (18). 
a When the liquid is one mole in mass, V is the 
, _ molar volume and N is Loschmidt’s number. 


ag 8 emparison with Experiment. 


H and > for argon are 


-% =16.5x10- erg, 1, = 3.895 A, 


i" Pekick have been calculated by Lennard-Jones®) from 
E - the temperature dependence of the: second virial 
"coefficient. 

zs, yt ' The self-consistent solution of (18) has been 
‘ - ealeulated by the trial and error method, the inte- 
; Picriten in each step being carried out numerically. 
oan The calculated curve is shown in Fig. 1 together 
with the experimental ones due to Eisenstein and 
: Gingrich”), and due to Lark-Horovitz and Miller?) 
. _ which are obtained at 90°K. The agreement 
_ between theory ead experiment ‘is sufficient, al- 


2 
a ¥ 
i ae 


' The numerical calculation was carried out for 
ye a ‘mole of liquid argon at 90°K. ' The values of 7, 


1.0 


I 
| 
| 
0:0f—--- 


Fig. 1. Comparison with experiment. 


. though there may be small discrepancies between 


them. Especially, it is remarkable that,the dis- 
tance and the magnitude of the first maximum are 
in quantitative agreement with the experimental 
ones, And it must be emphasized that the adjust- 
able parameters as used in the theories based on 


the cage model of liquid is not utilized in our. 


theory. The small second maxima of the experi- 


mental curves are not obtained from the present 


theory. But more precise interatomic potential is 
necessary for us to discuss these small discrepan- 
cies. 

On the other hand, if the- radial distribntion 
function and hence W(l, r), be ‘known, V(r) is 
obtainable as a solution of (18), which can be re- 


garded as a Fredholm’s integral equation of the — 


second kind. 

The good agreement between theory and ex- 
periment implies that the assumption of linearity 
(16) presented by the author as well as the assump- 


tion of superposition (11) by Kirkwood would be f 


physically valid. 


~The author’s best thanks are due to Prof. > 


Oomori for his helpful discussion. 


Note Added in Translation. 


Recently, Kirkwood and Elizabeth. Monroe 
Boggs have carried out the similar calculation. 


In their theory, the coupling parameter-2 is related 


to certain observed physical properties of the 
liquid and to the diameter of closest approach. 
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§ 1. Introduction. — 
Ma! Be cccctiny. to the theories, initiated by Kuhn 
ss and pana a others), the modnigs of elasti- 


vonsidered beat the eyes of eatistica! 


x 
i 


; : is given DY oft t ee hs 
Beet a 6 o) = BRT, afm 2) 

: 

where ay is the Me distance between the two 


att, of the sample. facta 


If we take o=1, = 300°K, 


= 10 ean, 


ing o 2). In” the latter Cee: take se 


On the Statistical Theory of Rubber-like Elasticity. 


‘By ie SAKAI and Akira ISTHARA. ene 


Faculty of Science, Poke eu ganeee 


Pee hi one: need May 12, 1947, Tbeetved Seok 5, 1947) — We 


the. case of rubber, and is a 


ae the ae, ae of view, iy 
; motion of the aonateationat unite 


some years 5 ago”, according to which the pea tds 


M = 7700 ee to (1), and m = 120 ac- 
as . bs5 


4 ‘i 
y a 


matical unit consists of shone ‘two sop en 
: eee Pb y 


It seems to be natural that the 


which “behaves itself like. a ‘free 
chain. panei thermal motions. 


sees 


of the network will be distributed accordi 2 


of ‘the molecular weight M of the 
in the equation of sarNie like @: 


variation of the distances. 


$2. Mathematical Treatment. 7 


‘essential features of the above knmidevatin ay 


oT ys 
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order to get a simple mathematical formulation. 
A very-long chain is divided into N parts, each of 
which is assumed to contain the same number of 
_ kinematical units for the sake of simplicity. This 
number of kinematical units is denoted by n. Each 


rr aes 
irae 


of these parts corresponds to a chain in the net- 


work. In reality, however, there are some branches 


BL: of chains at each: of the junctures, but we omit 
i the effect of these branches for the sake of simpli- 
~ city too. 

: 27 --Let the é-th chain be represented by the vec- 
4 _ tor x, which is drawn from the terminal point of 
Be the vector representing the preceding chain to the 
e initial point of the vector representing the next 
F _chain- These vectors take various orientations and 


o lengths, the distribution of which in space is deter- 
mined by the principles of statistical mechanics. 


by: : The orintation of x; is Specified by the polar angle 
4 6; and the azimuthal angle @;, the polar axis of 
i of. which is the straight line connecting the two 
bx + ends A and B of the very long chain mentioned at 
a _ the beginning of this article (see Fig. 1). Let N; 


B 


oy 


Fig. 1. 


P Bs the number of those vectors. whose terminal 
is points lie in the elementary region 4V; = a," sin 6; 
i d6:d0;. 
| chains” corresponding to various orientations and 
: i _ lengths be given, the number of configulations of 
Bi 3 this state is proportional to 


Ni NAVINING (8) 


Now each of the chains themselves consists of 
~o'  htimber of kinematical units. 


te This number is 


3 its own orientation. Let the number of those units 


“ "which belong to the i-th chain and have the orien- 
bi ‘ - 


ei, 


If the numbers N,, N,, «:-- y ING, 22+" of.” 


Bicnoted above by n. The kinematical unit has also | 


; ee) 
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tation in the solid angle 40; =sin0;d0;d2; be 
denoted by 2. The polar axis of the polar angle 
6; and the azimuthal angle ¢; is the vector x;. 
Then the number of configuration of the i-th chain 


itself is given by 
nm! H[(Ae;)n<o/ngg'). (4) 
3 


Thus the number of configurations of the very 


long chain is given by 
G=Ntn! rot [4V; 1 (Aa;)ni5 /ng3 "Ne (5) 
a i- r] 


when N;/s and nj/s are specified. According to 
the original idea of Meyer and Ferri*), we have 
only to consider the configurational entropy, as 
long as we are concerned with the stress of rubber- 
like substances. This entropy is given by ‘klogG. 
In the case of thermal equiliblium, the numbers: 


N;/s and n3/s are determined by making logG 


-have the maximum value under the following con- 


ditions : 
Ni — Nf (6) 
a : 
DNijai cos 8; = NI, (7). 
aed r % 
Snuiz = n, (8) ~ 
9 
‘\ ; 
Dani c0s,45 = x, (9) 
7 


where N, Ni, n, x; must be kept constant for the 
variations of N;’s and mij’s. Here Ni is the dis- ~ 
tance between A and B (Fig. 1), and a is the 
length of a kinematical unit. Sed 
Making use of the Stirling's formulae for 
factorials, we get 


Nj = wi exp (Ax; cos 95+ 4): 4V;, (10) 

nig = EXp(A; C08 5 +4))- dan; (11) 
where 

Wi = n” exp(—Aja4/a—ajn), , (12) ; 


and 4,\ 4, 2;, a; are constants. 
, f 


From (8) and (9),.. 
we get : ; ' 


wi/(na) = coth As—1/2;, Ke 
exp a; = ndj/sinh Aj. ~ (iS\eae 


Thus (10) can be written in the form ' : 
Ni = nn exP(—Aetila—ain-+ A008 8+ 1) Ave 


may 


i ’ = 
NA! & Vila E 


. \N. 43 sin 0;dO;d0; ae 


“= Are nfery? sinh Ande), (15) 3 fa) = C % olan) De = 
Taye : F / Dy ole Oi) ain ee 


= Se) = 4e|(an)—log(sinh ala). (16) been used by muha and others?). They ¢ ai 
from the consideration c of random ae 


sen ng the chains, age total umber ) N of apa! 


— 


i ae S — sinh Alida. (17). 
Neen" *, os 
From ©), Gy and 14), 3 we get also the relation ay ie oe. 


a oN 
sy NI = m init f | 08 | 
A Let J, be the average original leng 
eg ff i> Man, i. e. the average length 1 of the representing the chain, and Fits 
—) vectors is small compared to the Jength an of the ~ specified! by the polar coordinates | 6, 2: 
‘ “chain, we can expand sinh duel Az) i in the integrand polar axis is in the direction of stret 
of (17) in a series of powers of Ax. This will 8 stretched state the above length be 20 
p ecortained from the result which will be obtained _ >. Now we assume that the volum 


In this case we come to’ stanee does not change when str 


s/t = log ne ie 


substantially — explained from. the | 
. vacant regions produced by stretching 


£8 is ms na : 
rm a oh — dt woth Gif 0, zi as will be filled up by molecules belonging 
"DUG sa a lee ae ies Petes | chains which are in less str ined 
Now, the above condition for the possibility of : : . 

cause the chains have always: the ne 


iit 


_ expansion. means also that 1 & x/(an), and hence 4 


is also small as can. be seen from uae In fact , 


2 “ 3 closest eee If we dcnbie oe 
: a= Balan) + Often : the terminal point of the yore i 


9 ae ae ne 


Be: eee exe leas \ 

a, 1 ee 

zh: einen so) . s= os ‘sesin 0,d9 9.40). 
: arena iced ae ; 0 


A if s 


s pee ehain is given by 


x 


“, * 


‘ of's by (23). Let the number of chains per unit 


‘ 


unit volume becomes 


es v/2 g 
Ysa —Tvs= —1\" s-sin 9,d9,, 
' 0 


where the internal energy has been omitted. Thus 
the tension ¢ is given by 


ae OO aA bec 
o= gp = REY” Past SA al sane sin 0,d9, . 
Bedi (24) 
om (6), (7) and (10), we get the identity 
OA On 
Gata = 0 (25) 


: acalaed fs +0(%) 


$4. Discussions. 


jw Although we have taken into account the 


volume be denoted by v, then the free energy per 


. ie rine 
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equation (6). Therefore, we can well imagine that 
the junctures are fixed in ‘space and that the chains 
have the same average distance between their two 
ends. Also we see that the branching of chains at _ 
the junctures will have no effect. 

(ii) We have purposely given no explicit’ ex: 
pression for the terms of the order m/M in the _ 


equation (26). The reason is that these terms come _ 


from those of the order 1/n in the equation (20), 4 
while we have already neglected the terms of this 
order when we applied the Stirling’s formulae for 
factorials. | 
(iii) The terms containing the factor 94,7/25 
in (26) is small, so that we can write (26) in ‘the 
form 
RT 2," 1 
a ED) ee 
where the factor 7—1/7? comes from the fact that 
the volume does not change when stretched. This’ 
can be seen from the process by which we have - 
obtained the equation (28) for U. 
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An Electron Diffraction Study OE acdie Films 
Formed on Aluminium.” | be 


By Susumu YOSHIDA. 
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“The erystal structure of anodic films ent _ form of 7-Al, 203 by Verwey”) in the exy 
on aluminium i is not. well known i in spite of several Burgers’ result. on anodic film. | 
_ investigations hitherto made by X-ray and electron - ‘change into the patterns of T- ALO; 
a diffraction. This is perhaps because the diffraction and agree with (220) and (440) rings 
patterns are sometimes confused by impurities or. accordance. with Belwe’ 5°) results, and | 
unstable: intermediate products, or they are very a2 the third halo with (660) or 7-Al,0; 
‘it may be considered that ithe ee 


faint owing to the small thickness. and minute 
grain size of the film. To make these clear, the 
i) sathor carried out. the present investigation by 


- electron diffraction using transmission and reflec- 


ion. methods. . we mune wee 
@ Diffuse haloes. . 

s - Films anodized in.8 4 oxalic acid soldtion gave 

a three diffuse haloes in ‘both transmission and re- 

ti * flection occur The specimens for trans- 


30) parent Aine, free from the anodized ainsohanny 

s - foils. by dissolving away the base aluminium in 
rae i dilute hydrochloric acid. Those for reflection were 
_ thickly anodized aluminium plates of 1mm thick- 
: 4 ness” the surface of which | were etched with 40 % 
_ hydrofluoric acid ; ‘those only cleaned up and not 
. etched, gave ‘no clear diffraction patterns. The. 
a demperature of anodizing bath was 20~30°C, voltage 
a applied ranges , from 5V to 50V D.C., and the 
Am was finished in 2~10 seconds for trans- 


“mission specimens and in 1~4 hours for reflection 
As these haloes do not seem to be due when heated. Patterns due to Mae r 


if 
“ 
ee 
Ne 


atten which changed to the patiemns of 7 


9 pepcrpene 


: case of reflection specimens, it is gensideres re | 
ey “the films opel of substance. arene these haloes. 


rington. 5). Patterns from some of various Rea 
‘They ¢ agree neither with ae rings of nium hydroxides, which Biltz pad: ‘others®) s udie ie 
j th those of 7!-AL,0; , W. which by _-‘X-rays, agree also with these. (Fig. ml i 
‘imperfect, and modified. _ suggested by Verwey in the case of T-Al, Ky, 


te Noboru TsuYa. oom 


‘may also be supposed that many hydrates of Al,O; 
of various degree of atomic arrangement exist in 
the process of formation. This is admitted also 

by Biltz’s investigation. 
Harrington 

(Electron) 


It is perhaps due to the_ 


(Vol. 8 

fact that the results of the author and Harrington 
; * . 

and Biltz agree in general but differ in some 

details. 


a z 
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(4) The crystal structure of béhmite is not yet 


Tt is Vupually assumed!) that a ferromagnetic 
Beraterial consists of. domains of microscopic size, 
in each of which the electronic spins are lined up 
to give a spontaneous magnetization. It is also 
: found experimentally that there are two types of 
_ boundaries (magnetic wall) in magnetic domains, 
» < “namely 180°-wall and 90°-wall; in the case of the 
2 ei _ former, the directions of spontaneous magnetiza-. 
A Eton of both sides of the boundary. are, oriented 
‘a “oppositely with respect to each other, and in the 
eee ease of the latter, those directions differ by 90°. 
a “The structure and the behaviour of the former 
7 have already been investigated quantum-mechani- 
vena by Bloch*), while the discussions concerning” 
; _ the latter are, so far as we know, not yet worked 
p ; es quantum: mechanically. The present short note 


a 
/ 


Be 


known. A molecular formula, 7-Al,0;-H,0 is © ; 
Obs. result given to it, for it becomes 7-Al,O; when dehy- 
i drated. | 
ee 05 70 (5) R.A. Harrington: H. R. Nelson; Trans. 
| Aa in A’ ‘ 5 Amer. Inst. Min. Met. Eng. 137 (1940) 62. 

Fig. 1. (6) W. Biltz; G.A. Lehrer and K. Meisel: Z f. 
Apc. Diffraction from “‘ Béhmite ” ~  anorg> Chem. 172 (1925) 292. 
On the Structure of “ 90°-Magnetic Wall” in the 
ee ; Ferromagnetic Crystal. | i 

3 By Noboru aS Xs al 
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‘ Pe care Institute for Tron, Steel.and Other Metals, Tohoku University, " 
i Sendai, Japan. 
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gives the results of an investigation for the pur- 
pose of making clear the above mentioned struc- 
ture of the 90°-wall. 

Now for simplicity, we shall confine’ourselves 
only to the case in which there are two groups of. 
electrons whose directions of spin are exactly per- 
pendicular to each other. Using the usual spin 
functions « and 4) with z axis as spin axis, the 
state of the spin, the direction of which orients 
itself to the direction of the e-axis (which we 
denote by 2-spin), is represented by 2 Afa(o)+ 

B(c)|=2(0)), where o is a spin variable. Then the 
wave function of the whole crystal, oe ee 
spins on the lattice points m,, m:, 73, -+++, mz, and 
2-Spins on the remaining points, can be written pe 
the following determinantal form : 1 


or sp n-orbit Vnberetigne wh ch 
internal stress (magnetostriction), ¢ 


or dema, etizin force ‘ete. Of Co rs 
the electrons tea Bp is is 1 syhen Pis a 2 
Ghse the energy | for its occurence I 


a permutation and otherwise 1. Then the 


eneral wave function of the system is given by 


linear form, i 
1 


x oe = x b(n, Ne » eae bats nyO(ny , gy ets 25 1) (2) 


Rar Ny f = 


hose erenciente shall be determined by diagona- 


substituting 1 with 3 and a4 oFe + W ; 
ah 
ae /2 Siro Dore, % 
sees, Me) = CTHyb(by, M2, +7744 Re) (8) | 


x : then this velocity being of thé same 
here J is the usual exchange integral and ¢« the 


= : E the 180°-walls. ie. hws 
_ Operating the inverse matrix _ ’ es 
Rais = pate V Gg obd. te 


; Springer (1939). 

(2) F. Bloch: ZS. f. Phys., .74 

CS )yV Re bono Me W. eae loc. 

(4) -¢n72(¢) = 

(5) F.-Bloch: ioe cit. : 

(6) T. Katayama : Shortly to be p 
this Journal. f “Oya 


_ 
Mes es 


By Shizuo Mivake and eae i 


_ Kobayashi Institute of -Phyricl nea Kobubungs Tokyo, Japan. 


“a Received cared 19, ie) 


interval of about 10°C below the Curie point. 
i the » purpose to examine hice: more cl 


measurements on the same sample as the one we 
used before. 
(1) . Dilatometer measurements. 
The dilatometer used here consisted of a glass 
capillary stem anda glass bulb. A powder sample 
of ca. 1.8 gr was inserted into ‘the bulb, and the 
- dilatometer was filled with paraffin oil whose 
meniscus in the capillary was read by using a 
 eathetometer. 


Fig. l:shows the volume vs. temperature curve 


Volume changes in 10° “ee 


he _ corresponds to the volume of the rns plus a con- 
- stant. The volume of the sample increases linearly 
until 99°C., From this temperature the curve almost 
a = stops to increase for an interval of about 10°C, 


. but again it begins to ascend steeply at 110°C. . 


Von are. and his co- Ae oel have ayaee a 


Vou Hippel and others also reported the ex- 
if ‘istence of another anomaly in dielectric constant 
by, -and thermal expansion at about 10° C, but we could 
* not observe any corresponding singularity at this 
ie “temperature in our dilatometer measurements. 

A (2) X-ray measurements. 

We next made the study on the change of the 
mn e structure of the Debye line of (510)(481)-reflec- 
Mery tion in the transitional temperature range, using 
f iy CuK. radiation. The intensity distribution of the 
_ lines was measured by using a microphotometer. 
a _ At 110°C, we can see two main peaks which 


Shizuo MryAKE and Ryuzo UEDA. 


are » clearly corresponding to the Ka, and Ka, lines — 


of (510)(431)-reflection of the cubic lattice. 


broaden slightly and the broadening reaches its 


(Nol. 3 


As | 


the temperature is lowered, the lines begin to 


maximum at 102°C. At 98°C they begin to recover ~ 


the sharpness again, but a small hump appears 


outside the main. peak lines. Lowering the tem- — 


perature about 12°C, namely at about 86°C, the 
main lines become sharper and the small hump 
splits into three peaks, which correspond to the 
reflections from the tetragonal lattice. The varia- 


tion in the intensity distribution of the lines as 


here observed may be explained in the following 


manner: Each crystallite of the powder sample 
is considered as being a small single crystal of a 
perfect cubic lattice of the perovskite type above 
the Curie point. 


the Curie point, each crystallite will begin to 


split out into many domains, each of which is con- 


Passing the temperature down 


sidered to be of a tetragonal lattice, having a | 


spontaneous electric polarization along c-axis. 
Such a’domain structure may alternatively described 
as a twinned structure, whose existence has re- 
cently been confirmed by Kay and Rhodes on 
the barium titanate single crystal in their beauti- 
ful work. The small size of these domains and 
the lattice distortion will make the Debye lines 
diffuse as actually observed. Below the transi- 
tional temperature range, each domain gradually 
grows up into a larger tetragonal crystallite and, 
as the result, Debye lines in the multiplet will 


‘become sharper again. 


Lattice constant a which is calculated on the 


4.00 


| 
- 
| 


Education. 


‘ina in n the transition. This result ei to differ 
. For, a according to our observation, the ‘) References. pee 
change ‘of: the lattice constant at the Curie point (1) S. Miyake and R. Ueda: Jour. Phys. 


‘accompanies no discontinuity, though its variation, © / Japan., 1, (1946), 32. 
j (2) 8S. Miyake and R..Ueda: 


in 1 the transitional region is rather rapid. Also, we . 


ave no evidence for the coexistence of the two > Chesley “and’ Laszlo Tisd: 
hases in any temperature range near the Curie 88, (1946), 1097. °° A= 


t so far as our powder sample is concerned. (4) H. ¥, Kay and R. G. Rhodes: 
(1947),’.126. ; 

ne M. G. Harwood, P. Popper and D. F, ‘Ra 
man: ibid., 160 (1947), 58. 


The more detailed results will be reported 


1 


§1. 


It seems that there exist two features in the 


Introduction. 


melting of paraffin homologues such as normal 
paraffin and those whose terminal groups are sub- 


stituted by carboxy! groups, ester groups or keton 


' groups etc. Firstly, their melting points as a fun- 


ction of their degree of polymerization is raised at 


. first linearly with the number of their carbon atoms, 


then tend to saturation gradually, and finally con- 
verge to about 400°K as in Fig. 1. Secondly, these 


x 300 
= 
7) ; 
a. n-paraffins 
2 n-a-olefins~ 
s n-pri-atcahols 
= N-pri-manobasic acids 


. substituted matlonic acids 
a-w-hydroxy acids 


a-w-dibasic acids 


Number of Carbon Atoms 


Melting points of paraffin 
homologue series. 


Fig. 1. 


: polymers show so called ‘‘premelting’”’@), and there- 
by their specific heats@4) or thermal expansion 
- coefficients(®) show a sharp d-typ peak. To a 
certain degree this is affected (especially in the 
case of crystal state) by impurities(®-5), as has been 
considered by® some authors). But, Becoming to 


ar de \ 
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Let the number of the former be Nw and that of the 


the systematic measurements of Ubbelohde(?), vans a 
Hook and L. Silber(4) and others(6") this is also” pat 
the feature of pure substances. Accordingly we = 
must explain these two facts if we wish to treat 


the melting of these homologues. Two authors sal 
already tried to treat the former feature theoreti- mt . 
cally, but it seems not complete as yet. In this a 
paper we treat these problems by using statistical ‘ 


mechanics. 


$2 2 Theory. | 


Sree state and the other in the liquid state, eae 


> 
pee 


latter N(1—2) (.N is the total number of molecules), 
fe and f; the partition function of each molecule, | par 
and ¢- and ~ the potential energy (measured from 
the gas state) of the molecules in the crystalline 3 
and liquid state respectively. Then the free energy 


¢% of the system is given by: 


Nx¢e ° 
Pas se PNG 
exp(—¢/kT) =f; exp ( kT ) 


2 / NA —=x)e1 _N! RE 
N(i-2) eS peta EEE a 
< {NO exp (ip ara Na—2)!" a) 


We assume here that the potential energies are 


proportional to the degree of order « 


2 ¢ , Boa) 
ce = ce ? Le 2 : 


disorder theory of alloys, and represents that el 


ay es 


melting is a cooperative phenomena. 


From equation (1) we get: 1 


b= NEP {a log e+ (1—a)log(1— te) 


ast Bay eo ee 
sy > on logit ; No 
where 
Be toe! 4 
oglt 3 (4) | 


- from the conditions that : 


1 
= ae ? — = —— — 0 . 
aah 8 poe ie 
_ om 
‘jp oes Re <tF (5) 
SeerulkT + fyeb-a) /kT 
“+P = 4kT, , / (6) 


“—B = 2kT,F, , 


Fat T=T,. 
ag 
are obvious. 


The meaning of these equations 
Tt is to be noted that in this case not 
y. the difference of potential energies of two 
tes ] but also the vibrational energies participate 
in the transition. 

- Relation, to the case of Bragg-Williams can be 
‘s obiaibet as. Sfolaws: WA atid 


= 2x—1, (8) 
d rewriting equation \5) we get 
Uit Dds 
eras) « 


y= mb A y- 


a (10) 


—r getgo—a)} 


where ‘means the derivative with respect to the 
temperature. From this equation the specific heat 


(11) 


a C= pele) * (1—z) (ra) 


“(Hi) sr}. a 


‘The equilibrium value of # at any temperature, 
and the melting point itself can_be determined. 


Akira gh 


‘ 


“ 


\ where w- and w are the internal energy of the 


‘in the case of ordinary simple substances, but in the 


‘polymers it is considered to be larger since in this — 


The | anime of the first and ches second aes is « | 
obvious. The third and the fourth Ath represent _ 
‘ie energy necessary to raise crystalline molecules 
to the liquid state. These abnormal part of specific, 
heat can be written as follows: 

dx ey 


aT (18) 


Cap = N{(ax—uz)—(81—2)—w)} (= 


molecule of each state. The meaning of this equa- 
tion is also clear. 

If we expand F' in a series of powers of rT 
T,), assuming it varies continuously with tem- 


perature, we can obtain: 


where 


< 


(15) 


re fleaneol GB) a9 | 
The first term of equation (14) is an even function, - ; 
whereas the second term is an odd function; there ; 
must be a sharpe peak of 4-type. These asymmetry i 
terms come from the second term on the right 
side of equation (9). The melting range (T—T,)/T, 
at some constant value of Cap or Z is proportional 
to (F, + 7, Fy’), 
change of entropy at the melting point. The in- 


and the latter represents the 


crease in entropy at melting is the order of 2E.U. 


case there i is a change in internal configurations. 
Accordingly, these polymers. reveal comparatively 
wide melting range. 
Now let us consider the molecules composed of - 
m carbon atoms. These molecules have 3 (3n+2) 
degrees of freedom. 6 of these represent the 
motion of a molecule as a whole and we take for 
convenience Einstein model for these degrees of 
freedom and designate their characteristic tem- 
perature by 9. Among the remaining freedoms, 
the most, important are those corresponding to | 
3n—6 skeletal vibrations. For these freedoms, we 
also take Einstein model, and designate their i 
characteristic temperature by 0. On. the other — mS 
hand, the liquid molecule must be composed of a e. 
‘‘seoment”’ as is mientioned i in hes investigations, : 


For example, the ee of Raman 
a ie fe? 


18) fe ve 


- If we put 


‘second approximation in (18). 


* 


performed by Simanouti and Mizushima‘) show 


7 that the elongated molecules in the form of saw- 


‘teeth which contain more than 12 carbon atoms 


Accord- 
ingly, we consider that each liquid molecule is 


do not seem to exist in the liquid state. 
separated into y-segments. Let us take Einstein 
model for the liquid state and designate the chara- 
teeristic temperature of the segment as a whole 
by 9’, and that of the internal degrees of freedom 


of a segment by 0’. Then 
1 1 
Je= qa e-O/ty ae WT B(n-2) (16) 
is 1 S 1 nit 
Jt se Cerca (1L—e- 91 /T)B(2—2) } a (17) 


‘When the temperature is high enough, 
EE ie MN a 
= logy => 6 log +3 (log gr + 710867)” - (18) 


‘On the other hand the binding’ energy of these 
polymers is van der Waals’ interaction energy 
and it has an additive character. 

Accordingly, we can put 


a=.a+bn, (19) 


~where b represent§ the potential energy difference 
per:CH, group between crystalline and liquid state, 
cand a represents the contribution to this from the 
.end groups. Then from equation (6) and (77), 


a = kTW(2+F)). (20) 
aie. 
(21) 
d= 8k(log5 + ? ogg: 


e 


‘then, the melting point is expressed as follows: 


(22) 


6 


T) = 


“This is precisely the equation deduced experimental- 


ly by Garner and others®). It can be easily shown 


that this expression is also valid when we take the 
When » becomes 


darge enough, 


sate (23) 


-~ ‘The’ terms on the right side depend upon internal ~ 
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ree 


vibrational freedom of molecules in the state of _ 
solid, the potential energy per CH, group and E 
the state of a segment, and does not include 
the terms characterizing the molecule as a whole. — 
Therefore, T.. represents the asymptotie melting 


temperature characteristic of homologues when 


i< 


their degree of polymerization becomes large. eke 

From equation (22), if we put tg 

hee 

n=“, pat, eb 

b d es 

we obtain : a) 7 
1 1 ee 

Saas a (+8) . (25), 4 
( Lo —1 PoP ec 

\ Sb ) : ‘s 

a 


This relation is shown in Fig. 2, taking Tee a as 
415°K. 


16. 208.30. 40. Sts me er B 
: number of carbon utoms 4 
Fig. 2. Relation between the melting points <a 
T, and the number of carbon atoms. ame 
x 
From equation (23) ; 
: \ 
2 of ps 
b= (108 Fy +7 logge) ng 


=1.0x10-8erg. | 


This value -is: of the same order as: the lattice ) 
energy per CH, of normal paraffin calculated by ; 
Miiller (1.8x10-erg) and the same value was 
deduced from sublimation heat by Ubbelohde®). As 


nti aes ener Morgen etic init w 


Rae 
‘y 


_ "Akira TotHana.. Zeoote BARS eae Sf 2 
4 ‘ i : 7 , £ 
‘each homolougues. This is shown’ in Fig. 40). 
‘The specific heats of crystalline and ligqui 7 


state can be obtained bait equation (16) and (17), 


_ we cansee from Eahodon (25), the prdie the slope 


at the straight line of Fig. 2 and the higher its 
t tersect, on the ordinate axis, the smaller the effect 


iB end groups. From the figure we can obtain Cornyn = 8 R{ 2fe(e ce ~2) f(a yt, ; 
the ratio ab: ; , 
bf ‘ 

ay ’ normal paraffin a = 6.66 b, Chiq = 8R ™ (9¢0(% 7) +0 ayre(% yy, 


“ee even acid — = 4.546, | 

odd acid Be, ‘= 4.146. P | 
j ‘is, the end effect is largest in the case of mately felp)=l fel 7) =o: 5, and therefore : 
the curve of the specific heat of crystalline state — 


where fx represents Haney function. Approxi- 


: groups seems smaller than that of COOH groups vs. carbon atoms must be a straight line passing 


d therefore the above result seems queer. But ~ about 6cal. at n =0. This is shown in Fig. 502). 


: Ag shown in gules g(t) the spacing of C axis of 


cal/deg mole 


‘y number of C atoms 


Fig. 5. Relation between the specific 
heats of solid normal paraffins — 
their carbon atoms. 


30 40, 
Bei half the c spacings. 


50 A 


‘The C spacings of a number of related 
: long chain hydrocarbon compounds. 


t iehteony ehaige of igrhans' is derived from 


cal/deg mole 


7) 
‘number of C atoms 


Oe AW. ie ae 4 28 
Number ‘of C atoms 


35. 
Fig. 6. Relations between ne specific 


: Gh 4. Entropies of fusion vs. 

- number of carbon atoms ; ? thelr biti "ston ae siet win! ond i 
at 2 Toe vertical crystal form. ‘i . é: 
As 8.. . tilted crystal form. And the curve of the specific heat of lig 2 


eer a ( 
! sonido 4s tae against the number of carbon must be a straight line passing a a 
must be a straight line and be parallel for This is shown i in. ae 6132), 


a yt : “ . r : , 
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| experimental value 
for Octadecane | 


xxx the same for Hexadecane 
by Ubbelohde (ct. ref (2)) 


Se 
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‘ 
From these graphs, we find approximately 


~ that © = 100, 0 = 25), 0’ = 126, 6’ = 240 andr = 5. 
Using these figures we calculated the specific heat 
near the melting point of hexadecane and octade- 
_ cane, and is illustrated in Fig. 7. As these values 
a _ are somewhat arbitrary and we did not fit the 
theretical curve to the experimental curve so 
rigorously, , coincidence is not so good parti- 
~  eularly in the range of liquid state. But it may 
: be noted that the specific heat increases conside- 
ably steeper than in the theory of Bragg- 
Williams (in this case the peak is only the order 
of several calories per mole), and secondly the 
melting range of hexadecane is somewhat smaller 
than that of octadecane in the theoretical curve. 

In the above considerations we have confined 
ourselves to the melting of paraffin homologues 
only, but the saturation phenomena as in Fig. 1 has 
been observed in the boiling points of paraffin 
homologues, too, and in the second order transition 
of polystyrene”), and in the freezing points of 
polyisobutyrene and rubber’), and these treatments 
and concepts seem to be adaptable to these cases. 
In conclusion, I wish to express my hearty 
thanks to Professor T. Sakai for his kind guidance 
and also T. Simanouti for his valuable informations 


on the preeenst subject. 
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28 Ls Introduction. 
‘sa To measure the difference of contact poten- 
at tials is is one of the important methods of determin- 
; When V,, is the difference of 
ata ct potentials and ¢, and ¢, are the work fun- 


s of two metals, the following relation holds ; 


fe . work function. 


Oy Vie= —(¢1— $2) (1) 


potentials is to méasure directly by an electro- 
me e er. This is the most important method, by 
means of which ‘several accurate data have been 

already obtained, but in the present paper it will 
I be considered. The second method is to make 
% ee of the thermionic emission current from 
the. cathode. Thermo-electrons emitted from the 
ca Beitiode have the initial velocity corresponding to 
1 cathode 1 temperature whose distribution obeys 
E Bet Ditae’ s law. Thus the small amount of 
tron current flows into the anode even when 
anode potential is slightly negative and it is 
r presented in the form 


F t 
a ree (-<7.) V <0, (2) 4 
eis is the saturation current and V. the nega- 
ve potential of the anode. For V>0, all the 
trons: emitted from the cathode should flow into 
4% anode, and from the theoretical viewpoint, gives 
he definite saturation current corresponding to the 
de temperature. Accordingly, if there is no 
. ‘erence of contact potentials between the cathode 
2 d the anode, the “‘ Anlaufstrom’’ approaches the 


ruration current at null anode pobengie: but, if 


oe nk poles on the current-voltage curves are ex- 


_Pected to Ware to negative or positive side accord- 


: ‘ { 
‘ } : 
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ing to whether the difference of contact potentials _ 
is positive or negative. ‘ 

Thus from the sign and the amount of the 
displacement of the kink point we are able to 
determine'th2 sign and value of the difference of 
contact potentials. Such method to measure the 
difference of contact petentials may well be called — 
‘initial velocity method’’ in the following. 

When all surfaces of both the cathode and 
the anode have uniform work functions, the differ- 


ence of contact potentials determined from the 


- above mentioned method and thus the value of - 


the work function should coincide with the real 
value, but when there co-exist the regions of differ- _ 
ent work functions both surfaces of the cathode — 
and the anode, as in a polycrystalline metal, the — 
experimental value will be an average one in a. 
sence. Is there any'correlation between the work 
function determined by the initial velocily method — 
¢x* and the one obtained from the Richardson line 
method ¢,*? To make clear such questions is the 
main object of the present paper. 
$2. Correlation between gi and gw 
In almost all experiments, polycrystalline me- 
tals have been used for the cathode and the anode, 
on both surfaces of which the work functions are 
not uniform. In such a case the saturation current. 
cannot be represented simply by 


ts = AT" exp (—7) mer. 


as pointed out in the previous paper'l), while the _ 


‘* Anlaufstrom”’ will be expressed by (2), although 
anode potential V differs from the value obtained _ 
ina i jacmnte with union work function, Tos avoid 


a single work function in ‘the following chlenibeluad Ss 


In the case of the plane electrodes, the An- 
laufstrom is given by (2), Dei Vv is tere 


earettee oe siaihespgillvi ween nme 


ee ore Artapnienaieesicsin net trae out 


> 


a pay 


A seas hy, 


Wie 


= effective ret Ie V is the potential sup- 


| at?a—?c- ~ (4) 


- Now dividing the cathode surface into the do- 
2 mains of small area with uniform work functions, 
_ the emission current from such a divided area is 
g BD iicca by 


: i Z 

TES Ais 2 SLAY po LA 3 ae. * 
Ai, is; exp | iTS Vat e)} (5) 
fe When o, is the area of one of such divided por- 


as: tions and ¢, its work function, 4is, is represented 


! 


Mins = on AT? exp (Far) 6) 


‘rT 


By Substituting (6) into (5), and summing up all over 
| the cathode surface, the totul Anlaufstrom is re- 


presented by | 


Be \ 

a a, ca Dh Ai, 

<a oh 

ae <a ; j ' 
ize = AT? exp {_£ Fee pi Vat: )} - Dhoni, (7) 

ss . 
2 while the total emission current ten the cathode 


| is given by 


~ 


te= Din = ATH, exp (—Fn) © 


. AS. the relation i= 7%; is satisfied for the case of 
the difference of contact potentials being zero, we 


- obtain 


ol . SS G5) 

aa tev 1d tice! 2 i 
: : Va-—Pa = Sr log ¥ a ral L (9) 
i: ae ey = Oy, EXP (—ar) 
2 - , i On kT 


As shown in the pievion: Papers the following re- 


2 A etn Roldss 


Ve ae a ee 
: y4 a 4 
ince Po, = a— Vn at Liven 0, 4. €.,°4 = 4s refers to 


i verage value determined oy the initial 


75 Pel i 7 é oN 


Meena e ee oe! ap =) ee ‘f te 


Thermionic os of the Polyerystalline “Metal (1). 


* velocity method, ¢ will be denoted by vee and 
then the following relation is obtained. 


Set ene T sere ed 
of —¢F = é - log - ae , (11) 
As pointed out in the previous paper(), A* is” in ye ; 
genera] smaller than A for the cathode with et 
work functions, ¢;* is always larger than 9;*. 
Since g;* and A* in (11) is given as functions 


of ¢: d 
gre. 
= yn Pn, Le Yn) ax en Vs F * 
Brent f ( ae ae 
Se 
and - 
log = log St pn exp(—~ Saat t 
Par Dn (Gn +Ts 2 exp (—<e ; } 
a flo EEL gy 
Sars exp ( — “re a | 3 p 


as shown in the / previous paper, g,* in ay is 


represented in the simple form _ a 


AP tog { = ies exp/ - reais oe 


Cn = 
teperature as well as ¢,,. 
‘Especially when » = 2, and further, 
i as CY, \ as 
i= pexp(—T) > p)exp(—i) = te 
oy becomes 


ME ioth i 
Cn LN ae: pace! : ; (15) ‘ 


On the contrary, if 2 <@, ; w 
This show 


that, when almost all emission current. ica me 


¢* differs from ¢;*. 


have 9;* = ¢,, 9,* coinciding with ¢,*. 


the portions . yen. higher work function. 


$3. Naiertodl Data. bac) 7 

As an illustration, the case where . there are * 
only two different work functions ¢, = 3. Oi e-coas 
and ¢, = 4.0 e. v., will be treated in this para- , 


aN ‘ 
Re 


: een y;* and T is shown with p parameter. 


ire. 


small “when p is large and it is almost constant 


Poh n z is Bice. small. Only when Bs is of 


Lay, Le 
yi TX IOC PK) 


“ say eh Fig. 1. N 


’ Ly 5 
é oh ( 


tg} rt, \ 


"Tetsuya igidiats ie dete tee rk 


a using, + the formula (15). In Fig. 1 the relation e 


general the variation of ¢,* is comparatively. 


fh ; 
La eivonenet sage 


o3 


LO Le | 
Rigi 2° Full lines show ox and dotted lines o*. Rie 


i | , ‘ / : vas rh ee 


putstnre: the calsaba the ‘slope of. the curves. Th 
other words, ¢:* varies from % to g in the. slight 
change of p. According. to the initial velocity 
method, therefore, the more accurate value of” 
the difference of contact potentials will be obtained s as 


when the measurement will be carried out at the 


lower temperature. 
The formula (15) will be written as 


( 


oe = 


log A— los a =) (15’) 


which is actually the same as the one to deter-_ 
mine the work function by means of the Richard- | 
son. line method. In the latter, 9* and A* are 
determined from the inclination of the experi- 
mental curve, while in the former ¢*, is calculated ” 
under the assumption that A is constant. i 


§ 4. Comparison with Experiments. 
In the cases of pure metals, especially tungsten, 
many results on the thermionic constants have been > 
obtained by the Richardson line method, but few 
by the initial velocity method, and thus it is rather 
difficult to compare in detail the theory with ex- 
In Table I, there are shown work 


‘periments. © 


‘ functions of tungsten and tantalum, experimentally. : i 
determined by the Richardson line method and 


- 


ae DD 


of 


‘ a i ys! vty aphs < 
~ Nereea ey Pore nl 


Thermionic ¢ Constants ie the Potyerystaline Metol . Ae pO ERO esa 


hs ee S, 
> 45> 


were used for the thermionic constants oe each — 


aa is, in principle, similar ne tnd are siete crystal surface, except for the Richardson constant. f fe 
ethod, modified to some extent. . As discussed in detail in the previous paper, the a) ‘3 
The work functions of these two metals, theoretical value, 120A/em’-deg’ was assumed for. ae 
es obtained by the initial veiocity method, are larger ‘that of each crystal surface, instead of the experi. ee 


. than those by the Richardson line method as ex- mental one. Under such assumption, ¢* = 4. 44 i 
e.v. and ¢* = 4.48 e. v. at 1700° K is obtained, 


et 
‘ _ Peeted from the present theory. ; 


a ie / : Table: 1. 


c a 4 Tungsten Tantalum 
a - (intel tcp ya belt 
a Observer ; | Work function (e.v.):| Observer Work functions. 
—_L. Langmuir) 4.5, A.B. Cardwell) 4.10. 
ia  L, Langmuir) 4.27 SMA Sia rd Mec s 
ee K. K, Smith® ; 4.48 A. B. Cardwell) AAG Fee 
ia C. Davisson & L. H. Germer‘?) 4.55 © pees. 
oe: S. Dushmann & others) 4.53 pe ne ie js re 
3 ‘H. J. Spanner®) 43 ; oN aes 
C. Zwikker®) 4.50 ital of . pee 
_C. Zwikker() 1.58 , Pe 
_A. H. Warner®) 4.25 : in a 
M.C. Johnson & F. A. Vick) 4.55 feats 
_-H.B. Waldin & L. V. Whitney( 4.63 sak aimed 
| W.B. Nottingham) 4.73 ha eae 
H.C. Rentschler & others‘ 4.60 | Be 
© A.W. Warner( : 4.54 Val ae 
ee “Average ig ae Average | 4.12 aK 
y -§. Sano & K. Kogatt0) 4.67 S.Sano & K. Koga(l0) 4.24 aa é ' 
ee If the thermionie constants of all crystal sur-' which are smaller than the corresponding values ie 
ae faces and moreover the ratio of each of these in Table 1. The discrepancy will be. caused for a 
s various reasons, one of which is presumably the Me | 


ea surfaces to the total cathode surface area are 
known, the average themionic. constants will be inaccuracy of the thermionic constants of each 


= ne 3 
, Up to the present, crystal surface of the single erystal. But the ) 


~~ ealeulated by (12), (13) and (14): 
~» however, the accurate knowledge on these quanti- ‘relation ¢;* > ve holds, as expected from th te 


Only in the case theory. ' wi 
Finally the calculation of ¢;* of pure tungsten” 
from (15’) by making use of experimental © values 
of temperature 7 and total emission current is 
was carried out. In Table II, experimental values 
of emissions, ¢;* calculated from (15’) and g:* are ve 
shown. As seen in the table, the work fancupand 
calculated from ‘the initial velocity method, is 
always larger than that from the Richarcson ines 


ties is very poor for all metals. 
of tungsten, the thermionic constants of some of 
_the erystal surfaces have been measured accurately, 
but. the frequency of appearace of these crystal 
surface on the polyerstalline wire is quite unknown, 

so that under the assumption that the crystal 
surfaces, whose thermionic constants have been 
known, have the equal probability to appear on 
: the polyerystalline surface, the work function ¢* 


and on was calalated, in which Nichols’) data method. ‘The average value of g* is 4. 51 e. Vv. 


ad w "t el eS . re . ; 
ETON 2d --* Tetsuya ARIZUMI. ~ caehi® a 2 * 
oo: $4 Xs uh ‘yt oy" f La x" a =e ro 
ay , : \ Ss ese. é f ; Rae ih 
me. ti - Table II.» ; age “ : Thre 
. - 7 my S 
Si ; Tem. (°K) Emission (A) * (e.V.) * (e.v-) 
Mev a an aorrah oe 
eee ',. 1470 1.85x10-5  / Lee 4.708 ' 
. 1539 | 9.97« 10-8 4.713 : 
: 1613 5.63 10-7 4.722 
A 1635 2.87 x 10-8 4.731 4.52 
1786 1.60 10-5 4.737 
1887 8.83 x 10-5 4.745 


rhile the present experimental value is 4.52 e. v. 
and the experimental value of ¢,* is 4.67 e. v., 
v3 “while the calculated one is 4.73 e.v. “This good 
er seems to Support the present sate 


$5 Conclusion. 
est In the present paper the initial velocity method 
: f determining the work function of the thermionic 


thode we considered in details. If the cathode 


ei of the work fonction is, of course, indepen- 
of th used methods. 


ons of diferent work functions on the cathode 


When there co-exist 


ace, the experimental value of the work func- 
determined by the initial velocity: method is 
rent from that determined by the Richardson 
‘method, and both values are connected by the 
‘comparatively simple relation (1i). Making 
e of the results obtained in the preceding paper, 
ont *, the work function determined by the initial 
velocity method, is represented by a function of 
Pn and T. In general, the analysis of ¢* is 
fficult task when there co-exist many regions 
ing differeent work functions on ie cathode 
e, but it is rather easy in the simplest case 
mee rn only two greyeue work Pip 


we i" tanetion calculated from the Richardson 
method. Generally speaking, ¢* is alwayd 


(11) Nichols: 


larger than ¢;* and the former becomes to be. 
equal to the latter only when almost all emission 
is contributed from the region with the higher - 
work function. ~ On the other hand, when almost 
all emission current comes from the region with 
the lower ork function, ¢* is larger than ¢* 
py the quantity related to p. Such difference be- 
tween ¢,* and ¢;* shows a possibility of analyzing 
the thermionic constants of the composite cathode 
when accurate values of the work function can be, — 
measured by both methods. 

In conclusion, the author wishes to acknowldge 


late Dr. Kusunose for his encouragement. 
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on §1. Introduction. 


- Although many works have been done to deter- 


i cathods, their results have distributed over wide 
4 range. Such wide distribution has been considered 
e to be due to the complexity of the cathode, i.e. 
_ difference of the activated state, method of treat- 


“ment and h‘gh sensitivity to residual gas. In spite 


: of the high accuracy with which recent experi- 
3 ments. have been Grand out, the experimental 
values. of work fanction do not always coincide 
4 with each others suggesting the fact that the ob- 
A _tained values depend upon the method of measure- 


ment. On the other hand, the values of Richard- 


: mine the thermionic constants of the oxide coated 


ae he cs Ni, Ss etirty ft AT e My : i ok } re uy * ‘ ¥ yh 77 vay 7 a MUN 4th 
* Ss be gas be ee j V9 . “ % ot 
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7 pe 
‘ (Read at July, 1942: Received July 1, 1947) ee 
es 


son constant of the oxide-coated cothode obtained ~— 


by means of the Richardson line method, are much i ; *: 
smaller than the theoretical value or those of pure - 
metals, being no more than thousandth of the 2 
theoretical value. No hypothesis has been meee oe 
posed with success to explain such anomalous | a 
Richardson constant. / Me vt 

The wide distribution of ne work fonction 3 


and the abnormal Richardson constant seems to be : 
easily explained by the coexistence of many work ae a 


functions, as already pointed out. In the present — Ro 


paper the analysis of the thermionic constants of. By 


the oxid2-coated cathods will be carried out, making Cue 


use of the theory obtained in the previous — “pa 3 See 


il 


pers. (1) Ps 
ae 


Table I. ag 
4 Thermionic constants, of the oxide-coated cathode. . : eS 
ee Ps 
Name date method yg ev Aa/em?, deg? ihe 
A. Wehnelt(2) 1904 R 3.85, ‘ es 
Jentzsch(?) 1908 ” 3.58 iH 
Spanner(@) 1924 ” 1.85 ae 
C. Davisson & L, H. Germer() 1924 ” 1.79 5} <i 
A m is C 1.79 oe 
te Michel & ‘Spanner(6) 1925 ” 1.65 aint ee f 
°L. RB. Koller Z R 1.04 .:|  1,07x 10-8 se 
Rothe) 1926 ” 0.95 a ‘oe 
W. Espe) 1927 ” | 0.99 3x 10-4 Ss 
F. Detels(® e 9 1.36 98x 10-4 ee 
GC. Davisson(l!) 1928 ” 1.00 1 x1O>2 coe eae 
W. Espe(l2) 1929 ss 1.10 ile ‘ 
—W. S. Huxford(s) 1931 P 1.32 ‘a 
W.' Heinze) 9 1938 C 1.87 ye 
Found) 1934 special 1.96 Bal 
E. Patai & S. Tomeschek (0) 1936 R 1.04 1.8 x 10- 
W. Heinze & S. Wagener(!?) 1938 K 1.50 
N. Morgulis & A. Nagowsky(18) 2 R “lege fee 
WE: Nishibori, H. Kawamura & K. Hirano) 1941 P 1.63 ‘ 
é Ss. ‘Sano(20) 1942 K a rar 
vane 


—-§2. Experimental Results. Lats 


The thermionic constants of the oxide coated 


ae and P by the ee aasticis method. Weh- 
elt’s. and Jentzsch’s results are much larger than 
1e others’, probably due to the insufficient degree 
; Except for these two results the 
work function ranges from about 2.0 ev. to 0.95 
Vo and the ae ies values by the Richardson 


bout 1.0 a ' 


as exp (—) 
7 (1) 
Zprer(—T) 
| i , sth =e = Pn exp(— aa) } 
; 3 po (47-2) exp (— 200 
42 ales tithes ( oe 2 


\ SU 
Gr*—y ¥ log ax : (4) 
the above expressions, ve* and gy* are the 


rage! work functions, determined by the Richard- 
“line method and the initial velocity method 
etal: A the true Richardson ‘constant, A* 


7. DD: : “Tetsuya erste bh 


pos 


\ 


cathode is of very simall order of 10-2 to 10-4 Al, 1 


dateavtnea: and y) specifies the are work fone 
tion and Pa is the ratio of the area with the n-th | 
work function to the total cathode area (1 em’). 
If almost all emission current comes ‘from the 
parts of lower work function, i.e., the relation 


; Nigd g 
a, =p, AT’ exp(—7t ) > p,AT? exp(>7.) = tos 


Pitp, = 1, 01 << % 


holds between 7; and i,, the following expressions 
are obtained. 


7 
i 


ve* as Yi A* = pia 


kT, 1 (5) . 


Ot = ere iihe Fe 
On the onthe if almost all emission current 
comes from the parts of higher work function, 4 
eo -, 4 is negligibly smaller than 7,, the Big 
relations are obtained : \ 


= o* = ¢, 4 
A* = 


or 


The expression (5) shows that ¢,* is always larger 
than ¢;*, unless p, is equal to unity. Thus, it will 
be expected theoretically that experimental values — 
of ¢* distribute in the range from ¢, to ¢,, while 


¢x* has a narrower range from 1 +(kT/e)-lox (1/p) 
to ¢. 


== | 
om 


Experimental results are in good agreement 
with the expectation from the theory. Asseenin ; 
Table I. the lowest value of the order of 1dev.  @ 
is obtained only in the case of the Richardson line x 
method, while in the other method such lower 4 
values have never been found. THe higher values’ 
of the order of about 1.80 e.v. have been observed — 
in all methods. The ‘Richardson constant of this 


em’ deg’. Such extremely small value of the 
Richardson constant is easily understood fen: the 
author’s theory. When almost all emission current 
comes from the parts of lower work function, the 
average Richardson constant is equal to md, 23 
shown in (6). Thus, if Pi is very small, the ex- 7 | 
perimental Richardson constant seen y ver y 


different work funetions on he su ux 
uh Raper ot gas oe 


tot els eal eae 


f Soon Constants of the Oxide-coated Cathode. TANS 


us 


7 ; } ye a 
coated cathode and its maximum . value Is none , linations of experimental curves are observed be: 
“about 1.8 e.v. and its minimum one is of about r aauely to become lower as the temperature inc- | 


reases. The discrepancy between the theory antl 


a \ + experiments will be ascribed to the following 
§ 3. Numerical Calculation of Therm- _ 


ionic Constants of the Oxide-coated 
Cathode. ments being narrow, 


In this paragraph the apparent thermionic (2) The existence of the remarkable time: 
constants of the oxide-coated cathode will be cal- 


several effects : if: ¢: 


(1) The available temperature range in exper 


change of the emission current, 
(3) The effect of the space charge limitation 


culated numerically. As mentioned in the forego- 


at higher temperature, yea hc fe 
(4) The increase of the dissociated free barium 


_ about 1.0 e.v. and the higher work function of in the oxide at higher temperature. 


about 1.8 e.v. The Richardson constants A; and 
_ A, for g, and ¢,, are still unknown, but, in the 
he following, A; = A, = A is assumed for simplicity. 
‘g In this case A*/A is determined and thus it is 


unnecessary to assume the special value for A. 


ves Boo 1000 1200 


Fig. 2. Temperature change of the 
work function. — (ody 


(gy =1.0e.v. and ¢, =1.7 ev. When p-is eee or ‘ 
very small, the variation of the Ore function a 
very small, while, when p ranges | ‘from 1057) 
10-°, its change is predominant. Corresponding to be os 
the change of 8 A* chaneeg most apes nas 


o 4 
‘ REE 
“O08 Le & er 

qno/T <2 os 

, .f > ie ne 
} “= has 
fi 


Fig. 1 The Richardson diagram. 


In Fig. 1 the Richardson lines calculated under the 3 
assumption that A; = A, = 120 Alem’. deg? are 
shown with p parameter. As seen in the figure, Sj eA ee 7 a 
er ‘gurves are concave upwards, the work func- ae. 


Fig. 3. Temperature change of the 
: ‘have Richardson constant, ae 
iy: 


oe Sy: ei 4 
“= tan 3 : . . ’ 


figure with Fig. 2, the variation of BEY found 4 
to be not so wide as ¢,* and the relation ¢ Sor 
to hold always. Fig. 7 shows the relation between - 

-gx* and log p. j 


A, (ev) 


'% 


{oq Pp : 


: K Fig. 4 The Bethn chivy between the Richardson 
constant and p. 


Tog (A*/A) is aised instead of A* as the ordinate 
/ andT the abscissa. In general, log’A*/A) increases 
with temperature, but for large or very small 
a values of b, its increment is very small. Fig. 4 


L600 


_ shows the co-relationship between log (A*/A) and i T(°K) 
a log p with. ue parameter in which log(A*/A) de- Fig. 6. Temperature change of ¢;*. 
ee es linearly at first and then begins to increage \ 

rather sharply. When the temperature is nee 
the: minimum value of the curve decreases. Only - 
EF 


as case of the a es cathode with a 


ne the ficus etal value, independent of the 
eathode-temperature. In the case of 0<p<1, A* 
ue is always smaller than the true one. 


ee se ayon Bates ¢:* and peers is shown 


tog p 
Fig. 7. The relationship between g,* and D. 


vx* increases almost linearly with the fccrsaneel 
of log p at first and then gradually approaches Px 
showing the different behaviour from o*. -More- ie 
over, the inclination of curves becomes steeper, 7 
as the cathode temperature sien we. higher, . 
in sharp contrast to ¢,*. [ 
“Fig 5. The tach ake between the work Tf one of the four quantities, oc, on" * Ae anc . 
ae vi function and p. ' p is given, all the other quantities are 021 

In Fig. 6 9,* calculated from. (8) is a ee: determined by making use of Fig. 2 to. Fig. 7. 


= 


gainst log p with Hf parameter. Comparing this an example, the relations of these our 


ay ; : 
t i, | \ ‘J “ f na 7 


ag 
tog (A/AX) 


Peco 


Fig. 8. 


The co-relationship among Aeon 


and ¢;*. 


-at 800°K are shown in Fig. 8, in which the varia- 
a tion-range of ¢,* is smaller than that of ¢,*, that 
is to say, the experimental values of work func- 
tion determined by the initial velocity method have 
a narrower range than that.by the Richardson line 
method. In the range of log p >-3, ¢;* 
constant and log(A*/A) and g;* show large varia- 
tions, while in the range of -3 > log p >-5, all 


is almost 


_ three quantities make great changes, although the 
variation of ¢,* is larger than that of ¢,;*. At 
last in the range of log p <-5, all quantities tend 
to their own definite values: o.* and 9;* 


mate to 1.70 e.v. and log.(A*/A) to zero. 


approxi- 


_ %, and p which satisfy the following conditions ; 
= 1.0 e.v., 9,* =1.5 e.v and A* = 10-? A/em’. 
deg:2. in the best activated state. The procedure 
, for the above case will be extended to determine 
A A, and ¢, in order to choose the best agreement 
with those calculated results. 
6 The value of ¢, however, is equal to 1.0 ev: 
according to many measurements. As it requires 
great labour to change A, and A, independently, 
ie a parameter g is introduced, which connects A, 
and A, by the relation ‘A; = qA,. In Fig. 9 log 
“(A#/A,) and ¢g;* are show against, log» with 
F parameter q and in Fig. 10 they are shown with 
@ parameter. a 
From these results the best agreement with 
the experimental results will be obtained by taking 
| ¢, = 1.75 e.v. and A; = 10- ‘14, and with the pro- 
_gress of activation of the cathode, p is found to 


_ change from 10-7 to 10-3. Margover, the results 
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The next question is to determine A,, A,, Pi, 
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Fig. 9. The correlationship between ¢;*, A* 2: 

Wi ite oS) 

and p with parameter q. a 
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Fig. 10. The correlation between ¢;*, A* and. ~~ 


p with parameter ¢,. ~ 7 


\ 


show that the Richardson constant remains almost “ek 
in 


unchanged during the activation process. i oa 
ee 

$4. Comparison of the Theory with ie 
ie 

Experiments. a 
Recently Sano!) published new results in : ‘¥ 
which the thermionic constants of the oxide-coated _ ie 


cathode were measured at the same time by means 
of both the Richardson line method and the initial Oe 
velocity method. ae pe 

Since the cylindrical electrode was used in his. on 
experiment, the preceeding theoretical expressions = 
are unavailable in their original forms. If the 
radius of the anode is R and that of the cathode | - 


rR <2r), the ‘‘ Anlaufstrome’”’ is represented by 


nese ORO oe Sealy 
CS tee Ee) ET VatGu va (7) 


and the relation between ¢,;* and ¢* becomes 


kT R A\ 
Pee eat tk, eee a aE 
SPENCER (log : +log ve: (8) 


Lice Vee < f at Gas eh Mab 
4 Batch woe a Sp Arr ty 1B Np ae ef Ps 
a Bee i ae 


A 4 iiimatead’. of (4). It is written in the Ajngins 


ie form, ty ' 4 


oo = IE fg — log [ae exp(—e)) J: | @) 


y 


: According to Sano’s results Richardson line of the 


Age ‘3 
j ee satisfactory. 


i ue to Patai and, Tomaschek"®) are also 
Making use of (10), * is 


» 
Pisa l iy 


¥en ee in the table. 


co ae Table II. 


Ege gt tt ae 
q at Le 

: ty Se) Tay Gaara cam 

“Tetsuya AnizuMI. De Nabe me 


calculated Saris ‘Sano’ Ss Ai a 


the preceding paragraph. 


comparison with the experiments. 


~ 


t 
{ 


f 
de 
; 


~ ra 


chek’s A* and ¢/*, the results ‘ak abfoks are sh 
in the right column of the Table 3, being lin s@ tis 
factory agreement with the experiments. . Pata | 
and' Tomaschek obtained the following vescil tx as j 
shown in the second and the third columns in the . 
Table IV at six different activation states. On the . 
Fig. 8 log (A*/A) is determined corresponding 0 P 
each ¢;*, B is caleulated from the mane: | i} 
A* and log (A*/A) thus evaluated. The results are .) 
shown in the third and fourth columns in the table. 
The calculated results coincide not ‘only wit he | 
/each other; but with A value determined from the — 
initial velocity® method, shown in Table 4, being 
jn accordance with the theoretical prediction i in 


§5. Emission Formula of the Oxide- 
coated Cathod.. : 


From the above analysis, it has been ke r 


i 
4 


ne; Table III. 


i.v. method 


i} 


A; 


Ds R. 1. method) i.v. method 
Ak ‘ % \o : } 
atin ‘i Bee A* | v* A: | on* 
Soe tei oe | 
pepe icental 6.8 x 10-* | 1.18 Pi dZe 1.55 
ths its] = — 1.53 


Comparism with experimental results. 


| 100 6 BaCOs 246 | LNT: 
2h" ve 15 9% Ba-O; 16 1.59 
50% BaCO, 54, 1.57 

25 26 BaCo; pi 84 86 


; op Activation state 


Table IV. Comparism with experimental data. 


experimental 


f 


| ealgustnd 


J 3 
” wt ‘ 4 
 deactivection | 


den ‘ : ‘ At an oe ; 4 log (A/A*). : 
Oy ¢ _ before _ 0.1181 res aA FN a 
i ie - activation 1 0.1595 1.18 ~ 2.55 
ASC EN 0.1150 “1.24 Gr eS a 


- 


hat there co exist mainly two different work func- 


tions on the surface of the oxide-coated cathode, 
‘and the Richardson constants corresponding to two 
different work functions are almost equal to each 
a other. Thus, the thermionic emission current from 
= ‘ the oxide-coated cathode should be written in the 


_ form, 


E. / 
a 2 = 
i= AT’ [p exp( oa - 1—p) exp(—— ax) | 9) 
per ane surface area, where 
 A=1 ~50 A/em?, deg’, ¢,+=1.0elv. ,2=1.75, e.v. 


On the other hand, tha theoretical expression of 


_ the thermionic emission current from the oxide- 
“4 


i 


coated ear ote is gived by 
- $ 


ee DAlng? TH exp) — als stv} (11) 


in well-activated state, while when the activation 
- of the cathode is insufficient, the emission formula 


is given by 


is = DA" mT exPy 7 (B-4- vy} ; (12) 


uP 
which is deduced using Nijboer’s(2) theory. of 
-- semiconductor. 
work function changes from E-V to #/24+-V with 
Z Z the progress of the activation. 

. The theoretical and the analytical formulae 
can be connected by the assumption that 9, and 
Py correspond to H/2+V and H+V _ respectively. 
Thus the obtained results show that there coexist 
two “parts of different work functions. Perhaps 
~ the oxide-coated cathode is composed of the mixed 
- state of two crystals whose work functions are 
— E/2+V and B+V respectively. From the above 
menticned results, # and V. are found to be 1.5 
e.v. and 0.25 e.v. in good agreement. with’ Kawa- 
“ mura’s results. (22) 

as ' Formulae (11) and (12) show that the Richard- 
y son constant should vary with the progress of the 
activation and some experiment supports the theory 
i z qualitatively. However, all experimental values, 
s hitherto obtained, are the average value estimated 
3 under the assumption that there exists only one 


- work function all over the cathode surface, and 
- accordingly it seems to be unable to conclude 
i from the experimental results that the Richardson 


constant does vary with the activation of the 
? 


elie ns a Ayes pel ae dag a ee ee i Ne ri] a ba a LV y 1 Dex 
y ; A ee ¢ f etic 
2 tl Soa 
' CaS ’ ” y: 
\ ~ t 
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these activation centres to the total cathode sur- 


These expressions show that the 


The above - analysis shows that the apparent — 
Richardson constant is c vangeable, but the true i 
one remains almost uns anged with the progress ; ¥ 
of the activation, in contrary to the theoretical 
prediction. Strictly sperking, however, there are ; 
some ambiguities in the above analytical works, es 
and thus it is rather difficult at present to discuss. 
the discrepancy between the theory and the analyti- : i 
cal works. The more detailed discussion will be 2 
published together with the data of our Yip ag! es 
in the near future. : Es 

From the above analysis, it becomes clear ina 
that the activation of the oxide-coated cathode is 4 
no other than to form the crystals with the wore : 
function E/2+V (activation centres) on the cathode 
surface and further that the ratio of the area of “3 
face area is approximately 10-7 in inset 
activated state, while it becomes to be 10-~10- Tee 


in the best activated state. 


§ 6. Conclusion. See 


The main object of this paper was to analyse oS 
the thermionic constants of the oxide-coated cathode f BS 


the foregoing papers. Thermionic work functions | 


bee 
making use of the theory that has been developed in iS 
experimentally obtained are different from each : 
other due to the methods of observation used in ES 


the experiments. Making use of such difference - 


the possibilities of analysing the thermionic con- ae i 
stants of the oxide-coated cathode have been ies 
The values of the measured work is 


functions in the Richardson line method range sae 


pointed out. 


from 1.0 eV. to 1.8 e.v., while in the initial vel a b 
city method from 1.5 e.v. to1.8e.v. The analysis — os 
of tha experimental results shows that there co- ne 
exist mainly two different work functions on the ie 
cathode surface of 1.0 and 1.75.e.v. respectively aa 
and moreover, the value of the Richardson constant — i : 
carrespanding to each work function is of almost: is 
equal order of magnitude from 10 to 60 A/cm’. x 
deg’. Accordingly the thermionic emission current 

from the oxide-coated cathode may be concluded to 


be represented in the form, \ . a) 


i+ AT’{p exp(— er) +d—plexp (— a) 


per unit surface area. And as predictedfrom the 


and ¢, are written as» 


y Ebi of the activated state, seems to 
Bf equire ie further investigations in future. 
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Several investigations on icky jMppaenees 


en PS is of the system is tee as to 
e Dont ie he ‘evidence for the SaaS of 
¢ electrical repintadee, magnetie porperties and 
> specific heat. It is very difficult to detect 
tly. | the ordered structure by X-ray methods 
_ bec: use the atomic numbers of the component 
tot ms differ slightly, and any such attempt has 
: t succeeded. 

Recently 1 the thermoelectric properties of this 


bee measurements seem to be qeeinabie to 
ay fy 7 ‘ # f ) ‘ ‘ 
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’ Merk’s manganese. 
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of the phenomena. The ‘author has repeated the 

experiments on the thermo-electromotive force dure { 
ing heat treatments by the method which are fre- 4 , 
quently used for the study of ferromagnetic sub- 4 | 
stances(), ; 


§ 2. Experimental Details taal Revulole a 
The materials used were binetrohpelt nickel ne a 


They are ganas 9 together, ms 
casted into a payne! form of eens in le | 


no effort to get the ee values, 


{ 


S 
a 


om of Bich a isondey eratatiemavien of this alloy is 
very low, it requires a great deal of trouble to 
get the resistance-temperature curve in the equili- 
brium state. Therefore,.it was measured at the 
f rate of about 20°/hour in both heating and cooling. 
The results are shown in Rigel: 

Above 540°C the resistance is proportional to 


e the absolute temperature since it is mainly due to 


_ decreases rapidly with decreasing temperature. 
i The resistance-temperature curve of Ni,;Mn has 
no sharp knick, as shown in Fig. 1, similar to the 
ease of, Cu;Pd superlattice alloy(4). 


600 


500 


Temp. °¢ 
Fig. 1. Electric resistance-temperature curve 
O heating, x cooling, rate 20°C/hour 

Kaya and Kussmann®) has already reported 
~ that the superlattice transformation point is 510°C 
- and the magnetic Curie point is 460°C. We made 
a careful measurent of the resistance, but could 
“not find any anomaly near 510°C in agreement with 
= Thompson’s experiments(é. 
: For the measurement of the thermoelectric 
a power, the writer has adopted the method used for 
the measurement of anomalous behaviour of the 
o thermoelectric properties of ferromagnetic ‘sub- 


_ sgtances. The thermoelectric power was obtained 


} ‘by measuring directly the thermo-electromotive 
; force of the ‘sample coupled with platinum wire 
Es, Darting a homogeneous heat, treatment keeping 
small temperature difference between two ends 


eof the sample. This temperature difference was 


of about 1°—3° which occurred in the electric furnace. 


vat 


Order-Disorder Transformation in the Alloy Ni,Mn. 


thermal agitations of atoms, while below 460°C it 


We used Alumel-Chromel differential couple for 
the measurement of these temperature differences. \ 
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galvanometer which has a high voltage sensitivity . a: 


to measure the interesting variation which we By 


might miss by usual potentiometer methods. The 


thermo-eléctric: power was obtained by dividing | 


the Ay igs electromotive force by tee temperature . ae 


difference at’ each temperature. 


Though there is” % 


reproducibility in the relative variation with tem- 2 


perature, we cannot obtain reproducible result in : 
p 


the measurement of the absolute value, 


And since | By: 


A as ‘ F “ fost hanes 
our main interest lies in the relative variation of | 


the thermoelectromotive force near the transfor- — 
mation points, we made no effort to get absolute ie 
values of the electromotive force. The results are | 


shown in Fig. 2. to Fig. 4. 


$3. Discussion of the Results. i 
Jaffee has measured the thermo-electromotive @ 
force of a quenched Ni,;Mn wire in disordered — 
atomic arrangement coupled with ‘platinum wire, 
‘one side of which was kept at 0°C and the other 


side at varying temperature, heating rapidly until 


530°C and then cooling very slowly. The cold a J ’ tly 


ordered one and intermediate states will exist set 
where in the sample. 


electric power by a graphical differentiation from 


Jaffee obtained the thermo- aa 


the thermo-electromotive force versus temperature ee 


curve and he has reported that two nearly equal A 


peaks were obtained near 460°C. But it, might be ; 


very difficult to get two peaks by graphical diffe- fi é 


rentiation of his thermoelectromotive force versus 
i er 


temperature curve. 
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By ne method adopted by the writer three 
Ss. “were ‘found in the thermoelectric power- 
1 perature curve and their positions and heights 
Three 
: aks appear clearly separated in rapid heating 
lpi cooling (Fig. 3 and Fig. 4), but two peaks at 
‘the side of low temperature are not clearly sepa- 
"2 ited enough i in the heating rate of 20°/hour (Fig. 2). 
‘Thompson has found two critical points at 


te 
nd on the heating and cooling processes, 


ts 460°C and 610°C from magnetic properties and at 
a. 190° Cc. and 540°C by the measurement of the speci- 
; fic heat and Kaya and Kussmann found 460°C and 
BI °C from magnetic measurement as well as 
i Thompson, whilst Kaya and Nakayama() did not 


a ‘the er eciaciite power (Fig. 3). Three he 


iI AIA Pa ADE fo 1B), 


‘Takao SAT y 


‘The anomalies at 480°C and 530°C seem to cor- 


standpoint of the modern theory of ‘solids. The 


- formation point has been found. 


" of the anomalous electrical resistance temperature 


aay ee a nhs and 530°C Areaty the AUR 


a Abe * 


ri 


writer has considered it reasonable to hernaee thes 
“curve in Fig. 3. with the apacitié heat measurement, 

since the specific heat measurements are carried ¥, 
out with heating rate of about 1°—2° per minute. 


respond to those found by Thompson at 499°C and. 
540°C. and also correspond to those at 460°C and. 
540°C. observed by Thompson, and Kaya and 
Kussmann. As Ni;Mn alloy is a ferromagnetic 
superlattice alloy, it may be reasonable to assume. 
the relation between the magnetic transformation 
and the order-disorder. transformation. According: 
to the investigations of the thermoelectric power of 
ferromagnetic substances, the thermoelectric power: 
changes its value at Curie point, a qualitative ex- 


planation of which was given by Mott(s) from the 


writer has investigated the thermoelectric power 
near the transformation point of a non-ferromag- ; 
netic super lattice alloys of Mg-Cd system and — 
B-brass(), and an interesting change at the trans~ 


As repeatedly pointed out by Sykes and his: 
collaborators() in the kinetic considerations of — 
order-disorder transformation process in the super-. 
lattice alloy, the transformation due to temperature: 
change takes place in two steps, that is, the 
growth of relatively highly ordered nuclei on the: 
one hand, and the change of the degree of order he 
inside the exitsing nuclei, on the other. For a 
typical non-ferromagnetic superlattice alloys such: 
as Cu;Au in which long distance order can be: 
easily established, such simple considerations would — 
be actually effective. But, judging from the form: 
curve, the writer is of the opinion that the: — 
Ni;Mn alloy — 


=/ 


transformation mechanism of the 
would ke more complicated. 
According to the electron theory of metals(1), ; 
the absolute thermosalectric power S of metals or 
alloys may be written, in the first order of EIIe,, 
by the equation | 


ew kT {Aer 


7 Be thy OD 


Order-Disorder Transformation in the Alloy Ni,Mn. 


rr ie yf “st 4 


the Fermi distribution, The quantity o(E) re- 
presents the electrical conductivity of metal when 
the maximum energy ‘s of the Fermi distribution 
is equal to E. o(c), therefore, is the actual con- 
ductivity of the metal. The thermoelectric power 
depends, therefore, on the way in which the mean 
free path and the effective mass of electrons, which 
Therefore, 


though we cannot observe any anomaly by measur- 


' determines o(E), vary with energy. 


ing the change of the electrical resistance with 
: temperature, we might be able to find it by the 
measurement of the thermoelectric power. 

It is certain that very small ordered nucle’ 
(whose dimensions are, according to Sykes and his 
collaborators, less then about 50-100A), which do 
not contribute tc the electrical resistance, play an 
important part in the phenomena of order-disorder 
transformation. It can be expected that changes 
of these ordered nuclei will result in some changes 


in the electronic structure of the alloy and hence 


Some anomaly in thermoelectric power will appear. | 


As there is an intimate correlation between 
ferromagnetic and order:disorder transformation in 
the ferromagnetic superlattice alloy, it is difficult 
to investigate each of them separately. But, as 


the Ni;Mn alloy has a very long time of relaxation, 


the writer has expected to obtain interesting results . 


for the magnetic properties by quenching the 
atomic rearrangement and thus avoiding the effects 
_ of order-disorder transformation. 

Sing’ thermoelectric power often shows changes 
which cannot be obtained in the electrical re- 
sistance-tempratue curve, it will serve as a valuable 
indicator in the experimental investigations relating 


~ to the phenomena of transformation. The method 


" 


i 


will be eocimisendel also for the studies of higher 2: . 
order effects, but it should be remarked that some 
care must be taken for any sample having long ~~ 
relaxation time especially. oe 
The writer is indebted to Prof. A. Harasima f 
and Prof. K. Oomori for their valuable advices and 
criticisms and to Ass. Prof. T. Okada for his 
friendly discussions. The expense of this research , 
has been defrayed from the Scientific Rerearch ihe 
Expenditure of the Educational Ministry. Ne 
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‘oper external conditions the boundaries of the the method and the results obtained. 
: mains propagate with finite velocities. Such. 
| supposition is supported by Bloch’s theoretical 
ansideration and the experimental observation on 


ic wall displacement, plays an importnnt role into Ten tty is 
f he: dynamical magnetization- -process of the fer- He= 
romagnetics, and, the theoretical and experimental . 


Baa cicntats thereof are of great interest. pee nA 2 Vie(R1—Ro) \ rf 
ONES Now the wall displacement eventually means xt i. ) ap see 
ri: Pils; 
at some electron spins near the boundary between sae Biles H)+ 2 omic <2. ee . : wi 
domains successively reverse their directions, os et ged (2pi-—pa)]-8e) @ B 
ne sy “This is a part of the investigations of the y Aat ane y od ae i | 
special: Committee of the Theoretical Physics in diss é ate Kawneer su) eS - 
Sperm Research Council ges Item : Serres See mci i Di ie 


2 Tatesducton. ‘one domain gaining in its size consuming the other. - 
uthak heen known that the magnetic character- The displacement velocity should be finite, as the — 


ics of the ferromagnetic substance under high- spin inversion, i.e., the elementary process of the 


renee, Experiments«on the Barkhausen Effect()), describe the magnetic wall within the ferromagnetic 
| neta are especially interesting in this respect, crystal. Now, we have attempted to solve the, 
s they make it possible to observe some dynamical _ problem along this line, constructing the eigenfunc- — 
cts. of the elementary process of magnetiza- tion, which approximately corresponds to the Bloch 
Ay Various experimental results of this effect solution) for a magnetic wall, by the use of the 
pomreit explained by assuming that the inside of ‘Heitler-London-Heisenberg model, and, further, 
e ferromagnetic solid is divided into domains, treating the wall displacement as the transition . 
hich. are spontaneously magnetized up to satura- phenomenon between the spin states be sags by : 
: orresponding to temperature, and that under these eigenstates. In the following shall be reported 4 


§2. Hamiltonian of the Ferromagnetic _ 
ovat and the Perturbation Term. 


Large Barkhausen Effect). Thus, ths dias The Hamiltonian of ferromagnetic crystal, when ~ 
eoinont od the domain boundary, i.e., the mag- the thermal vibrations of the crystal are taken — 


‘requency_ alternating magnetic field are widely wall displacement, is carried out under the influence j 
different from its statical characteristics.. The of mutual interaction between the spin system, the % 
igins for such differences are partly attributed system of thermal vibrations of the crystal lattice, 
he existence of macroscopic eddy current, and of the external magnetic field. Very few 
agnetic, hysteresis, etc., but it has been pointed attempts, however, have been made from this 
that fundamental aspects of the elementary atomistic standpoint). The reason for this meager 
ess of magnetization must be taken into con- theoretical investigation may perhaps be due to 


ration in investigating the causes of this dif- the difficulties to obtain the wave functions which 
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in Abhieh pas various notations méan as patios 
asl, k= numbers of electrons. jf, g = numbers of 


lattice points. r; = coordinate vector of i-th elect- 


ron. R;= coordinate vector of f-th ‘atom core. 


s;= spin vector of i-th electron. M= external 
magnetic field. m= mass of an electron. Z= 
effective charge number of atom core. c¢ = light 
velocity. jp; = momentum vector of i-th electron. 


2ri, = Planck’s constant. f{w,,; = energy quantum 


\ of lattice vibration having propagation vector q 


and polarization 7. Ng ,; = number of energy quan- 
tum (9, j). 
62 2 o2 
Ap ——— + — 
9 0x,” 1 Oy ;" 
ri = |rex\ = |re—ral, TH = [rye| = |rs—Ryl- 


Further, the: meanings of each term in (1) are as 


follows: 1st term = kinetic energy of crystal 


electrons. 2nd term = mutual interaction energy 
between the atom cores and elecirons. 3rd term 
= mutual interaction energy between electrons 
themselves. 4th eee = mutual interaction energy 
between the atom cores themselves. 5th term = 
additive energy due to the external field. 6th, 7th, 
and 8th terms = magnetic interaction energies of 
the types of (spinxorbit) and (spinx spin). 9th 
term = vibrational energy of crystal lattice. 

The atom core, which belongs to the /+th lattice 
point, displaces around its mean position Ryo as a 
result of lattice vibration. Let the displacement 


pe uy, then we have 
Ry = Ryo+uyz - (2) 
As is well known(), the displacement may be 


expanded into Fourier series, 


ay = Ss Ses, seta, PIR yo) +0%s, 5 ExP(— tRyo)), 
Usd \ } 


VN 
(3) 


and the matrix elements of the normal coordinates 


- 


are as follows: 


(No, —1\a0,51No3) = yf ted EN ad— exp —ivy 3) 


< u V j 1 hs : 
(Wo, + lla |Nnd) = iiss ig explion, if), 
(4) 


1 \ / ‘ %: 4 
where, e,,j represents the polarization vector, N 
and M are the total number of lattice points and 


' Waller(® assumed that the electrons, which are 


‘thermal motions of lattice points, when he caleu- ‘ 


the mass of an atom core respectively. In’ orem u 
to carry out.the caleulation further, itis necessary I: 

to expand H; in series with respect to uy and i 
separate it into a part, which is not related with — és 
the thermal vibration, and another one representing B 


the additive terms due to thermal vibration. — 


responsible to paramagnetism, follow exactly the s 


Fe 


lated the probability of spin inversion in paramag- : 
netic substance. Here, we shall assume that only — : 
the atom cores follow the thermal motion, at if 4 
they were rigid bodies, while the ferromagnetic 
electrons entirely do not. , Correctly speaking, we 
must reasonably take rat account the change of ee 


electron distribution due to. thermal motion(7 ae 


complicated for our present rough estimation. The 
as in Muto’s case, (3) rev = Tivo (Hereafter, index 
(0) will always express the quantiti es, in which the 

thermal motion is neglected). while, refering ‘tony 
(2), it becomes iy, = ryjo—uy. As the relation lad 
€|rzio| is always satisfied except for extemely high 


temperatures, we may expand H; in series yee P 
respect to u;. Retaining up to the linear corm 
in u;, H, becomes the following form; | 


: i 
rt "ae 


i oily 
1 3 i By . 
Hy = Hy+H,+ Dhons(Nyit+Z), (6) 
tages es 


where H, includes u; while H, does not. 


H, =— Day: grad Vrs—Ryo) 


a (uy—ug)- grad V7(Ryo—Rgo) 


(rfio uy) 
3 (reps) 


; v3 oh 
The first and second terms in H, are the perturba-_ 


5) 


tion terms necessary for estimating the above 
stated change of electron distribution ‘due i 
thermal vibration, which are now out of question. — : 
We shall also leave out of consideration the second a 
term in the curved bracket expression, because " 
its matrix element turns out to be zero under space ~ é 


integration. Thus, there will remain only the 


.first term in the mentioned brackat expression. | 


Considering the mentioned term as a perturbation, 
we may investigate the transition between the 


eigenstates, which shall be worked out in the next 


t 
a 


ae wey sR 
‘ 


‘ 


ection. In addition, we note here that we shall 
pe off hereafter the~index (0) as no confusion 


ae 


Bt will occur. 


? § 3. Eigenfunctions. 
ie ei . Bloch found that the magne ic ‘wall can exist 
as ‘the solution of the non- -perturbed system H,, 


but actually its eigenfunction has not been obtained 


At _ rather artificially in a manner which does not 
sontradict with Bloch’s solution regarding the spin 
. ea 


simple cubic lattice, the Z-axis coinciding with 
> of the erystallozraphic axes, and that the 
Let G be 
y number of lattice points along acube edge, then 


m agnetic wall lies perpendicular ‘to it. 


= Ge and the number of lattice points on each 
tice plane perpendicular to Z- “axis is G’. Now, 
rding to Bloch, the direction of magnetization, 
n other words, the direction of the electron 
does ‘hot change abruptly at the wall, but 


inuously in what we may call a transition 


ein ate 1 the situation is schematically repre- 


ited in two dimensions. If the small terms up 
lectrostatic interaction e?/ri, are neglected, the 
sol ete of the non-perturbed system are given by 
To 


nstruct the determinanta! wave function we must 


the e well known determinantal wave function. 


‘the distribation of both spins directed along 
+Z or =f. direction on the lattice points. Thus,. 
os an ci 

in eth case, we must not only give the numbers 
rp: 

2) 


0! —Z spins 1, Nz, Ms, *- 


¢ 


, m On each lattice plane 
. the total number of lattice planes in the 
ition layer), but also specify the distribution 
spins on each. lattice plane. We shall designate 
spin distribution with p,(*) (s is the number 
Each 


-, etc. (Note 


the lattice plane, i.e., s = 1, 2, 3, --- Het 


eae Pl", pr’, «++, py), - 


Bia rhb erystal 1 nay be expressed by a set 
os potations 
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Fig. 1. The transition layer between two _ 


neighbouring domains. _ 
domain are all +Z spins and those of right* hand 
domain —Z spins. The ratio of numbers of both 
spins on one lattice plane changes continuously in , 
the layer. We note here that the field. H is applied 
in the +Z direction. 


95 BE p2), +--+, pyl*) 
or (m1, Pil) (nr; , Po) +++ (nz, pil*)). 
Thus, the determinantal wave function in our case 


Ny, Nz25° 


may be written down as follows. 


Her pal Yrs , pal) ++ «(any , prl®d) 


WISP) Stu, Vn, p.0)) it er) (D 


where, a means the summation over = permuta-. 
tions of. the electron coordinates (including spin 
coordinates), and e(P) is +i when the permutation 
is even and —1 when it is odd. G% is the atomic 
wave function centered about the i-th lattice point. 


Sm, PiO))ny . po)- ++ +(mg-p2)) is the spin eigen- 


© function of the whole crystal ne to the 


distribution (n, » PLDY(Mms , 92)) +--+ (mz, px). We 


shall assume that the eigenfunction corresponding 
to astate having a magnetic wall may Psy expressed 
in terms of (7) as follows. 


1 
Y, eS VF Zt in, BE Seth 2 fhe 
id : zs . fx 


Here, the summations with respect to a, 9, 


(8) 


The spins of left -hand = 


(1m ’ pil), | 
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a F Pee Gy Gy Ray ger hn thermal vibrational eigenstates ineach case. Con- 
“* (Gam)! ! (Gon, s)!m! (Gm)! mi) sidering (3) ‘and (2), -wecfind, that the mates elet amas 


(9) 
The states  Sijoining to (8) may be considered to 
“be the states in which the magnetic moment of 
the erystal as a whole is larger or smaller by 28 
: than the state Y, (@ = Bohr magneton). At first, 
- we shall confine our consideration to the former 
~ ease, i.e., the state having larger magnetic moment. 
a The amount of displacement of the magnetic wall 
=e caused by the transition into this new state may 


2 be considered to be al@ (a= 
¢. 


lattice constant), for 
the magnetic moment increases by an amount 2G°f 
The ' 


~ eigenfunction of such state can not be constructed 


- when. the magnetic wall advances by a. 


_ like ¥Y,. Thereupon, we shall replace it by a state 
in which the magnetic wall, while lying in the 
3 same position as in ¥, will yet ‘have magnetic 
, monent which is larger by 28. If we denote such 


. a state by es then it takes a form 


Pia VI-. re re (NY, on Fn 1; pri Y)(n2 , p2'9)) 
- (nu pi*))) 
1 
() ae (J) 
< b 1-Fy(N Nag, 3 (ty Pr No 1, p,') 
aes (mi, pi*))) 
+ atlas! @ , 
Z a oe pr) (s» p2) 
i fe i (NY 3 Io HL 2 2 
--(n;—-1, pi))), (10), 
weere 
G! G?! / 
Fit = (Gin) nt (G—u+)!u—)! 
1G ws (11) 
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§4. Transition Probability. 

Based on the aboye preliminary consideration, 
we can obtain the matrix element necessary for 
finding the transition probability of a process in 
which the magnetic moment of the crystal in the 
42 direction increases by 28, the relaxed energy 
2H being converted into thermal energy ; Hes (art 
lattice wave satisfying the relation 28H = = hog, 
being emitted. Now, to find the said probability 
it will be sufficient to calculate the matrix element 
of the above ‘mentioned perturbation between the 
; eigenstates ¥, and Y,, which respectively include 


Mf 


ment will be aia 
1 82% /END IED srotiny st) ae 

V N2Qim?c?’ 2Mog5 Pad ra 
4 

# 


(v,| sy S02) Geg-pid-sd) exp(—taR) Vo). G2) 
fy tan te ; } 


For simplicity, we shall assume that the electrons, “a 

which are responsible to ferromagnetism are “a 

electrons and that the neighbouring atomic wave die 

functions are mutually orthogonal. Then, using 

(8) and (10), we find that the matrix element (12) Ss 
‘ 


vanishes except for the case, in aaniel the wave ~ 


number vector g lies in the +Z direction, Tega 


perpendicular to the magnetic wall. If q lies t, ‘ 
by y ai 


perpendicular to the magnetic wall, we find thats ht 


“ 
ae 


(12) becomes a3 follows: 


ay oy 
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Here, the factors Hand F' are given by the Follows ¥ 


ing equations (gq being of course, in the Z direc- — 
' { ‘ 


i os 


oer 


tion) 5 ae Rs 


Rees 


20 ds 
B= (an ea 


Ae WB 


(endl? Rel) 


F = Syexp(—ik)- StS”, 


iS a . 
in which 7 is a vector with components { 
0). Moreover, if we neglect the snes of be i * 
order of magnitude 1/G* the expression between + \ 
the braces of equation (13) may be transformed 


into an integral form in terms of Bloch’s spin” err: 


density functions ¢, ¢“4), namely , ae 
1 ¢iyit=1 ee 
a2 ¥ \d|?-\e|? dz es i 
aM sacs \o|?-\¢| y 


' Quite similarly, we can obtain the matrix clement, 
which is necessary for finding the probability of bs 
a process, in which the magnetic moment of the : 
crystal in the fleld direction decreases by 28 and 
in which at the samé time a lattice wave satisfying 
the relation 28H = {w,,; is absorbed. It becomes ny 


KNa,5 
2Moy,5 


QWnZeh 
amc? 


—- 1 
VIN 


exp(—10q, jt) 


-B: i, (16) 


“eR 
* Pte ee ciecth-aa. (17) 


(ae 
et dab ; 
Be hes 7 ay = Fd, —1,0). Further, the expression 


‘. between the stress of equation (16) may also be 


ity ‘of \a process, in Ae hich' the magnetic wall 
proceeds iby a distance aoe or in other words, 


; ie 2 es nate 


(28H—hoy, j)’ 


dq; 


iintesrand ’ in the right side of this equation 
a sharp maximum at 22H = jo,,;. If we denote 
: hen velocity of a lattice wave (q, j) with w;, 
oS uslq\- 
e Rea aticin 28H = hon, j jon q--axis. 


ran Thus, 


Ww e must noahle the above ee eceten when we 


eo er Anne fu; uy Vers) 
& si eeee 2Gat 


4 Kou; |Bo,1\? i,j = 28H. 


_ lta? Zetk? (Ny,j +1) 
oy Ni mid 2Moy,; 


oe Ka “2Gat 
igs 


[ Ve ToPde |: IF? (18) 
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It is clear from the definition that Fe = 


a, 4 ‘is ay matrix element given by (18)._ 


So that there are two q’s, which - 


yA 2(2n)t- 


_above, we obtain the following results :. 


_ wave number vectors perpendicular to the boundary 4 


_ explicitly in its expression. Mart 


Not e. 
a ee A wr i 


Rin By ie 


Quite ateeieh the RES, _ probabil 

pe 
process, in which the magnetic moment of 
crystal decreases by 28, may be given by 


(22)? Zeth? KNags 
Nl mict 2Maz,; 


Poi = 3 


ee er jor ae] ‘\m-iree, a) 


= |F*. 
Now, if we remember that lee is on the q--axis, it 


is easy to see that | 

|F'\? = |F*|? = 0, in the case of longitudinal 
wave, and that 

( ie 


9 
2 


el 


[Fl]? = |F*)? = 


in the 

' ease of pee ae wave. 
: (20) 

From the above two transition probabilities, 

we can obtain the velocity of the magnetic wall ~ 


. displacement by a simple consideration. It becomes: 


“fl 
v = (Po,i—Po, Py Gr 
Mon) Zetie 1 
oa Seale gs U Ve T9Pdz| |B \FP. 


{ ‘ —@n 
|F? is almost determined by the terms in whiele 
the Ry’s have small values, so that it may be 
thought to be proportional to q’. Thus, [Fm f 
k’q’Cja® where C is a proper constant. Inserting: : 
this relation into (21) we shall sei a! Pe } 


Zz eK? BH 
fapeuris usa 


[fe Tor erae times (22y 


‘§ Ss | Summary. 3 
Summarizing the considerations | mentioned. : 
(1) Only the transversal lattice waves having 


surface take part in the fond) ie wall displace- 
ey ; , 

_ (2) The propagation sidegiay: is proportional — 
to the field H and does not contain pile Lys 


If ¢ simply takes sine form : asin Bloch’ c 
t : Cru 
it may te age Bat the expression 


cn 


x 
# 


bovis proportional to l. 


Therefore, the velocity (22) 


oF is proportional to /, or in other words, proportional 


to the thickness of the ‘magnetic wall. If we 
remember the model, simplifying assumptions and 
eigenfunctions we have adopted, it could not be 
expected that (22) would bear quantitative com- 
parison with the results of experiments. To answer 


f 
the question as to what extent the above obtained 


“predictions have grasped the essential features, we 


must wait for, for example, detailed experimental 

studies on the ferromagnetic semiconductors. 
Further it should be remarked that we have 

neglected in the above calculation the higher order 


transition process in which two or more lattice 


quanta are emitted or absorbed by the spin inver- 


sion process. Even in the case of such higher order 


process, as Muto suggested’), we might have 
transition probability, which is not so small. 


over, the velocity may show another temperature 


More- 


dependency.. 


Now, if a wall displacement occurs in the 
ferromagnetic solid, a microscopic eddy current is 


generally induced inside, so that the magnetic field 


caused by it may tend to prevent the wall dis- 


placement. From this point. of view various at- 


- tempts(%) have been made to calculate electrodyna- 


'mically the velocity of the wall displacement. 


Exact calculations, however, are difficult, as the 


distribution of the eddy current is very complicated. 


Now, there are some experimental “facts, which 
contradict with what is expected from such elect- 
rodynamical consideration. In the first place, the 
velocities of the wall displacements observed in the 


metallic ferromagnetics at extremely low tempera- 


tures show no striking difference from that at 
ordinary temperatures, though the former is some- 


what smaller than the latter*. 
place, there are also no essential differences between 


In the second 


the velocities of ferromagnetic semi-conductors and 
of metallic ferromagnetics™). 
facts, the dynamical problem of the wall displace- 
ment does not seem to be solved thoroughly, even 


if the electrodynamical calculations were carried 


Displacement Velocity of Ferromagnetic Domain. 


placement may also be of interest, which we are 
ee | ie 


" present investigation. 


Because of. these - 
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out completely. Therefore, it seems to us to be — . 
necessary to approach to the problem from the — or 
It should here be noted that ; 


our calculation must be regarded only as a pre- 


atomistic standpoint. 


liminary attempt from such standpoint to deduce — 
a qualitative explanation of the discrepancy between ’ ¥ af 
the experimental results and the electrodynamical — 


paren Guise and to ape a reference to the i Ye 


gation on the influence of stress on the wall die 
desiring to attempt on another occasion. 4 

In conclusion we should like to express our : 
sincere thanks to Dr. Tokutard Hirone for sug- 
gesting the problem and for many helpful sae 
sions and suggestions during the course of the af 
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a Se Introduction. 

“The solubility of hydrogen in palladium has 
een studied experimentally by Sieverts\), Lined 
and Borelius®), Kriiger and Gehm®), ‘and Gillespie 
Bs and his co-workers). It is shown that at very 
‘high temperatures or at very low pressures the 


ount of hydorogen dissolved in palladium is 


‘The existence of two solid phases at Gempera: 
tures below the critical temperture has been com- 
The absorption 
of hydrogen does not alter the lattice structure, 


= fi ‘med by X-ray investigations(2.3 8 


"4 but causes a considerable expansion depending on 
‘the quantity of hydrogen absorbed. For the two 
“phases cae distinct lattice constants have been 
detected by ‘X-rays. 

- Theoretical formulae of solubility of hydrogen 
alladium were originally derived by R. Lacher©), 
compactly reviewed by R. H. Fowler and 
, A. Guggenheim). 

«i st In Lacher’s theory, it is assumed that the 
a absorbed H atoms are completely lonized into 
tons and electrons, and these protons become 
tly bound to certain sites in palladium lattice 
without affecting their lattice structure while ele- 
Eton join the main body of metallic electrons, 


ad, besides, there should be a weak interaction | 


* Cooperative Phenomena in Pd-H System I. 


By. Akira HarasimA, Tomoyasu TANAKA and Kiitiro SAKAOKU. \ 


Facutly of Science, Kyusyu University. : 


(Read March 15, 1947; Received October 1, 1947). 


Abstract. 


Some modifictions are made in Lacher’s theory of the solubility of hydrogen 
in, palladium by considering the change in energy of protons with the volume 
Existence of two phases with different lattice constants and 
unsymmetrical form of the absorption isotherm are explained. 


~ tion between neighboring protons upon the lattice 


tion of the solution by the ratio + of the number 


"is present. 


‘ 


vided the existence of two solid phases, and the 
critical temperature was given in terms of in- 
teraction potential between protons in palladium. 

The observation of Gillespie and Galstaun in- 
dicates that the isotherms of equilibrium of hydro- . 
gen and palladium are not completely symmetrical 
with respect to the critical point, while in Lacher’s 
theory they become symmetric. e 4% 


| 
a 
] 
| 


In this paper we 
take into account the dependence of potentials be- 


tween protons and the sites and of mutal interac- 


constant of palladium. And the theoretical iso- 
therms are re-calculated. It gives the theoretical 
interpretations of the volume change of palladium — 
lattice on absorption of hydorogen, and the non- 
" symmetricak nature of the equilibrium leathers ; 


§2. The Hydogen-Palladium System. 


Gillespie and Galstaun have shown that there. 
is a critical temperature below which the absorp- \4 
tion isotherms show that two solid phases are_ 
present. It is convenient to express the composi- 
of hydrogen atoms to the number of palladium é 4 
atoms. When r< Ya OY r=ra, only one phase = 
In the intermediate range there are 
An inspection of Fig. 1 shows that 
the isotherms consist of three distinct parts. When 
y is less than 7. or greater than rs, the pressure in- — 
creases with increasing concentration. When Ta Bent Bs 
r <1, the pressure remains constant and it is in ‘ 
‘ this region that X-ray experiments, shows the 
presence of two Seti Seneca lat misicee % 


two phases. 


ae 


re ) 
Ng 


ie ee ee ee ee 
% 2 0.2 OA © 0.6 03 | LO 


Tsotherms of Hydrogen-Palladium 
Equilibrium. . 

<r Theoretical curves (This paper) 

Theoretical curves (Lacher) 

90000000 Experimental (Gillespie and 

Galstaun) 


’ Fig 1. 


- At critical temperature x is 0.270. The value 


of ra, at which the second phase appears, decreases 


while the. value of 7s, at which the first phase 


disappears, increases as the temperature decreases. 


Palladium is a transition metal and has two 


-pands of allowed electron states, namely the s and 


d bands, both of which overlap with each other. . 
The s band can accommodate two electrons per 
atom and the d band ten. Palladium furnishes 
only ten, with the result that the two bands are 
not completely filled. When Pd is alloyed with 
Au, which has one more electron than palladium, 
measurements of the susceptibility and electrical 
resisatnee can be explained by assuming that the 
extra electron goes into the d band, which is filled 
up when electrons per atom have been added be- 


tween 0.55 and 0.60*. 
= Mott and Gores, “« Properties of “Metals and 
Alloys”’, p-- 189 (Oxford, 1936). 


wo te 


© Ya 
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Similarly, when palladium is alloyed with hydrogen, 
its paramagnetic susceptibilty decreases and’: be=s7am 
comes zero when hydrogen atoms per palladium 
between 0.53 and 0.66. 
This suggests that the dissolved hydrogen is almost: 
completely ionized and that the detached electrons 7 
go into the d shell. It suggests that th2 process 


of hydrogen absorption will reach completion when | ff 
oa ae 
\ hee 


atom have been added(’), ; 


+ = 0.6 approximately. 


§ 3. The Partition Function. ae 
The partition function for the dissolved hydro- 4 
gen will be constructed by assuming that there a 
are potential energy holes in palladium for gee . 
protons to go into. All these holes are assumed Kit 
to’ be equivalent and we denote the number Re ie 
holes by Ns- We denote by a(7) the partition a 
function for the vibrations of the absorbed H atom — y 
relative to the lattice when it is removed far from % : 
other protons, and by ¢ the energy in its lowest ue 
quantum state, the zero of energy being taken as ee 
that of a free atom in its lowest quantum stateuan ny 
And ¢ is assumed to be a function of the volume 


of palladium, so that it can be written : Bs 
ee 


0b aS 
begat 7 ee ep z 

o a 

where V, is the volume of pure metal. : e 
‘ie 


In ‘er to explain the occurrence of critical } 
phenomena, we must assume further that the 4 
energy of absorption depends on the number of 
holes filled, increasing as the number of holes 
filled increases. The protons with their ome 
ing atmosphere of negative electrons must attract | 
each other according to some unspecified law of ® 
force. We put this interaction potential of each pair “ 
of: absorbed protons, which ‘are nearest neighbors, s 
equal to—2w/z, where the factor 2/z is included for 
convenience and z is the possible maximum number es 
of protons around one proton, or the total interac- ° 
‘tion energy at saturation being equal to —w per 5 
And w is also assumed to be a fune- : 


be 


‘one proton. 
tion of volume of the system, as 
Ow her” 
w=wt(s 7) Aas) 62) 
; ae 
We consider a solid phase as composed of N 
palladium atoms and N4 protons, then the partition 
function can be given by the equation. 


‘ (8.8) 
Fs ae sHalsiholse’s free energy of the solid 
a phase, 

Nak = Number of neighboring pairs of 
tne protons, 

co > N. ia) = = number of possible arrangements of 
~ Weak protons in Ns holes to give 
1d * Naa pairs. 
2 evltt '(T) = = the partition function of palladium, 
a d summation i is taken over all possible number 
; compatible v with fixed Ns and Ny. 

8 obvious that 


Na! 


Nal -Ng!” (3.4) 


ey 


te = ais Naa) = 


: Then we define\a kind of mean value. Naa’ 
for the sake of mathematical convenience 


oN, ist ea) fe 


! ‘ = 
_N! ee VAAL 


“ Rise Nu! W, —N»)! (8.5) 


uf Bragg: Williams approximation by 
(3.6) 


Ua energy of the system, : 


=™, log Ni-N4 log Nu 


‘se “Wg Na)Nalog a(T, V)o 


. va (é nate ] 


(3.7). 
p i (N00 PLN Alo aNts V) Fra 
ee s 39 log 0 iT 
} , neti ‘) hae Ae ; (3.8) 


<a EES ¥ is fk HOR Be | al Ra atk icale 77" i 
gt OO ROTI Cn ee 
eR nay is ) ad Na ap sa Lh , Nays eA i a at 
a ‘ ‘Akira HARASIMA, ‘Tomoyasu TANAKA and Kiitiro Saxaox. ‘ARE Soe : 
Pies ‘ a ¥ 5 Mh aie ‘ 
ee oe “2 i 1 Nag a .\ where we put for “besyityt: Naa NANAIN) : 
= = 4( Ay Nad) ee er N; 6, 6 being the fraction of occupation ‘of the holes i § 


me b= = the statistical spin weight of proton, | 


beca eit represents the number oP possible ar- 


ye ‘shall further assume that Nis is 


Then we obtain an expression ‘for the Helm- ~ 


\ op “ 
of metallic Pd. é is ‘ 
Then from C 8) we obtain the ime 

A ¢ ry ; y 

am white” Mae nt gers ap 


with protons (Fp, is the free energy of the 


solid phase when there are no protons in it). 


84. Equilibrium Conditions. 
The free energy which is given by Eq. (3.8) 

is a function of volume, temperature and the 
| If F is plotted asa funce- 
tion of volume, curves something like those, in 


number of protons N30. 


Fig. 2 can be obtained, regarding @ as a parameter. © . 
In thermal equilibrium at constant. temperature, 
since potential energies u, ¢, w and the partition o 
functions a(T, V), b(T, V) are all functions of _ 

volume of soild phase, the volume of the solid 
actually realized, should be the one which will 
make the free energy F minimum. Let Fy and 
F become minimum at V, and V respec every) 
V,, V is given by * 


\ 


- 
Ty OF ray" s A 
ae a0 p= a V=Ve (4:1) 
oF Ve ; git ay 
. y : 
From Eq. (8.7) 

1 0¢ Our 
rain ried | ay Ne av 
dloga 1 / OF re 

AKT 1 av oie (23 


And the last term of (4.3) is expanded in Taylor 
series as tart 
4) +. 


OF ra a 
he) oie, (ws 
sa er tee (4.4) 


+ 


“The first term of this eqoktn vanishes according 
to (4.1). Sinae 


bs a a at 


the second term can be written in the form | 


bey 
1 


er | wit ‘ 
ar ey (ae) 2 


1 OV 48 a ea ~ 
where « = ——— “i : a MLB. 
aotaeer aor fe er 


4 


| 


Z ) ‘ \ 
. Fn 12 oni). 


“where we neglect the derivative of loga (T, V) 


(4.6) 


asa slowly varying function of volume. 


Fig. 2 


We assume the quantity w to be a decreasing 


- funetion of V so that the sign of (3) shall be 


negative. We further asssume that the absolute 


0g \.. ; 

value of rea is inks compared with that of 
aw | ue 

ae ); that is, the volume change of palladium due 
to the absorption of hydrogen is accounted for 
mainly by ‘the behavior of potential ¢ between Pd 
and hydrogen as a function of volume. From the 
data shown by J. O. Linde and G. Borelius in 
their X-ray investigations, the ‘amount of relative 
_ volume change of palladium when saturation is 
- yeached in equilibrium with gaseous hydrogen, can 


be estimated to be about eight percent. From 


6 


these considerations we assume the sign of (<4) 

7 to be positive, and using the Linde and Borelius’ 

_ data we can find ‘from Eq. (4.6) its numerical 
: ‘value 6.22-108 cal. per g-atom, perc. ¢: ¢ 

Substituting Kq- (4.6) into Eqs. (8-1) and (3.2), 

_ we can find ¢ and was a function of 0, by the equa- 


; tions 


pa accevence( $b) serene sh) (37) 


(4.7) 


ww = wy +#VoNod so \(ae), 48) 


a ‘ dw \?. ‘ 
where the term including (ar is neglected as is 


* 


a 5 small quantity of higher order. 
. There is another equilibrium condition. © The 
a! dissolved hydrogen is in equilibrium with gaseous 

p. hydrogen. According to the fundamental equation 


. 
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Bit Re oar ice: the absolute activity 4, or as 


‘the same value in the dissolved ‘state as in the 


the chemical potential » of hydrogen should have BS st 


gaseous state. This condition is expressed by, 


pla ee a 
kT kT \ aL 

4 = 4 AL (Bee 
= log 4n= log dy, 2 kT \ ONgas ) 


log a 


(4.9) : 


where 47, and 44 are the absolute activities of 25 
molecular and atomic hydrogens in gaseous phase. 


Ary 18 easily obtained from the partition function os 
The | 43 


of molecular hydrogen in gaseous pfase- 
partition function of molecular hydrogen in gaseous 


phase is given Ly fi 


Q7r-2mAkT B?V 
f(T) = ( x 9 
hs 
8x? AkT 9? x 
ofa Cesk: 


a /eT 
h? ; 


where 2m is the mass of hydrogen molecule, A 
is its moment of inertia, and 7% its dissociation Bias 
energy of its lowest quantum state, V, is. the 
volume of gaseous phase, and e the statistical spin. 


weight of proton. Then for the free ener ey, of 


gas, F,, we have ? ma 
¥ 
r= Nyur{log M21} - SNe og T 


: (Gn 2mimtsh' Gat Ale phy > ah 
oo rage! ec iy a} G1) 
and hs * 
1 / OFy 
scene) KT log p—fkT log T ~ 
1 (Qn-2m kee Be Ak oF 4 Ane 
(4.12) 
where we assume the gas to be ideal. On the 
other hand, from Eq. (3.8) Lig eS. 
ie, be (22) {oes a 
res Ns; 00 TA : Lined ae Toe 
y 0 : Ua 
~ kT log ——[6-+208|—KE log Td. ie 
{ "aT le Se 
(4.13) i 
§ 5. Equation of Isotherm. Pees 
rt 
PP a 


+ 


From the second condition of equilibrium we i 


obtain, 
a y 


. Siler Sxastiple: E. A. Guggenheim, “Modern » 
Thermodynamics”. 


f y 


Mie ets ee we, Br cc fa SR yrane ot Se, sa me es Ps ie 
aS Pt Wer te, ante hah Sat : Y 3 at z peace. 
ee ee el f fed ; xe pean Neo 0s ae Ah 
. Akira HARASIMA, Tomoyasu TANAKA and Kiitiro, SAKAOKU. te hee ay 
bY - 6 \, \ ~ dp = 0 ‘ ap = ‘ 
log p2 pete rT ee a dp’ ‘ 
1 kE slept +20] - Sos a(T)-+log 7 T is considered fixed in the process of ale era 
SC aey ORAL? tions. . 
7 
ade 6) From Eg. (5.5), the frst equation Opie 


“obtain i 


Jha) + (2006 Ny eV, ( $r)')o 


: ; Oa cede) (20 ) @|+Hog fT), (6.2) 


(27. ger BAK 154 
me h? 1 Tila (7). 
% (5.3) 
utting 
<i, 
we = dy ais 
' Od 
- %=2 N; V, 
oe ners ser Sh) 
- j 1, 0¢ Ow 
ee NEM acale v) Ret 


4 ‘ 
>, “tas % and 7’ are all positive constants, then 


= log — sep Leyte] 
+o Ar), | (5-6) 
iéh is completely identical with the one which 
ybtained by Lacher. 


Critical Conditions, ae Nonsym- 
Bietric Isotherms. | 

The equation (5.5), like that of Lacher’s (5. 6, 
one maximum and one minimum below a 


temperature. The critical point is obtained 


neglect 2, Eq. (6.3) requires to be $ for 6, and 


be written as 


K 1 x’ ; 
SS Se Se ee ——f, 6 = a5 6.2 
kT 41-86) x kT & ; ( ”) 

and the second as. : 
<A i= -20 


of e1— —0}"" 


Gillespie and Galstaun have shown that at critical 


~ point p = 20.0 atm., T; = 295°C, r.= 0.270, sd that — 


if we assign - the value N,/N = - 0.6 as beh in”) 

§ 2, the ‘value of @ is found to be 0.450. 
Using these values, % and %’ can be determined 

from (6.2) and (6.3). From Eq. (6.3) we can justify 

the positive sign of x’ assumed in the ee | 


section, because the observed @, is less than > 

Thus we can interpret the nonsymmetric 
properties of equilibrium isotherms, and at the 
same time the Sxpansion of palladium lattice, in 
terms of the potential of protons in palladium. 
can easily be seen that the larger | the expansion 
of palladium the more remarkable the deviation 


‘of isotherms from symmetry becomes. If we 


the isotherm becomes symmetric ane respect to 


1 
6= 93s indicated by Lacher. 


Tate of constants obtained are listed in 
Table I. 


Table I. ied 
%  §.4-108 4.5-10% (Lacher) 
x’ -1,.84-108 0  Lacher) 
Ni 
aoe ) = 6.22 x 10° cal. ‘Eaton, cm 
aa) = —0.41x 103 ane 


{ 
ny 


Below the critical temperature, the. aquiigeeaee : i 
stable isotherm can be obtained by means of the 
law of equal area in log 7 p~0 diagram, on account 
of which we may determine three values of 


ras ae Fes “0 ie: Si if we "substitute this 


ies A eel a 7s 5 ol aa — " s", Se 
“J A eg . ke a af ~~, > fl gi oh | “2 oe =e. a 

a i ; ait ; Ly oe ae rh eae 

sive AN i if vf re 

‘ ba ‘ > t etn 


Cooperative Phenomena in Pd-H System II. — j, PAST eee 
Table II. z "3 
ae . 4 ys t | ® 
; theor. Obs. Lacher theor. » obs. Lacher ! 
200°C 0.145 0.205 0.170 0.790 0.853 0.880 . 
250°C * 0.225 0.250 0.265 0.690 0.709 0.735 
280°C « 0.825 0.417 0.360 *- 0.590 0.550 0.640 7 
~ we can also determine the value of logf(T) which Chem. 174, (1935) 247. ‘ a 


was left untouched as an unknown factor, at 
every temperature. 6., 9; are compared with 
‘ 


; - observations, in Table II. 


ae he Pe [V], 16, (1933) 174. xs bas 
Ss alculated isotherms are given in Fig. 1. The (4) "J. Gillespie and F. P. Hall: J. Amer. 
nonsymmetrical shape of isotherms may be seen, Chem. Soc. 48, (1926) 1207. . a 


and they reprsent the observed isotherms more 
_ . adequately at high temperatures and small con- 

centrations, but the agreement is not yet so satis- 
_ factory at low temperatures and large concentra- 
| tions. 
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: In the first paper we discussed the cooperative phenomena which ‘are observed 
z when hydrogen is absorbed in palladium by considering the change of energy of 
the protons with the volume of the metal, and explained the volume changes 
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2 deuterium in palladium. 
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~§1. Introduction. 

In our first paper with the above title, which 
- henceforth will be denoted as Paper I, we took 
aS into account the effect of volume change of metal 
Ey upon the energies of absorbed hydrogen in palladium 


for the interpretation of unsymmetrical form of 


absorption isotherm. 
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Observations on the absorption of deuterium : 
in palladium are reported in a series of papers by 
Gillespie and his co-workers('). In this case the. 
deviation of the form of isotherms from symmetry hi 
ig more remarkable. We have applied the formula 
obtained in paper I to this Pd-D system. But 

the agreement was rather poor, especially at lower 
temperatures. In this paper we further take into | 


8 fs 


’ 


7 


§3 2. Regie function. 

_” Rushbrooke suggested that if, in the case of 
adsorption, the effect of the variation of the 
requency of vibration with the amount of. adsorp- 
tion was taken into accunt in the partition function, 
Pea ‘he critical conditions would have to ra modified. 
n his’ theory he ns assumed that for each adsorbed 
leeule there is one harmonic vibration whose 


re equency toh linearly with the number of 


ast 
a 


v=, + 0,0 


(1) 
In this paper we shall consider the frequency 
f absorbed proton as a function of 8, but from 


dng 
ahs 


m4 mae physical considerations a slightly different 
at ; 


ied: 


he 


*y P, eee ON G91 9 {4 
ome = Nal. Na! 


\ 


7 |lemzatry | “Temrycry], 
(2) 


la ae 


cae into, Na the number of absorbed protons, 

w the interaction energy of _rotons, ¢ the energy © 
‘ wired to carry one proton out of its stable 

te palladium to the point at infinity, a(7) the 

tition funetion for the excited states of vibra- | 
of a proton, and [e"/k70(T)|" is the partition 

% function of N palladium atoms. Fes al 


ams is used in our theory, it is assumed that, 
he total number N4 of absorbed protons in- 
creases, the number of pentane whic ae. one 


- 


ara Whee: ane opis ene Pe Ng ES ae aa 


Totioyas Tawar, Kiitiro Rito and “Akira 0 Hanasina, 


__~ coefficients should be linear in 0, and especially the 


~ 


. 4 tN 


uv 


a = N FINA , where 0 denotes the fraction ae sites 1 
occupied by absorbed protons. Ct me 

As for the oy gg function aD), we assume ‘ 
a three dimensional ‘isotropic harmonic oscillator, — 4 { 


so a(T) may be written : 
]/ (exp -4}), 
» (3) 4 


where v is the frequency of vibration. This vibra- 


1 
RT 


a(T) = exp —3 
/ 


tional frequency depends on the type of potential , 
hole in which proton executes a harmonic oscilla- ” 
tion. In the case of proten, the absorption energy 
increases aS the number of absorbed protons in- 
creases, and is simply sepreeeites as a linear-func- 
tion of 6. Then if this energy function is expanded ~ 
in a power series of the displacement of proton 


‘from its position of minimum energy, all the 
coefficient of the quadratic term, which represents 
the constant. of the restoring force, is also linear | 
in @. Hence the frequency of harmonic oscillator . t 
must be Proportional to the square root of the ¥ 
force constant, and inversely proportional to the | @ 
square root of its mass. For this reason it would 


be more natural to consider v’, instead of v, as a 
linear function of 6, so that we have 
(4) 

Similar considerations were made by T. Naga- 
miya and S. Yomosa(s). They considered the 
effect of thermal agitation of atoms on the be- 
havior of order-disorder transition in binary alloys. 
They put the frequency of any atom proportional. 
to the square root of a linear function of the 
Bragg-Williams’ long range order ‘parameter s. 
In our theory the parameter @ plays the same: 
role as the parameter s in binary alloys. Now 
we have a complete partition function from Eqs. 


(2), (8) and (4). 4 


The equilibrium conditions may be written re | 
down by the same procedure as in paper I, that 


is, by differentiating eg free energy F pe! V and 
0. : 


pa hy 2 ¢ 
ve = vy*+y,? 0. 


aN 


wh 


Ay ‘ yy ‘ 
From the first condition, the volume c] r 
of palladium due to the ‘absorption 3 2 ii 


can be given in the form, — viet ah ash 


Plena Ne 
ae 


(5) 


This equation is ‘similar to ‘that of the expression 


ar) Mes 


f \ 


gw) NakT 


4 in paper I, except that the last term is added. 
B & is again the compressibility of palladium, and 
Vv, is the volume of palladium when there are no 


ca 
pe protons in it. 


equation of isotherm can be obtained. 


From the second condition, the 


1 1 
 Nogp? = lor 0 kP sal pte teu | 
0 
“logft)- pe) ogaT), (6) 


e, - where %a is the dissociation energy of hydrogen 
Ber ciecais, and aT) is given by Eq. (8) as a func- 
a tion of »(6) and temperature. 

Substituting Eqs. (8) and (4) in this. equation, 
‘we have the final expression for the equation of 


isotherm, 


a 2 me oe Shy ~3( 14) hu? |, 
(7) 


a in which we have introduced many notations, 
indicated as follows : . 


For the case of Hight fa arogon: 


7 


((Qn-2maAkee 8° Ank 144 75 
t(T) = [ ha o . he a Tee 
: ; (8) 
1 [ 5 
X= Ga eeyn, s (9) 


2 


are = 109.0 kilo-calories per mole : the dissociation 


"energy of light hydrogen molecule(), 


e= exp] — F|/ (1— exp| 1- wl) (10) 


© m= ee Ss g(1-+80) (11) 

a “SE sie eee (2) | 
7 t . 

4 Y= Yo? v7 0 = yX(1460), 0 5 2 (18) 


t 


wf \ Od \? 
4 = Zuo NeeVe (ar) at E ee) 


pee vise): ee 


Aes Seopa meen Eero ene sir Pd-H aca JA fh 
if ; 


because 


The critical condition is given by de 
ap trl ne 

i ames we aE ; 

From the first condition we obtain 
bal Jog Z +3(1-+ 2e). oe 
kT > kT’ * 0 —6) eae Ai Bi 

re 2\ na? ne z | Wat 

| s[erenert(ste)z|r0, 20) 

at = T., 9 => Cars ; aah sae 


Ve 


i; (2n- ompk)se BrtA pike Latnt 
1(T) = 27. (any 
pt) eT 7 eae 
fe fe oil t(T) for light bani i, 
Mp = 2m, Ap = 2An, 


Zo ag dy So ares | 1 } iar 


“%aP = 110.8 kilo-calories per mole: the dissocia- 


we refer to our paper I. 


And the second’ condition can be written 


m2 2X1 29 rolerente (gte)ele , A 


kT 01-06)? 


© BL let Bett 2c) + Be +e yea S46): ore, 


at T=T,, 6=9., where 


heel eae he 


for the sake of abba asin 
. hy, <kT, hy <kT, 


and expanded the vibrational fartition funetion i 
powers of h(v)+,9)/kT. For the case of proton i 
and deuteron, however, the; vibrational energy is “We 
much larger and almost comparable | with kT, so PS. 
that we cannot make such simplifications. y' : 

If we know the values: of vy, and §, then all” 
the values of parameters yn 7; € at the critical 


/ 


:' eudt “naif ale e Tt 4" 7 ye 1d fe. 
ea Poa ~ Ms : . Be 
ek : * LON 


~~ 7 - 
a sieed Sori cy te 


' > 

s point can be determined from the Eqs. (10), (11) 
and ee Substituting these values'in Eqs. (20) 
i 


iS uations (14) and (15), are both determined from 
NN the types of energies of mutal interactions between 
’ " protons (or deuterons), and proton (or deuteron) 
and palladium. fi 

f AS is well known), there is a difference bet- 
‘ween ens dissociation energies of light and heavy 
© hydrogen molecules,-and this is considered as the 
ae result of the difference in their zero point energies 
_ of molecular vibrations. The amount of this 
2 difference is Gas jantely interpreted from the differ- 
ence of their inertial. masses, and other contribu- 
' tions to their dissociation energies are considered 
‘4 0 be the same for both cases. 

In our case of proton or deuteron in palladium 
he types of potentials can be considered to be 


ih ten. S 
the same. 


Thus, we must have the same numerical 
: alues, for constants %, and%,. And further, since 


mass of deuteron is twice that of proton, we 


_ (the.frequency of proton) 

= '2-(the frequency of deuteron). 
Consequently there are only 4 unknown qu- 
: _antities Vn é (or »;), %, and %, for either proton * 
or ¢ Writing dewn the Eqs. (20) and (21) 
gries Cases. of f proton’ and nceacer On we Fase 


_ or deuteron. 


a 8. a ee of the heaee with 
ree I 
‘die the experiment. 


a ; a At the critical point the isotherm has a 
x9 y “horizonal tangent. So. the critical temperature 
Te is determined fairly accurately from the 
, “experimental data, but the fraction 0, of absorp- 
tion at this point, cannot be deterealean with 
‘sufficient accuracy from the observed isotherm, 
while it hasa great effect on determining the 
; values of %, and %, from Eqs. (20) and (21). 
; The observed critical constants are given in 
os Table II. , 


Tomoyasu TANAKA, Kiitiro SAKAOKU, and Akira ‘HARASIMA.. er 


_ shall assume the amount of the increase - of ‘tee 


of proton increased with the number of absorbed — 


“the sites and that of mutual interaction between — 


: b. THe. osillating eae v is saibdenela 
as a function of @ only in our calculation. But — 1 
it may also depend on the volume of the metal, 
so that the vibrational partition a(Z7') becomes 
also a function of Volume. We have neglected 
the corresponding terms in the equation (5) as 
a small quantity. On the other hand, as far as 
we know, any available X-ray data on Pd-D 
system are now lacking, from which the infor- 
mation of volume change of palladium can be 
obtained. It is easily seen from Eq. (5) that if , 
there is a difference between hydrogen and . 
deuterium in the manner of change of 4V, the 
dependence of a(T') on volume will be different ° 
for H from that for D. This age ‘is not 
considered in our theory. 
We shall only test the effect of the thermal 
agitation on the isotherm After some numerical 
calculations we have confirmed thatif the frequency 


protons, then the width of horizonal. part of iso- 


therms would increas2. 

In Lacher’s theory, the forms of iether ; 
could be completely, determined by giving the 
value %,. The isotherms are shown to become 
symmetric with respect to the critical point, and 
the length of the horizontal part of each iso- 


therm—the region of two coexistent solid phases ~ 


is determined definitely. In paper I where the 


dependence of potentials between protoms and 


neighboring proton upon the lattice constant ‘of 
palladium have been shown to lead to the non- 
symmetric form of observed isotherms, the length 
of the horizontal part was automatically deter- 
mined. If the effect of thermal agitation of 
absorbed proton is also taken into account as done — 


in this paper, the following behavior of isotoerms 
may be found: “If the frequuecy increases as the 
number of dissolved protons increases, then the 
length of the horizontal part of isotherm becomes 
longer, while if the frequency decreases as the 
number of dissolved protons increases, then that ¥ 
part of isotherm becomes narrower. Now we % 
quencies, when saturation’ i is reached, to be 10 4 


per cent of the value for @=0 ba Broton: and / 
ha) 


- | ae 


Ripe ie eee ae nes a a 
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' + 2 ft E sabia 
per cent for deuteron. hy, = 0.6669-10° cal./g-atom., v. = 6.997-10" sec-!. 
‘3 The observed hydrogen pressures corresponding : (26) 
“to the horizontal part of isotherms are well re- and their ratio happens to. be ! 

yy? =1.4144~ "2. (27) " (5 


presented in the following empirical equations 


loge Daim. = 4.6018—1877.82/T for H (23) 


§ 
logo Paim, = 4.6330—1696.11/T for D, 
and these equations are referred to as ‘‘vapor 
pressure equations’? by Gillespie and others(). 


On the other hand, our formula (7) is com- 
is slowly varying 


and 
(24) 


posed ‘of two parts; one 
- with temperature 7, and the other is inversely 


proportional to 7. Comparing with this tem- 
perature-insensible term and the observed constant 
term of (23) and (24) at critical temperature T., 


we obtain the following values of frequencies 


hy, = 0.9409- 103 cal./g-atom., V_ =.9.872-10? sec 
ot on (2D) 


Pre ssure (atm.) 
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, Fig. 1.. Isotherms of Hydrogen-Palladium 
Equilibrium. 
fl Theoretical (Paper II) 
a _-—-— Theoretical (Paper J) 
ES ee Theoretical (Lacher) | 
~-. ¢0'0000 Experimental (Gillespie and 


Galstaun) N “Jj “ 
: 


an anf 


as anticipated before. This result comfirms us to. a 
pee y 


assume that the forms of potential holes are 
identical for H and D.- “Assuming the values of 


ti aes 
tg 


‘frequency-increase to~be, 


& = v,2/v,2 = 0.210, 10 per cent increase for H, ~ Py 
(28) 


and ) 
Sry ey Oe 960, 40 per cent increase for D, 


ey: oe 


~ 


wand using (25) and (26), the valides: of parameters | 
£ are all determined from the critical copditions (20) — 
andi(21), and they~are listed in Table I, and other 


b 
constants are also’given in Table II and HI. 


Pressure (atm. 


ORs G2 04a Ob 5s Oe ea 
Isotherms of Deuterium-Palladium 
Equilibrium. 
» Theoretical (Paper ADS. , 


Theoretical (Paper 1) 
Experimental (Gillespie and 


ne a) a » 1 I . ie oe Peel hr Ne <e Ci ps ae ts 
UT AR Sar aN 4 } q vn ie e - ’ ; u ¥ 
oe -Tomoyast TANAKA, Kiitiro, Saxaoxe and Akira HaRasiaa. Pa ee ms ge AME 
h* ‘ ry | f : ae | \ ‘ ow i nf ‘ ag peu vi ane 
sel Ae ie ‘Table * Yate ret Sahay Ss situs 8 ee 
Teh a a | ¢ A a ok mranigs 6 f i ee penny’ A ay 
‘ A AE fa 3.31 it 62 6.18 2:02: + 0.75. > | SRB 
4 (1.60) ° |. . (6.89) | (1.84) WNT OSS | (56.1) 
Nig) Ee PUN SR RES Fa Sid 7 | , - ae 
3 | 2.97 8.53: | 4.93 4 P1390 | 68.4 
soi 8 EPA GATB) (5.76) | (3.06) (0.57) | (57.1) 
SOTTO TMI Ta Bi A Aa NRE a A oT PTE RU GROWER SPAT SESE PRESET FS PR 
_ The ‘unit of energies is kilo-calories per g-atom. Values in parentheses are those obtained in paper I 


Table II. . ; 
Critical constants. _ 


Ts r | ; Pe : 6. ' ¢: 
H bee, BORE ay A 19.79 atm 0.450 
va | 549°K + 35.0 atm 0.417 Ve 


Table III. 


| € i | x 7 
GEEKs Ore7t8)s | osssga7 "0.095984 0.210 
part. | 1.18574 0.61187 | 0.34278 0.960 
\ ri eS m J ” ? " \ F 
he value of z, is determined so as to give References. rent at 
aber ed value of pressure precisely at Wick (1) LJ. Gillespie and F. P. Hall: J. Amer. | 
en all the other pars ter ab Chem. Soc. 48, (1926) 1207. , ; 
‘ Lewy tics at he L. J. Gillespie ‘and L. S. Galstaun: J. Amer. 
tuted i in the equation of isotherm. After - Chem. Soc. 58, (1936) 2565. * 2 hes 
; ameters are thus determined, we are L. J. Gillespie and W. R. Downs: J. Amer. 
; j Chem Soc. 61, (1939) 2496. +e 


| the isotherm for any temperature. (2) G. S. Rushbrooke : Proc. Camb. Phil. Soe. 
ressures oat ie to the horizontal part (3) on pein 424. PRA ie yong 
¢ T Nagamiya and S. ‘omosa: Nippon 

Sugaku-Buturigaku Kaisi, Vol. 16, (1942). 
ih ua manner the vapor pressures are '875 (Published by the Phys. “Math. Soc. Japan, 
tically, determined. Calculated isotherms ( Av a ae  Orthahydrogen Pan h arte : 

r »Parahydrogen ~ 
: vin Figs. (1) and (2). if deg mea Gane Heavy Hydrogen” P. 155. (Camb. 1985) 
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~§1. Introduction. 
Wave equations can be solved graphically!) as 
For the one-dimonsional 


well as numerically(). 


wave equation 


oe. Ose 
god 0 Oa" 


(1) 


36 where w is Aispinebinont, t the time, x the coordi- 
E nate. and V the velocity, we introduce a small time 


interval t and a small length S, and change it to 


a difference form, by approximate relation 


{ ou F 1 i 
oven AC yom t)tu(x, t+7)}, 
; | (2) 
we 2 
= alle s, t)—2u(a, t)+u(a+s, t,}. 
: * ‘re (2) into (1), and pes 
£: free Vee! (3) 


3 . ‘ 
we have a simple relation’ 


ux, t-+1) = ula—Ve, t)+u(at+Ve, t)—u(a, t—7) 
; (4) 
which enables us to compute graphically or nume- 
rically the ‘future’ displadement u(x, t+r) from 
the ‘ present’ displacement wu(v+V*, ¢) and the 
‘past’ displacement ua, t—r). . 


me 82. 


at. Fig. 1. shows the graph of the displacement, 
taking x as the abscissa, u as the ordinate and ¢ 


‘Construction. 


Graphical Solution of Wane horkasone 


’ ‘ . ' 4 i 
Grayhical Solution of Wave Equations. 
| 


‘By Isao OSIDA. 


Department of Dynamics, Faculty of Engineering, Univer sity sf Nagoya. 


(Read, on May 6, 1944; Received, October 11, 1947). ii a 


which can also be constructed in the graph ig. 2). 


tee NR BY Netw Pear 


four ae team t— ne ule— Vr, t), u 
Vr) and ule t-++t) respectively from a aratisiey 
gram on the graph, so that we are able to ape ; 
K from the first three: E, G and I. Let the 
middle point of GI, J, produce ET through ci so 
that EJ = KJ, the Font K is thus found. Applying 


displacement ule, tie). BS 


expressing the ‘future’ 
Accordingly, if we know the first two curves, Bh 
say u(x, 0) and w(x, t), we can find the displace- ae 
ment w(x, nt) at any time thereafter by repeating, apie 


the above process. 
if 


. OF 


(eH) , we can find ae, t) by an apprvnliaate 
=0 
relation 


Uy 


U = (%, tT) Ula, 0)+ (Fe) 9° 


¥ 


' Fig. 2 


Bedhidiey conditions must be taken into account, "s 

too. If the boundary is so fixed that for instance — 

w‘0, t)=0 at the boundary « = 0 or the displacement 6 
\ 


sages oo en re ec 


: ‘Isao panes ES ee eas 


y, ae p ~ ao" 


at the boundary i is given by a fanetion of time, no § 4. ote Yezkedoles: , ete ae eee 


ae difficulty oceurs. If ae Fe 0, oe AEA. abe For example, we solve (1) under the conditions 
i trée end, the displacement at. the boundary can be 


; pobtained “AP the same construction as stated seed f 


u0, t)=0\ if t<0 
‘ x 


a0, ) = sit (= } if t>0, 


ay 


° oO _ 
u(e,0 =0 and (oe) eng = if ¢=0. 


L L ? 
P : peg at i sat ae 
Putting: .r = 36’ Mes Ages = 6? and the result 


obtained after 15 processes, that is the solution — 


for t = 15r, is compared with the exact analytical ! 
solution which is expressed by small circles in 
Fig. 4. The agreement is satisfactory. 


5. Telegraphic Equation. 


- 


The vibration under dissipating ,force. is ex- 
. pressed by the so-called telegraphic equation : 


fae eae adi cate Ld Srey 2 - ~ _ es ¢ 
er 
ier Graphical Solution of Wave Equations. ity 221 
go ' 3 
ou py O°U ae os es ST ae cat eget £ af 
E Bu—C aa 0, BM = BN cos 0 = BL cos’0 = BL(1—sin’6) 
; aw ' Br? 
where A, B and C are constants. This is trans- = Bi “9 : 


' formed into the simpler form if we change the 


~ dependent variable u to ue-4t2, that is, 


aa Ou 
ae tee To 


and putting 
. Tt 2 


Bre” 
ES 


we have 


wa, t-+r)= (1S) {u(a—s, th+u(a-+s, t)} 
ula, t—rt) (5) 


In Fig. 5. let 
 AB= BC = Ss 
AD =\ula—s, t), CF = u(a+s, t) 
BG = u(x, t—t), SEH eS t+r) 

_- DL=EF, LxBL=6, 


2 
sin?é. = _ : 


LN.1BX, NM.1BL 
-— §bL= = (AD+ GP): 
Ss 2 
then 
Ap 


Using the differences (2) instead of the differentials, 


* y—Vyr, y, y+Vot, yt+2V;z7, and arrange them side 


/ 


and (5) becomes — 
ea Br? Ss eu a ps Ea hg ek ore 
BH = ( 1—"|-) @BL)—BG = BM+MG. 


This leads to MG = MH, or to that M is the ~ 
middle point of HG. Accordingly we can find the 
unknown point H, which represents ua, t- ame. a 
from the known three D, F and G. , Kise 

$6. Two-Dimensional Equation. 
_ Two-dimensional wave iste 
/ Ou. 3 rei. 


= Very: iat 


“Ot? *. be 
can also be solved graphically. Using diffrences: ; 


instead of the differential quotient, it pte 


u(x, y, t+T) = Stale Ver Pata t) 


-ula—Vit, yt Vyt, t) wet Var, y—Vyr, t) . 
+u(a—V. xt, Y— Vyt, t)}—-uUa, y, t—a) +B, aS 
where RF is small residual term, 
= -ZV: eae: 
This is’verified by expansion referring to the 
original equation (6). Neglecting R and denoting, a 
the mean displacement of the four adjacent. points, ‘ 
(wt+V.t, ytV,t) by a, we have 
ae, yo t+t)HHe, yp t) +{ia, y, 0) 
—ule,y,t—} ee 
We prepare the diagrams such as Fig. 1 for each | 
value differing by V,z, that is, for yp—2V yo 


by side with equal spacing aS shown, in Fig. 6. 
In:this figure, denote the middle point of the two. i 


points expressing w(x—V.t, y —V, t,t) and wet rh 


Isao OSIDA. PN a) \ ke 


= 


. J | i 
GA, y- as t) by if: And the middle point of the pare V.r, De This is of he same tara wine and 


wo expressing uwla—V,t, ytVyr, b) and w(a+V,r, the procedure is shown in Fig. as a 4 . 
-y+Vyr, t) by M. Then the middle point N of LM A slight modification will solve the equation f 
xpresses the avarage value ii‘x, y, t) of the four. -when the propagation velocity V is ‘not. constant 4 { 
: ; ] f the point representing w(x, ¥,t—r) is S, the but a function of time or the coordinate. 
"relation (7) teaches us that the point 7' expressing In conclusion the author expresses his sincere — 
- (x, y, t+t), which we are intend to find, is ob- thanks to Dr. Prof. Yasundo Takahashi, Dr. Yo- 


ainable as the point of symmetry of S with shihiko Takahashi,| Assoc. Prof. T. Koga for their 


a pect to N. Repeating the precedure we are __ helpful advices and encouragements, to Miss Fukazu 
oe to ‘find from given initial conditions the dis- for her help to prepare the diagrams and to the. 
“placement after any time interval. Hattori Hok6o Kai for their financial support. 


et & 


pS? Three Dimensional Equation. 


ae ps This ‘idea of solution can be applied to the ; By Re ny ay 
’ -dimensional_ equation, ; j "ve 

eae 3s . (1) I. Osida, Jour. Met. Soc. 21 (1943) 198~216, 
eng = Vigat Vy ony Ve ae 22 (1944) 98~104 (in Japanese). ee | 

Mite sae ¥ oh (2) For numerical solutions, see S. Homma, 
ransforms inta a | Jour. Met. Soc. 19 (1941), 358, Y. Simose, 
fue Y, 2, ttt) + &+{u- ule, y, z, t—2)} ibid. 21 (1941) 285~261. i 
proximately, » where % means the mean displace- (3) This holds not approximately but exactly, ey 


of pee eight adjacent ones wet Vit; yt Vyr, 


nat 


as it is proved by expansion referring to (1). 
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Graphical Methods for the Problems of Heat Conduction. Nea eR am 
z { 
On the Application of Graphical Methods to the Problems 
of Heat Conduction. é 
: ' , (A Study on the Graphical Integration of the Partial Differential 
. Equations of Diffusson Type.) ted 
; By Isao OsmpA. 
Department of Dynamics, Faculty of Engineering, University of Nagoya. 
: (Read October 16, 1942, October 23, 1943, May 6, September 16 and November Nea 
om : ‘ 18, 1944, Received October 11, 1947) Nt ese 
4 . ths = Introduction and’ Summary. and \he thermal diffusivity, that is| , y i : 
The application of the Bhalgtical method to c= & ; 3 (2.2) he ot 
the problems of heat conduction is confined to : 
‘ ; 4 r : ‘ where K is the coefficient of heat conduction, eae 
some ideal cases which scarcely occur in practice. + ates 


3 eee ‘ c the density and c the specific heat. fr Tage 
Even if the exact solution is obtained the numerical 
; ‘ ; Using a small time interval 7 and a small 
calculations are semetimes awkwardly laborious. 
: In 1924, E. Schmidt!) has deviced an elegant ae: 
_ graphical method which can solve easily the one- ule, t+1)— wa, t)} = pth . oo ae 


dimensional problems and, having been made no 


length s along the coordinate axis, we have i Hi a 


essential progress in this field, his method is widely 


1 io 958) « ule 4 eal Dh = a 
go lula—s, t) - 2ule, he ate s, 1 pare 


used even now by engineers almost: in its original 


form®). 
A: Since 1942 the: present author(4) has studied being given by Taylor’ s expansion, these are ea 
-_ Schmidt’s method and has succeeded to extend his : Py i ee 
3 ei BEG ° ct Oy Tt? Be ; Jo ea 
method to the inhomogeneous cases in which the R, = 2 on 6 OE Sree ss Oo aaa 
__ coefficient of heat conduction, the density and the st Om st Ou re (2.4) 4 ‘ 
_ specific heat vary with the coordinate, to the non- Re = Tet 1 a 360 Ore, oie ; ae 
‘ a ae 
linear cases in which these quantities vary with : si Neto 
Introducing (2.3) into (2.1), we have say 
temperature and also to the two or three dimen- : ; ¢ , os ela 
KT \ fora 
_ sional problems. The processes are so simple that u(x, t+t) = (2- al ula, t) i ee 
even a person who is not familiar with mathematics ee Og ae 
can‘obtain the result in a short time). © \ Pee e t) fhherard Eh. ds ae a 1 


To'the author’s regret, space forbids the full where R is given by 
As description of the work, so we shall give in the 


# t a ; 8s? \ Ou 1 Poke 
H following only a brief sketch of it. The dstalies R= t(R,—«R,) = (1-2 re Yon * meee ed 
, paper in Japanese with much more examples will af 
"pe published in future. - because of — = 2 5 by (2-1). If eis s very small, Pe 
f we can Pens R we have from (25) enn hy 
§2. Schmidt’s Method. Ms ee 
: 1 Un, ae 2 hiv) Mt if 
7 : The one-dimensional form of the equation of KE bam =) (w, t) ila, t) @ min 
=: ; : a : as 
a heat conduction is . oF ( ae fei vi 
j« i . \ . s° s* . A 
= du |, au < hen ’ : 
Ot © Ox? : : afore a decntes the mean tetpevaturs of the two” ie 
By where U is temperature, t faces = the coordinate adjacent points on both sides, that is, © 


wipe ce tet aan ‘ Psy f ; as 


r - ‘ / ; 
, < 


Ua, t) = Foto s, t)+u(a-+s, th: 


mc 7) means that on the graph of w plotted Aon 
: the point Q’ representing u(x, t-+-r). divides the 
2 “element QT, which joins the two points, Q and ale, 
. peer eeing u(x,t) and wa, t) respectively, in the 
: ailen ) : or, that is the same thing, Q’ 


| is Sobtamed as the point distant ae of the total 
fio TQ from Q towards T. hid 

In order .to have the smallest error, e 6) 
a Ee us that we may take s = 6«r, and in 


order to have the simplest construction, let 


Ba. Baty Ber. - (2.8) 
"then (2.7) becomes 
ere 1 : 

ms Bee t= g tues, N+ula+s, t)}. (2.9) 
oS. 

'This states that if ane two points P and R, re- 
_ Presenting. wa—s, t) ‘and Ula +s, t) respectively, 
a are given on ,the graph, the middle point Q’ of 
: ‘ represents wx,t+t). This simple construc- 
“ft ion found by E. Schmidt enables us to find from 
given initial temperature distribution that of after 


ny time interval on application step by step. 


insertion of (2. 8) in (2.6) to be 


io a ey i (2.10) 


r| 
4 


U (X+ V2XT, t) 


choy tate Isad. OSIDAe od hoy sth) Bee 


- construction with halved s (Fig. rays 


ig. 1).* Theverror in this case is found by | 


where A; equals to the coefficient of xe in the is 


‘ 4: Teas Pca sa 


In this case e ) becomes 


wa, t+) ast {u(z, t) bile, OP x 


= Shute s, t)+2u(a, t)+u(e+s, t)} 


(2.12) 
and Q’ comes to the middle of QT. The construc- 
tion is achieved by repeating ‘twice the former 
| The error is 
given by } 


Ou 3 
BME al 2 
ois mete Rate 


which is a half of (2.10). 


(2.18) 


u 


§ 3. The Errors. 


We have derived the expression of the error. 
accompanied by a single process. We shall prove 
in the following that when we repeat the process — 
many times there is no tendency to the aceunia-us 
lation of errors, but our approximate solution 
approaches to the exact one asymptotically. This | 
is the main reason why Schimidt’s method leads- 
us to the satisfactory result in practice. 

For instance, if we repeat the procedure given 
by (1.12), we have. ; «Oe 


ee ee A 
Ux, t+2r) = 3} Ayu(e-tis, 0), ah 
des : 


* For the points on the boundaries the boundat ; 
condition must be taken into account. This ‘a 
easily introduced by the aid of the ‘images’. See 
the reference (3). ete «Mins Riot 


“ 


2 
) an general, 


Xx if “we re- 
peat the process » times, we have 
we, t+nt) = Z A; wa -98, ap (8.1) 


é where A; pause to the costficicht of XJ in the 
4 expansion of sae +X). By Cauchy’s residue 


theorem on the integration of complex functions 


| 1 Bn cee 
nae ore (+X) dX (8.2) 


~ Calculating the asymptotic expansion for large n 
by the method of steepest descent, as common 


ey -in mathematical statistics, we arrive at the result 


~ we have 


yap FE eh Say ie 
A; > // s-exp( shi) if n » (8.8) 


a On the other hand, the exact solution when there 
is no boundary and the medium extends infinitely 
fie. 1S 


4 u(a-+é, t) 


wee, b+) = arent \° 


-exp(— ete aa KPa) 


One ean recognize that when 7 becomes very large, 
our solution (3.1) approaches asymptotically to 
(3.4) if we take (3.3) and that € = js into conside- 


ration. - 

If there are boundaries on which the tempe- 
rature are given or there passes no heat flow, we 
ean reduce the problem to that of infinite region 


above proof stands as it was. 

It goes without saying that there is another 
~ error unavoidable on construction which is at least 
0.2mm in length on the graph. 

_ If ula, t), ule—s, t) and u{a-+s, t) on the right 
hand side of (2. 5) have the same amount of such 


error being independent of each other, we take the 
Then the mean 


mean square error equally ¢. 


square error ? of wx, t+) is given by 


v= (1 oy + Me (0? +0") 


' if we lay aside R for a moment. pe becomes 


:: minimum if we put s= ¥ (BKt, and taking FR into 
a consideration we can have the knowledge about 


ie 
x the: per vate of s from the discussion above. 
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by the aid of the principle of images and the 


§ 4. The Variable Coefficients. 
If the specific heat C, the density o and the 


coefficient of heat conduction K are functions of : 
the coordinate 2, the fundamental equation is 
du a/,,du ; roan 
0-5 = ae(Kae) eee 


We introduce a new variable € such as 


dx ro 
Ka ~* tS 

in (4.1) and putting ‘ 
ete wis } 2 (hae : § 


Cok % 0 ; . ed 

we have j 
Ou au 

g = ME) Gee 


‘ 


which is of the same form with (2.1) except that. ag 


the oe pis a fonction of &. Accondinety : 
ng 


intervals s = V2ut Te or s=W4yut and nae 3s 


the construction of Fig. 1 or Fig. 2 respectively. og 
roa: 


For the cases of cylindrical and of spherical Na ~ 


symmetry with constant coefficients (2.1) fbecomes: c 


a] 


Ou al Ou» \ 
ot r Or ree] 


and 


Ou ce O/ ,Ou\. } +o 
abr? ae ar) Seat 
respectively. They can b2 solved by this method: 
by imagining as if they are one-dimensional pro- Nis 
blems such. that { 
cr, 

and 4 ae 
ver, co=r’, Keer’ 
respectively ®. $ 
If K, c and o are functions of temperature, ‘ay 


the case is more complicecated. We- ‘introduce. ahs 


new dependent variable such as e 
’ Pa 
ao ae 
——, =a K crit 
du . = 
instead of the temperature u itself and the Sundae ae 
mental equation (4.1) becomes ie fs 
0 i ce 
ee: 
v 7 
where 
K(u) 7 
; a Fi 0) = 4 
/ (?) ance Be oh 


fon 


with given s, the ratio QQ’: 


to —, but varies with the vithater 0. In order 


to apply the similar construction in this case, let 

QF: QP = QG: QR = QQ’:QT = — , which varies 

with 0. ‘This can be approximately realized by 

_ taking curved DF and fs the Li} s, of which 
Tt Fo ic 


from BQ is given by us ged SDS (Fig. 3). 
NH rns j 


4 “Fig. F 
J It i is favourable that s is larger than the 


oat a Pee epoerring in the figure, and that 


FP eFes ne -_ sf wel oF 9 eee <Ls ory rife 
\ son et sk elds Oy ne P iA Re in iy ; tN, Meith, Set re aL 
osha Tags ; ; eye adie auhin Ne my Ma CUM 
ase a "nt ty } ue 4 x . F ° 
Tsao OsIDA. Lee at ak ; ‘yee! ’ ies 2 
\ pi { z \s | 


If one takes x as abscissa and @ as the ordinate 
nd force to perform the eoustrncien of Fig. 2 


x “ ‘ 


~~ : ic t 
of 25cm thick, the temperature being aes 


the temperature with time just outside of the wall. 


\ . eo ae pve aN, 
OF 16, . 


a . % 
the rans - lies near. 3? ¥ if possible. Set. 


We shall give a practical axhmnple: 


dustrial furnace surrounded by a fire brick wall 4 


zero, was raised suddenly to the temperature | of 
1,000° C. How the temperature in the wall is. 
raised if K =1. 0-0. 001 u keal/m. h. °C, 


\ 


eo = 1700 kg/m? tout 


and +s c = 0.8 _kealfkg. °C. ? rs 


For simplicity we assume that the outward > 
radiation is so small on we may consider as 
as adiabatic dosaielina = os 0 holds just outside of © 


the wall, “where c= Ss We have — 4 } 


o> u(1-+0.005 u) 


F(0) = sig ‘1+0.002 0 yf 


Fig. 4 shows the construction made by taking 
s=0.05m=5em, and += 0.3125 h=18.75 min. — 
and repeating the process 32 times. The rise of 


is shown by the curve I in Fig. 5. The curve II 
shows that under the same condition assuming. 
that K is constantly equal to 1.5kcal/m h.°C, the 
mean value at 0°C and 1,000°C. This gives too high | : 
temperatures at first and too low ones later on. 


~ 


» ? At 


as 


Pi 


tah 


A: 


ry 


1 


The Two-Dimensional Rroblerar: 


e\ 
§ 5. 


The two-dimensional equation is 


Ou Ou Ou 
| Ob On? Tey Gye? ray 
where the thermal diffusivity «, for «-direction 
and £,: direction are not necessarily equal. There 


\ are many ways to express (5.1) in difference forms. 
We shall show in the next the two of them : 


one is 


f Uo, y bes) = 7 hl $2, Y— Peery yt) 


oe Bele ane 4 8p Ntulet+soutsy t} +R, 6. 2) 
- where 4 ] 

ae 

m 


a 
pa pues 
8.= V2, Sy = V WkyT, 


rye 1 Ou 
| R= a5 (se! gar +8 


and another is. 


at) 


er, 


* ! 1 ; 
ua, y,t+t) = qglt'e—80 Y—Sy rulers, Yy—8y,t) 


+u(e—S.» y+ 8ys t)+u(e+s., YT Sy t)} 


ia ee ne te Ps as 
Soe pow WAR P 


+-gtule—sz, y, th+ulet+ser y, t) 


tule, y—Sy, )+ula, y + Sy, t)} 


a | Pe 
= (+7 ule y H+R, (5.4) 
k ? 
Pit ade 
8. = V4ee. tet, 8 = V dbyt, 
(5.5) 
epee ta tt Pas ou } 
rie Bak een y' az )+ | | 
De NRT a 
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Fig. 5 


the 


(5.8). 


Posh op Nae es 
Aa f etry bi 
‘ 

i 


These expressions are easily verified by ae 

' . considering the relation (5-1). ‘ : 
Neglecting R, (5.2) states that the temperature : 

of the point (a, y) after a short time period ms i 
given by the mean of the four adjacent point ¥2 
(et 82, yt 8y)- 
‘temperature u(x, y, t-+T) in question by making 
the average in x-direction at first and next in 


In other words, we can find the 


‘direction according to the construction shown i 
Fig. 1. 2 
we arrange the diagrams of ua, 'y, €) plotted vs., 
x side by side, the adjacent two of which correspond 

to the values of y differing by s, from ye other ci 
Then we find the average of ua— “Ba, a anc mS 
Ua+S.c9°° aan by the procedure of Fig. I, imagining na 

that the heat streams occur only in z- -direetion, is. 
and then apply the same process combining th 


This process is carried out with eas2 if 


mean temperatures thus found, imagining that th 
flow of heat occurs only in y direction - ‘in turn, 
as shown ih Fig. 6. It is obvious from (5. 2) that 
the average ef the average temperatures thus. 2 
found equals to ule, y, tr) if we neglect the. 
small term R. beh ta ve 

Similarly we can find the same ule, y, t+) ie 
by the repeated applications of the “Process of jae 
Fig. 2, at first in z-direction and next in Yy- -direc- ; 
tion. This is justified by (5.4) if we neglect se" 


The procedure is shown in Fig. 7 
A semi-infinite solid limited by a plane y =0— 


ig iangular projection confined, by the two planes 


s ach as e+y=4em. and x—y=4cem. The tones 
iy erature of the solid bulk is initially 100°C and 


? all the surfaces are kept constantly at zero. The 


% process of cooling is studied by the method of Fig. 


6, ‘putting s=lem. Then r= 5 ; and on repeat- 


er 4 seconds. Fig. 8 shows the process and 


re 0 
CF Since ca = 0 for the Sachary sthtes, we can 


; + ‘find them ‘on repeating the above processes until 


oa no change of the temperature takes place. ‘Thus 


we can find the solution of Laplace’s equation 


‘ 
‘ } 


LETRA RET Ae RS RnR 
ea 3 
Isao OsrDa. be volte 


8 times we have the temperature distribution) , 


a 4 


us at ry =a 


Ou Oru 
Ox? T Oy? 


=0 (6.1) 


as a problem of heat conduction, by finding the 
stationary state under given boundary conditions. 
Since the initial condition may be taken arbitrarily is 
and since the construction may be done roughly. 
until we come near the final state, we can arrive 
at the result rather soon if these are appropriately "4 
chosen. . ‘ 
Fig. 10 shows the stationary temperature a 
distribution in a rectangular pole of infinite inet 
the cross-section being abe and one of the ‘a 
four sides being kept 100° C and the ‘other three, 
zero. The figures in the brackets are the tempera 
ture calculated from. the exact solution of (6. nS, ; 


which are in good nereettians with the graphical ™ 
results. 


feel 
N 4 
v 
(vey 
t Pe, 
be) 


Fig. 8 


§7. Thin Plates and Three Dimen- 
sional Solids. 


\ 


The temperature w of a thin plate of thick- 
ness 2 radiating from the both surfaces is given 


by the solution of 
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surface and the temperature of the surrounding 


Ou (ee oH) 2 


OE Oe? Tay? )ze0 (7-1), 


where « is the heat transmission coefficient of the 
space is taken u = 0. (7.1) is written approximately ay 


as 


sb OTe ae 4 
ae es (7.2) 


Wx, Y, t+-T) = 


KzC0 


where i and s are given by i 
= Ty a. es 
= ques, y—s, t)+u(a+s, y—s, t) Cee 


+ula—s, y+ 8, t)ht+ule+s, y ts, t)} 
and 


sy 


” 


respectively. @ e found Bis the construction of | ee 


Fig. 6, we may ‘shorten it merely by, the multi- Bs 

1 eae a 
7 aoane which j is sy 
ry a ae $ a 
easily done on the graph. < N ie 


plication of the constant factor 


Lastly we shall deal with the three-dimansionall_ iy co 


problems. The fundamental equation 


Ou ou =" 
Ob ea get tr ga oy? Tie a4 


in many ways. One of them is 


1S 


U(et, Yr % t+T) == Sues, YESy, ZESes i) (7. ry 


where 3S} means ‘to. add the eight member being : 
generated by the all possible combination of the a 
plus and the minus signes and S8., sy and 8s. means: a 
V2n,,t, W2Qkyt and ¥ /9x.t respectively. (7.4) tells “2 
us that the temperature u(x, y, 2. +t) in question 

is obtained by making the average of those of the D 
eight adjacent points. We make many diagrams | : 
of the tpye of Fig./6 for each value of 2, the ae 
succeeding two differ by s., and arrange them in. 
shifted position as shown in Fig. 11. Then we 
make the mean of wu of the two adjacent points 


with different and same y and ¢z at first, secon- 


‘the See u EO NS, t+r). 


~ 


A semi-infinite solid limited by the plane z = 0 
ee: de . extended Pig the negative side of the z-axis has 


by nes planes «= 030m; y =0,3em and) z=38 


Ag 
*C) The initial temperature is 100°C overall and 
th esate are kept at zero constantly. Putting * 


=s:.= =1em and applying the process four 


nes Ne every point, we have the temperature 
4 tribution for t= ae = 2 see. Fig. 12 shows 
- isothermals, for the Pees sections y=1.5em 


a ee ommited much details. especially 
Bi cerning the practical techniques. As the 
i error increases with 8 and with the higher differen- 
| ee of u, we can accelerate the process 
by taking larger s as the temperature curve b2- 
omes ambother. There are too many. eae of 


discussions and. enconrag2ments.. 


such a sort to be mentioned here. 


The combinations of the above methods will _ 
solve other sorts of problems such as heat con- 
duction in a finite eylinder, in an inhomogeneous 
plates, etc. nS Peay 

It goes withont saying that the above methods | 
are valid to the problems such as diffusion, Which — 


obey the same differential equation. a 


In conclusion the author expresses sincere. ig 
thanks to Dr. Prof. Yamanouchi and Dr. Prof. ¥ 
Kotani for their interest and encouragement 


throughout the work. He takes his opportunity n 
t " ‘ J 


to thank Dr. Yosihiko Takahasi, Dr. Prof. Yasundo 
Takahasi, ‘and Dr. Prof. Koga ide their helpful 
He is ‘ indebted” 
also to Miss Fukazu for her help to prepare the 4 
diagrams, a to the Hattori Hokd Kai and the 
Nippon Gakujutsu Shinko Kai for the financial 
support. . reg 
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Po a =p. 
car is 


aes Graphical Treatment of Mechanical and Electrical Vibrations. 


(Read December 14, 1946. 


vhere t is ad x, the displacement, m the mass, . 
) the external force, and k and v constants. 


‘8 olution of the equation (1) in the integral form 
Ww which i is ‘shown i in ordinary text ‘books. However, 
it a ‘is ‘rather laborious in practice to find the behavi- 
Of the system corresponding to any given F(t) 
calculating the integrals. The graphical method 
‘the following will furnish a convenient too] for 
ge purpose. (1) - 

: * Using a small time interval t, we can express 
P spproricataly the time derivatives in (1) in dif- 


- ference bese namely } 


\ | 


By Isao OsmDA. 


BA yt Department of Dynamics, Faculty of Engineering, Univoratty of Nagoya. P 
: Received October 20, 1947). 


If F(t) i is given, we can write down the analytical , 


Pe 
a gin )—at—0} 


d 
: il ; 
f a = qe tu(t—t)—2a(t) + 2(t-+-1)} / 


By substitution, we have 


> 2Q—v2r? 
, X(t-+t)=——— Like x(t) ; 
1—kr A ahve 
_ Teke w(é—t)+ 14ke Be: eae 
This will serve as the fundamental equation instead 
of (1) if + is small. (om . 


Fig.. 1 shows x plotted vs. ¢ on ordinary rectan- : 


* 


gular coordinate paper. L and M represent time 
t—c and ¢ on the abscissa respectively, and LR 
J and MS the corresponding displacements «(t—t) 
and a(t), which we suppose to be given on the 
graph. What is the procedure to find the next 
We take another three 


points N, G and E on the time axis having the 


displacement «(t-+7)? 


- -abscissae such as 


and ME =2=— 


respectively, and for HE’ we take a point P such 
Let Q be the 
point where the straight line RS intersect with the 
perpendicular GQ. Combine P and Q; the straight 
line PQ will intersect the ordinate NT at T. Then 
NT gives the displacement a(¢+T) in question. 
Repeating the procedure, we can find the displace- 
ments «(0), x(t), 7(2t), x(87),---- 
points succeeding with the interval -, if we know 
the first two, say (0) and (r), 
by a curve we find the final result. 


for every time 


Smoothing out 


‘In most cases, as the initial conditions besides 
=» -the “aN es displacement «-, = «(0), the initial velo- 
x : 
» ci = We 
city (Fe)... ) 
preceed as follows. 
If we put t= 0 in (1) we have 


(Bn 


Using this, we have from the approximation, 


= #(0) is given instead of «(r). 
/ 


= —2ku(0)—v*x(0) =o 


Se ae ae A! A 3 
ao(r) (0) +20) + eae ) ee 
the relation between «(r) and «(0): 


F(0)? 
2m 


~ ase (1-7) (0) + Ker) #(0) + 


% aay 


which can also be expressed graphically. 


Fig. 2 shows the procedure to find a(t) from: 


ove 
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_value of f(¢) becomes 


233 


(0) and «(0). We take the point P on the axis 
such as OP = «(0), where 0 is the origin, draw the ~ 
straight line PQ having the slope e = 4(0) and 


let the point of intersection S with the ordinate 


es F 
= Ci ta t. Let R the point.such as 
3 { 
Ae Rie ee 
ye vem ; ‘ 


Taking a point A on the time axis such as OA= ; 
t, draw the perpendicular AT to the time axis at 9 
A and let it intersect with SR at T, then AT gives ie 
a(t). Once 2(z) is found a a 


in this way, the construction stated above can be 


The proof is also simple. 


applied one after another. 


For example, we search for the solution of 


oe oes 


5a = ft 

de a 4-252 = f@, 

when 
(0, if ¢<0 or £>0.5, 


MO = Vs ect cos, 


under the initial condition 


de / 
2=0 and “8 if t=0. 


a4 


Taking + = 0.1,, we have 


m=1, k=3, v=5, 1 = 0.24, ¢ = 0.0667, a = 0.08. 4 
Fit) 


, be-- 
v2? 
ing shifted by | from its original position as shown — 
by the dotted line in Fig. 3, before the above proce- — 


dure is applied. Taking into consideration that 


It is advantageous to draw the curve of 


ates 


at the point ¢=0 and? = 0.5 of discontinuity the cs 
aes 0.25, our method is . 
applied, and the result is shown by the full line. 
The cross : 


This takes only twenty minutes or/so: 
marks express the displacement calculated by the 


exact solution 
c= sald —de- cos 4¢—3e-3 ‘sin 4t], (0 St S0.5) 
Gi ale 5(8 cos 2-++4 sin 2)—3]e-% sin 4¢ Mae 


lors sin 2—4 cos Rw es cos : 4G, (t 0.5). 


The agreement. is satisfactory for the purpose of — 


finding the wave form. 
The equation of the transient phenomena of . 
an electric circuit is of the same form as (1),and | 


\ 
\ 


Pia | 


iy 
x ui) 


\ oy ‘ ans 


Ake ea oe eek 

Pere yy ie" aa St ele 
Be Tes aS ah, ee aN 

Pie hh i f 


aE 
dt’ 


di diha 
dt? ee 


} abov 2% 
re The w use of the eatiiical method saves ‘much 
pegcorpanied by dealing with functions and 
n ‘eg tions. A little alteration will enable us to 


with the ease that & and »? are. shea ard of 


es can be applied without any alter- 


als hmeahriais 


Sah 
Bio & 


Tsao OsIDA. rh ak ani: Ber 8 


b 7) Fig. ‘Sa 


Prof. Yasundo Takahashi, Dr. Yoshihiko Takahashi 


ee le 


engineers who have to treat many of the similar 


problems. ; 
In conclusion, the author expresses his thanks 
to Prof. K. Shogenji, Prof. T. Yamanouchi, D 


. 


and Associate Proffessors Y. Furuya, Y. Kasuga 
'T. Koga and K. Yamamoto for their invaluable 
_ advices and encouragements, and also to the Hat-— 
tori Hoko Kai and to the Nippon Gakujutsa 
Shinko Kai for their financial supports. 
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Decay of Diss System with Sound Wave Emission. — 285 
i, , } ; 


Mathematical Treatment on the Decay of a Vibrating 
oy, i 4 


2. System “due to the Emission of Sound Wave 
t into the Surrounding Medium. | Preyer y 
ie ‘By Zyuro SAKapI and Kiiti TAKIZAWA. 
g° \ Department of Dynamics, Faculty of Engineering, University of Nagoya. 
a (Received October 13, 1947) Hy 
§1. Preliminaries and Notations. Let 7? = aj? = o;?+2,'-+25', and the body 0 occup 
3 4 ‘ . es t fc 4 
a The phenomena of decay of a vibrating system he region Thy ‘ i 
Sas | In the body we have : ge ie 
_ seem mainly due to the emission of sound wave ; 
hr = 0&; 1 i §s 0g; 
into the surrounding medium and not to the fric- Ai = —pdy tia a FA ress +3) 
> tion in the vibrating system. The following 7 se =p a. B. ‘i 
= : i i Poa 0 0%; ‘é 
cases were examined, the first 6 cases by Sakadi ; if ‘ 
and the last by Takizawa. > Ores OAdj (a4 Vee te Sn) 4pde; ‘s Of) 
4 2 4 sist ore i) 
Me 4. Radial vibration of an elastic sphere in the e py eee eee VE ap 
ae. In the air: iy 
a atmosphere, : : 
2. Infinitely extended: oabrons, the 2 media ‘ 0 oe = — 7b 5 
Rigs } ‘ 
my in both sides may be different, - on 
i ’ 3. ‘Torsional vibration of an infinite circular uj = te , P=PotP = pote ag ee 
cylinder in viscous fluid, ’ | coe Megane 
Ss 4 Transverse vibration of an infinite, stretch- p: density in the static state, 
¥ ed string, m ao 
4 5. Infinitely extended plate, _ ae bait 
6. Extensional vibration of an infinite thin The boundary conditions are : 
rod in viscous fluid, i me ie LB are 
: —y,—p)n; = —pn; = Ayn = —PoNj *KM hg Soe 
y 7. Radial vibration of. a circular cylinder in n : a (gio mw ie Bald aes 
; ‘ 5 at is, ; 
the atmosphere. Re ei ; 
ay —pn; = By)’, 
Let j Pp 7) d 
and 


aj: orthogonal Wohrdinates: 


Bester: displacement components in the elastic 
body (measured from the static state), 
es £:° normal displacement in the case of mem- 


brane, plate and string, 
uy: velocity components in the medium, | 
: Ay: stress components in the elastic body, 
ei mj: outward normal to the body surface, 
" @: velocity potential in the case of air, 
~ sound velocity in the air, 
Po: pressure in the static. state. 
- All values at the boundary surface in the static 
; > state will be denoted by 5°, nj 
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Elastic Se in ‘the Air. 


a0 \0 ae, 
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For the case of radial vibration we put: 


de 
Ox; 4 ; , a 


= 
g, 0: 


The equations (1) pecome : 


functions of ¢ and r. 


ap A42n yeaa ee 
ODE Ay =. We de, 7 

Ot? reek g Aer kbes 7) a 
| . 
The 2 conditions ©) and (6) are: ae a 
ao ee ap \0 fe 
= (= nde) +20 ao)» (8) 
1 
° * 


‘ aa 
; ‘“ A ss E(at--r) : 
. A / 
# \ ‘ 
a where the conditions that ¢ is continuous atr=0 
and @ Tepresents divergent wave are taken into 


account. From the boundary conditions (8) and 


( © we oe 


& Be —b)f!(bt —c) — c(«-+-b)f""(bt-+c) 
Se is — bf" (bt—e) + (BF dY" (E+ ¢) 
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bites b? 
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P'l(bt +e) 


ie (ot) + —* aporte) 
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gf —~A genie) 0, seb GO) 


_ A+2u 4u 
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XG 0a 
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we . oO. a 
es oink 3” O=% Q* seal: 
V obtain f from Aaoy’ after some Beieeidteees 
’ A a , 7 pole 2 
(treet ~ ten’ @) 
a A+2yu oa OL Aten 
SAO eee erm YY on 
A+2u 1 
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ee? =. 
1—er = (18) 


"Se 
ove’s ‘‘The Mathematical Theory of Elasticity”, 
Die ee Ee , 


ae 1 callie 4 ae P EN ay eae “i aes ‘ ee 5% ie Dey 
th ; 4 hss : : a Ne 5 A 75 i + i ade 8g Poe 
i Gyo SAK ADI and Eiiti TAKIZAWA. Ae “eas ae 7 Nes ¢ “e :: 
90\0. |) By @) 4th edition, p: 285 for the limitting case 250, that 
> (or) Pe ~ (ar ye is, e>0. (18) has infinite number of positive roots 4 
© and o can be solved : vee gs e= re ree ae ce eis 
ce i A flbt—r)— —f(bt +r) =(> 5): Hence we assume that p-is sm 


_ the denominator of which 


the first .order and putting 
; b 
1—e%,.? = %/tE %, (% > 9), % = > te 
/ 
7 = %(1+8), 
into (12) we get the result : 
. No" 
1+iny, 
en,?—8e+1 ’ 


é= —e€é 
- 3 \2 3 20 
%°—8e+1 = (ens) Pity (—) > 0. 
Hence we can put ’ 


q>0, g’>0, 


and the time factor in ¢ and ® becomes: 


6 = — (q—iq’), 


eiwt = ging(1+5)t — gtwy(l—Fa)te—ewg”’t, 
showing the damping of vibration. But the ex- 
pression (11) for ® takes the form ai 


2 4 ay ae erg 
ef (1+d)t Pid chide PF: 


0= 
r 
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This unfavourable- 
ness can not be avoided if we do not take wiekcniay 
in air into account. Hence we assume vis ity in 

air and add to the mepy sides of (2) the frictional — 


‘ 7 
rape. ; / 
[or simply ~ exw; ]. ; 


which becomes o. for r—> . 


terms 

pa’s4u; 

Then (3) and (4) are to be replaced by 
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pa olig-wese), [= o(%Ee)} 
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and 
a0 a oe ao 
=a? 1 oP Yon et Eins... 
we a40+a's = 40,| aso n= |; 
respectively. 


_ Taking again Ae 
O = Retwry = RY, oa ak ‘ é : 
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p= Ps e [- Sp (a= eles Rea 
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and any ep dae Ff 
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oe WO “ties AT, 
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o/(1+ és), p ( 
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a nQ— eigte—tare-9'7(g >0,= q'>0) 


a4 and the same circumstances hold also for small 
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positive 0. 


§ 3. Infinite Membrane. 
Let the plane of the membrane be x; = 0, and 


for the’ gas in the region x; > 0 the same notations 


will be adopted, while for that in x;<0 


as in II 
all corresponding quantities will be denoted by (’) 
sign. ‘ ; 
The equation for membrane is: 
are < - 82, Beis ’ 
= pits y aoe 14 
g OF Piz P. z e (4 A 2 +53} (14) 
while those for gases are: 
eo. |. aor 
ae Bayt 2 Or; ’ 
. oo oo . 
ee Pe pf bie s Mae 7 
PH PtP = DotOa> Nae — © a, (15) 
“ao 070! 4 
(pe ies fe ee AE AD! 
‘The boundary conditions are : 
ar (amy" a1 
Ox; ) Ours Ot 
aes (15) into (14) we get: 
~ oe 80/0 00 vat . 
eas 4,€. 6 
ary Oe) (se) ets (6) 
- Putting ‘ 


é es ReteE (a1, 2), 


. o= pesos oO 1,. 2), 
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in (15) and (16) we have: 


As+ké = 
Ponee a tk Poy ON 
ity he AG 7 )S (18) 
pe 1? +H eer, 


tinuous and finite solutions : 


v= 7 cos#, 
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ei Clair) mar { OB 
sin Co = rsin 0 
and from (18) 
oan Oh 1 op! p° = 
or eee 4 (G-F)I 
bs 2, w? Fra. if 
oS ha» b (19) Y 
9 T? = pr? 


When: as in II we assume viscosity terms a ‘edu, a 
a!?s'4u;’ in (2) and in the cn cee 


stead of (19), the following equations (20): — 
Seg § e Ei 
oOo = 5 I? fis (rasan ea ” : 
w? 
7? = e——__—_ 
i a2(1-+iws) ’ 
na ki— w? f 


a/(1-+-iws’) © 
0-20 and when 7 and hare’ 


Again we put 0 +0, 
finite we have: 


oxo, = ee k, 


en oe tay A erga. \ 
Rated igs aa(1-+iwys) /’ 


T: < 
TPT Roe a( ewe eee 
iste a/?a(1+iaMs H)? 
ace. for , when the first order terms of p and Ae 


are considered, 


pl ip 0 
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oe Elena ee ies a ia 4 ar 


r Y yA rae cue Met DN a ad rage 
@ 5 - Zyuro SaKaDi and Bit TAKIZAWA. MERE T be yy ae 
> i 1 ote j aN, : eg ne i 
a «1 ‘ 
¥ r « 
5 Un =! cos an ¢ sei Bs aa a> o), 
To - + iq’), .%! = Q//+19'"", (23) ih 
% ; iy ARE oy . : &; = 0, ree 
‘fhom 1(22)) 5°: ’ y 
ge ig Fe / we gain: 
— o=qt+iq5, (24) i 
; @V 1 dV 1 ow" 
positive q's. dpe in ar. +(*#—) ¥ 0 a ee 
; (24) shows the damping due to ¢ and p’ and 
Ae 8) show tl that et*,(eT’s) has negative real exponent . r (i 
as “a Olas <x 0) in the limitting case p +0, 0/0 ree J a (er) fare are ie 
a this holds also for small positive p and op’. SiS iol ri 
2 solutions of (19) or (20), in which 7 is of the pl =0 
‘order as 6 or 7/ as o’, represent, so to speak, pie Bie (2 (Zy)° re Or U\\ 0 
ee > vibration i in the gas and themembrane vibrates Te 2 Reelae lt ) as ) ) ; 
ore bl, So that we neglect the discussion of these ; ! 
ee ad (25) and (26) are solved by: — 4 
V = Cc: J, (er , 
Ey orsional Wibration of a Circu- ‘ . 
Cylinder. _  U = D-H, Ver), 
are aMecas From (27): x oy te 


ew wy ‘= 10s 0, ee = rsin ‘8, and the eylinder 
eye 
occupy eens r ae c. bs 
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Oe Adar ieeiegn 5, 08; a; a6, 
+ +4 — 5; oe 
WryiAn t 8an eS, an, a) 
ape oa 
i 1, when i =j=lori=aj=2. 
10, otherwise. ee 
: fa Z 
The equations for the viscous nig are : 
ies ¢ 1} 
Tikenag Paatat 
f) ’ 
ip du; ) 
re, 0; / 
shy iia y 
Ep Pot P, Pea! hay fet 
Saeed opti. become : 
uz Ou dg, \9_ 
2 Oty (eed, he a EY yA " 
p(t ina! a(z* =) nj 
4 ce | 
06; | 9&%\9 
+u( Ox, On; ) 4 i 
\ ag, : ¢ 
t n+ (>) My = —Uy ny" +U2"N,’. 
a ee ; 
n 
& = —sin 45 ae a Tat: -efwt, V, 
$, = cos on OF rays elnt. SS 
Uys —sin on ° Tory: -efwt. U7, 
Ay it ex ye 


Mees 
K=Ky+e&, oO =O,+ = &, 
n56O, 
and from (28) : 3 <n ere 
—— SoM(,e) ove oa 
Peppa bad aOR tly A! Vipaws 
0 I(K,0) ye AY. Sei 
o = 0,4 V— Lee ape I is | 
ao. age, i 
* When «, = 0, « = we have : me: eet ay 
HR tee A olen OaY, See 
5 5 t oe , 6 I Bo Pre 
. o=a,+2¥— eee HE rebut 


nJ(«c) — v 
Tyce) "pe 


> A, (U(«le) , 
H,(c/e) 


For v0 we obtain: 
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“ 

J(Kc)=0, a7 = | (eo +7"), : 
Css ey 

with ®, zero or real positive. re 


For small positive v: 
em 


Be (<8 OY =) <0), " 


and the sieht gine of (23) becomes : ' 


t —%* ,-— | 
¥ —i—V pov. 
aT ae | 


When «, >0 we put: © 
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and i in the fluid U0 for r— , because of the 


- relation : 
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—— gi(—9’ +79"), 
Tr 


\ 1 
a | H,W(elr)~ 


= 5. Transverse Vibration of a Stre- 
tched String. 
. Leta string of circular section of radius ¢ be 
stretched from x, = —o to x; = +o and vibrate 
4 in the a-direction and put 7, =rcos 9, %, =T sin 0. 
We must assume that the displacement & is small 
F compared with c. Then the equations of motion, 
when we neglect terms of order ¢,€ due to the 


‘ . easily as follows: 
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“ge Hie) | / 
2 te? — gece Nee 
bi a eSw «CH, (1)(~e) 


where S = 7c’. 


: S (2), we have following relations instead of (31): 
i) id eS OS La Sik 

a2(1+ios) ; i? 
o HY, (ke) 

+iaS. OHH, 7(e0) 


‘ * 
pee hit, = pS 


A For o>0 we have 


‘ hele ayes 
. “ke? a = ot, 
‘ a ae A Bir a (1+%,8) 2444, 


Ag i REE ea 05 5 RM 
Ae ot pe pr, os eo ve he, ed yaks y rv iW ey 


‘ rah ee 
ibis ah eas Je ey eh ess eek a 4 pe, hi 
fin "Decay of Vitrating System with Sound Wave Kinission. lps ; 939 
: ae , Se 
Hence in all cases we at i and for small , oe putting , 
$ ‘o = 0,(14+0), ‘ 
0 = oy +(— Lida, (q>0)- cara, re 
, wad i ho 0S,” ate A, (D (a 9C) . 93 : 
The time factor therefore damps according to e~2 = 8a (1+ias) ecHy "(Kec)" ( te ta 


deformation of the cross section, will be shown 


e nua 
OO RiSy = —o| ae I) (29) 
and the boundary condition is: 
ei a0 ae a 
-(5) = = cos 0. 80) 
We put: 
O= Relat” mes" “cos 0- 0, \ 
ax Rerwt.” S ra5: Wop 
\ sin 
and from (3), (4), (29) and (30) we obtain: 
F ® = D-H, (er), 
* 2 oF 2 . 
oa Nia ae (31) 


‘When we assume viscosity term sea 2g Any in. 


I can not in general determine in which quadrant 
of the complex plane the factor with H- in (33). 
lies for «,¢ = —q+iq’, but for \x,c|>00, by using 
asymptotic expansions for H's we easily ‘Verity 
that 6 has positive imaginary part, showing the 


cece of vibration. 
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case of membrane. The plane of plate is me = 0a 


The equation for plate is: ae 


ae nes --h4,4,E+-(p’—p), : ey I ty 


as in III. ar cle os 
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we have: 
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The equation 6h shows that k dat be yeal pos oa 
tive and (36) is then quite the same form as (20). 


_ §7. Extensional Vibration of a Thin 
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Fluid. | tee 8 Ces Bik 
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displacement of rod particle in x,-direction, 
; aie: _Young’s eostslus 
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| ke : i, 
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wR oO» 4 “U;(r), 
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P Ay : F 

) (88) and (39) we get: he equation of ‘motion for the body is: 
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ore hus Ty uel, fais Facs ree By 
1 ESO ORE a AER) where §,." represents the radial displacement. 
s) (ae Fae tt) The equations for gas are: _ ae 
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If we take into account of the frictional terms, that 0 has positive imaginary part. Accordingly 
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‘The method of approximate evaluation of the 

electromagnetic oscillating modes is related in this 5; S 1. General Considerations of None X 
“Eee In order to save the pages of this treat- 
ment the notations in the first paper!) and a SAL. 
bes Stratton : Electromagnetic Theory’ are eee 
se t, when special rea are mentioned. 


resonant Case. ee 
As we have already explained in .thes bist 
section of, my preceding paper @mn has raioving . 


expression in’ boundary domain “74 
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| Hay 
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re Relves Since ki of % can be regarded ap- 
roximately constant throughout the central domain, 


‘ . (3) . 
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V (1.10) in my previous paper, we get in the 
me entral domain 
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ompare the forms of Pinn and Ymn introduced 
2.4), » (2.6) in my first paper*, we recognize 
t. (1.6) is equal to the following conditions on 
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e y is the outward normal on the separating 


ti tine ying 0 on Secs Rites surface. fees if we solve 


arating i the form of fm, and values of ey 


re pambletaly peternnet. Since we func- 


@. 7. F asieerai', Theory” of. Electromuinpetic 
‘lation on Plate Conductor, This Journal. . 

@) These are obtained by combining (1.12), 
14), (1. 17), (1.18) in my. previous paper. 

ie In the following the formulae i in the preced- 
om peter: ‘are indicated by /. 
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where |§,| is the distance of the separating tthe, 
from the plate edge and its value is given by (1.22). 
Since by (1.9) the values of ay, Gp are decided and 
by (1.8) the ratio of ¢ and gon the separting dine 
is determined, the form of $im, Ymp given by (1. 1) ; 
are completely determined, if we proceed as ex- 
plained after (1.12). : 
By (2.5)! and (2.7) 
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Ie wh ements (2.4), (2.6) and (i), (ii) in the feetonde 
section in the first paper, we find that (1.10) is 
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Since &?’ and &°) are already determined, the — 
value of £* given by (1.11) is known. Hence by 7 
(1.12) the relation of 7* to f which is already deter- 
mined is known. Therefore, proceeding as ex- 
si wae after (1.12)/ we can completely determine 
Fru OF Fmp- . 
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(2.9. This fact is equivalent to the following 
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by (2. 4)’, (2.6)’ and (2.8)’ where ¢ represents ee % . 
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- §2. Picesecal ‘Considerations of Reson- 
ant Case. 
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"Resonant phenomenon takes place’) when 


: Qn = I) = 0. (2.1) 
In this case by (2. By and (1.15), (2.1) 
2 (ee am Te (ROY wm (KM = AMY. (2.2) 


esi Since m» becomes infinite according to (1,7) when 
_ (2.1) holds, the method related in foregoing section 
is invalid in this case. Combining (2.2) above re- 
~ lated with (2.7) and (2.9) we get 


ED) Bon = J0€Crny ——KektnBrx = —JO®Crm (2:3) 


Be. 2 Fue Nock 
ron = —JopCrnn, kU Be, = jouChrn - (2 4) 


| _ If we compare. (2.4)/, (2.6), (2.8)! with (1-1), (1.3) 


a and remember (2.1), (2-2), we find that (2.3), (2.4) 
i a are equivalent to the following conditions respec- 


' 


» tively >. 

i; as) i * ‘ 
ts. GB POF oe ; rs 
m - jocfnn = ya, jae Loe = —{k'—(kpe’) Vines 

8 OY aon 

yan 5 jane me = —{ke— 62°} Fone 

? ; Ip. : 
| G5) 
aRe, ea 


ES a ok FE ki! L 
jou fae = Op.’ JO ays {k’—(kep Po» | 


‘ 


. 0 mR 0 ae 9 oy 2? | 
— jon foe = ohn ’ jon tm = {ko — (he?) yhien 
\ 3 : (2.6) 
Substituting (2-1) into (1.4), (1.5) we have 
FA oo tos 4 hef 30, (27) 
If we 


? _ where, f stands for Rye fnnietae 0 Sp: 
ae solve G2 7) so as to _satisfy (2. 5) or (2. 6) and sub- 
stitute the Bedution, thus obtained in a. 3) we get 
the wave function in central domain. In order 
that the solution of (2.7) satisfying (2 5) or (2.6) may 


exist, the magnitude of the central domain must 


be of appropriate ,value, which determines the 

aN. ‘resonant magnitude of the plate. es 
Tt is notable*that by (1.6) A, A’, A*, A* be- 

~eome zero by (2-1), which shows with (2.6)! (2.8), 


- lating mode when (2.1) ‘holds, evaluting Poynting 
vector on plate surface, which means no ‘other 
‘than that the mode is. in resonance. oe x 


oN 


Electromagnetic Oscillating ‘Modes on ‘Plate Conductor, 


6) We find that there is no’ Jens of the oscil- 


BSS wisi ila 2 
, b v 


ingieal 
(2. 5) and (2.6) the totlowine facts : 

(i) The field of Pin is coast anes connected _ 
through separating line with the ‘field of Pan “nae : 
the field of #1 vanishes in boundary domain. y 

(ii) The field of ¢%,» is continuously connected 
through separating line with the field of Gap! and uA 
the field of ¢,p vanishes in boundary domain. 

(iii) The field of Yin, is continuously conneete¢ 
through separating line “saith the field of Poa and 
the field of ¢%,, vanishes in boundary domain. 

(iv) The field of ¢%p is cout’ nuously connecte: 
through separating line with the field of Omp , an 
the field of ¢*’, vanishes in boundary domain. a  ( 

a 
§ 3. Calculation 
Case. . by 


in Non-resonant © 
When oscillating mode is far from resonan: 


~ state and a, or a, becomes so large that 


Oise Op uct ¢ (8.1 


holds, (1.15) in my previous paper'1) becomes a! 
ay 


proximately \ | re 

ie Pm [ Atty? +O? =O. | ( 

The fundamental solutions of c 2). pre. v) are 
inn re COS GU, Crm = = sin ee 

Hence by (1.2) < 

fears = cos ayuettm’ 2, | 


(2), Rte 
tik, 3H { 
, 


The distance |§,| of the separating line from the 


=0 ens 
) Hi mn = SIN GU, e 


plate edge becomes by (1.22)" 


ej|xn/2a,2, 2/2ay'. (3.5) 
\ Hence by (1.9) ph ites 
gk ‘3) ~ @,,2/z, as |z. 2 ve res 


that uw =t/a by (8.5) on the separating ee 
gét from (3.4) 


4 Gen Ore ‘ 
finn P= ae am vt ? ie 7 See i 
Rare R eS : 
O font a PAA f ey 
Ee ks PAD Ss le Jey, U9 ; 
jean 0s tf (et | 


{ ‘ = , 
Hence by (1.8) the boundary conditions of finn and a 


vo on the separating line become ' | oy, 


POE it igi enue uae iin i ene ea hy SMT. 
f ea re *: F ; Ow ei) 


Ee ae atc de Tokio SAKURAK. Raho at We eras 


; ; ee a. ‘Mu2/2 = bu |8| = 8 ~ (43) 8) 
Ofinws pa ro \ ; vf IF : f £2 ob Ris 
“Ov a7 


=0, (3.8) fap = 0. (3.9) 
(4.2) can be written as follows : 


_ The equation satisfied by these function in the 
central domain becomes by (1.4), (1.5) and (36) 


Betz: Since (2.1) holds, by (1.22) 


eh para Ls % ot 3 : 
aye ag Ht +(2 ) fre 0, 2.9) 7 : kil! |,| = 3, = 2/2. / (4.5) : 


/ where f stands fcr tna OF fnp and a stands for a, on separating line. Hence by (4.4) and (4.5) 
or a». If we solve (3.10) so as to satisfy (3.8) or 
(89), we cbtain fi» or fp. Hence by (1.3) we get 
_ the wave functions in the central domain, The ’ = —0,70,. 
_ values of a., or a, are also determ‘ned in solving [p’]us, = 6,6, [de?/ds]—s = 8))/4J-s/4(80) 


in js boundary problem. Hence by (3.5) they deter- = 0.34. 


" \ 


g= st/AJ—1/4(8), (eS si/AJ 1 /3(s). (4.4) j 


[e]eu sg = 0,29, [de"/ds]s=2, = —8)/4T3ya(8p) 
(4.6) ®) 


r ines the thickness of the boundary domain. 4 
Take, for as, a circular plate conductor jot fon = 0.70)/. (ee othe 4 ‘ 
a th the radius length C. In this case by (3. 5) the 
% "separating line becomes the circle w ‘th radius length 
( (7*/2a?. The solutions of (3. 10) are expressed 


i ‘circular coordinates r, @ as follows: 
i 


(4.7) 

(2) , 

joe finp/dv = —0,29{k'—(kn' yom Ue 
SERPS te a 

Jot fn = 0.34)/ ke—(k? ype *¥m Uy ca 


j020 finn/Ov = —6,6{ 1? —( (Keo? } gttt Blue . 


4 Spe. i nae gy (3.11) 


a eon te EF Dy, t9k 2) uy 
Substituting (3-11) into (8. 3) and (8 9), we get. Joufnn = reeny ar Se, (4.9) 
a ‘ 
> ‘ - (2) 
| + Hoe—#/2a2:}' = (etmn)?, 319 jond frie» = 0.29{k'—(kkm )yenm “2 
r -12) 
: [are ea ee 
a & “+(dean|t)Hlo—n/202,}° = (lmp)' jou fis, = —0. 34,/k?— (lem Jt etm “2, 
4 (4.10) 
“where Winn is the m-th root of al m(u'/du = 0 and jon af*/av = 6.6,/ ‘—(ie2)? gttim Me 7 
‘is. the p-th root of J(u) = 0. Remembering \ y 
Ee get from (3.12) ; 
| In the case of circular plate conductor with 
he . Ann™TU ‘mn/C, Amp=F'mp/C- (3.13) ‘radius length ¢ the solutions of (2.7) become aie 


2 ‘ 4 * \ 
ae (3.18) with (3.5), we obtain the values f= hie mOTm(Kr). (4-11) 


a Fines ttl yan leslie Bie (8.14) If we substitute (4.11) in relations from (4.7) to 
: (4:10) and remember that 


_ §4. Calculation in Resonant Case. ken’ = [Pn mrp he (4.12) : 


or Since (2.1) and (2.2) hold in resonant case, (1.15) on the separating line, ara have 


1 my previous paper becomes. Ly ,; ry 
d?y/dan?+(K0? ; I’ nl ern) + 1.9 V1— (mf ker lIn(kra) = 0, oan 
G/U," + u,"e = 0. P| y f fee) Ee 4.13) 
’ th Ait (4-1) Talker p) +0. 41 V1—(mkrp)Jm(kerp) = 0, ig (ow 9 


where 7, and ry is the radius length of the sepa- 


% i = rut RJ1)(le0,"/2), | 
i (4.2) (4) rating line in the cases. of fom Ton and Sows Jie 


. 12 (1) 9p,2 
ide = CUT; (kl u,*/2), ‘respectively. Let vm, and mp be the nth and pth 
ere « and © are integral constants. Using the roots of be ae 


relation . 2 eee ; - Bs 
(5) These values are calculated using 
@) ‘Forsyth, Treatise on Differential Equation, Jahnke and Emde, Tables of Funetions dort * 


oat . (2.5) and @ 6) become in this” case maT 


ooo 


iB Oman) v1. gy V1 —(m/ Vm») In(Umn) = 
Snl@np) +0. AVI Crime Tnlomp) = 0- 
“it we calculate by (2.2) eid (4.5) the cinees of 
§ boundary domain and add them to 7, and 7p res- 
a pectively, we have . 


Am C2 1 
pre aia tal 
Tw V Um 


, where Gm stands LOr Cmny Cmn and v,, stands for 
Um, Ump respectively, and 4 is the wave length in 
f free space. These Cnn and Cmp are resonant radii 
of the circular plate conductor of fey end fins 


. a. modes respectively. 
Particularly when m = 0, (4.14) becomes 
Ty(Won) = 1.9JVon), Ji(Vop) = 0.41 o(Vop)- hee 16) 


The roots of these equations are 


el i roan Rp oa bi ai uid 8 POR ra “4 wis < vee rahe Hy 
4 M : a ee fe ; : : 
' ; « i We ; J ; ¥ ii ? 
Tables for Matric: Representation of Symmetric Group. Kt 245 
Yon 1.9, 5.0, 8.1, 11.8, Adds bee ape 
(43 
"ha, 14) Vop = 0.80, 4:8, 7.4, 10.6, 13.7) -¢++. . G 4 
(4.15) becomes in this case 
ca jies.0,55.2, 1.05.2) 2.56.1; 2,148, 260 ne ee 
\ 18) 
Cop = 0.884, 1.024, 1.434, 1.95 A, 2,524 A 2 
(4.15) H When m= 1, we have by (4.14) and (4.15) 
. pi = BB: 68) 97,128) ag 
; \ (4.19) 


this paper is too rough to evaluate them. 


pre 2.4) 8.7,°8,9; 121, 


Cyn = 0.792, 1.294, 1.804, 2.84. +++, 
» = 0,654, 1.164, 1.664, 2.24, 


(6) There are the smallest values of Cin ane 
Cjp smaller than any of (4.20). But the method ir 


ia 


¢ 


\ 


 §1. Introduction. 

‘in, the group-theoretical treatment of many- 
ae problems jn quantum mechanics, it is 
often, necessary to have the i.r.m. (irreducible 
representation matrices) of the symmetric group S,.- 
The following tables have been prepared, to provide 
a simple means for their construction up to the 
degree m=6. The method is in principle | based: 


ge 1 the double Srcomibontion ny 


Sn = eet Se RENCE (1) 


; ; by a subgroup G, which is se of simple re- 
Each element es S, can then be 


ae presentation. 

expressed in the form: 

se s P= ren »PiGus . (2) 
ae ae 

(SSE nna h eer ae 
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‘Tables Useful for Construction of Irreducible Representation 


| Matrices of Symmetric Group. 


By Takahiko YAMANOUCHI. 


Oigvatetaste of Applied Mathematics, Second Faculty of Engineering, 
(Received October 25, 1947) ‘ a eh 


aia, 


University of Tokyo. — 


\ 


where G; and G; are the elements of G. Thus th 
i.y.m. of any element P can be obtained fro 
that of P;, the representant of each class in (1), y 
by pre- and post- multiplication of simple’ | i. i-ysm. 
‘of G. By taking the subgroup.G G ‘as wide as th 
simplicity of its representation allows, the numbe 
of the representants P; can be reduce. to 2 or 3 s 


in our case. Me 


We take G as the subgroup {H, K} of orieel 
48, where H = {(12), (84), (56,} and K = {09} 24), 
(15)(26)}. H is an abelian group of order 8, whose. cn 
elements are all cyclic of order 2, s» that they can “s 
be represented by diagonal matr’ ces in every ir- ‘ 
reducible representation, with +1 as the diagonal — 
elements. Also H is an invariant subgroup of G, ‘4 
and K is isomorph to the factor group G/H. By. Ps 


ne a Si Uy ae en Ta at is ete, 5 TON < Tis See rei 52 ar Fie p % . 
AAAS Zc ‘ ; Re ze vie a ba ee 
A, bet ay " \ \ > ‘ oa, a) % FS x ; ~ c oe “ r, a 
| 246 ‘ Takahiko YAMANOUCHI. | pe vat Pe Peal (Vo ce 4) 
| ‘ « a: 
ig 


a4 can be made to Reve the from that each row 


‘The elements cf G have the form’ 


ee Y Gs et Aya Ko, (3) 
where Hz and K; belong to H and K respectively. 
u ‘Since the i.x.m. of Hg is diagonal, all the elements 
of G are monomially represented. The pre- or 
_ post- multiplication of such matrices merely per- 
mutes the rows and columns of the matrix besides 
ot _ multipiying them by numerical factors. 

ooh The irreducible representations in this table 
re limited to physically significant ones, waich are 
ap haracterised by. the multiplicity “ of n-electron 
i The. notation R,." will be employed for 


Berianaand: 


28 Table 1 gives the expressions (2) for all ele- 
: ments of S, in classified order, by the numbers 4, 
ee the elemeats of G and the representants of 

e classes in (1), X = (18). Z = (135). This table 
bc udes, of. cource, all the elements of S, for 


nso. ‘For R,', however, Wwe can use only those 


te 
ra 


or this reason, another representant Y = (15) has 
to be introduced, and certain elements have dif- 
ferent forms from those of S;. These 32 elements 
a marked with asterisk in the table, and their 
e expressions in terms of Y are given at the end of 


t the table. 


a suitable choice of base vectors, the i.r.m. of 


Ae elements of G that do not permute the numeral 6. . 
wt -? 


Table 2 lists the 48 slemiais of Gi in the form | 
(3), in which the elements of H and K are expressed | 
> Ls 

Table 3 contains the i.r.m. of the elements of 
G and H as well as the representants X, Y, Zfor — 
each R,,! -R,,+1, for which the i.r-m. is +1 accord- 


by special symbols A, B, 


ing to the parity of the elements, is omitted from 
the table. 
written in a row to save the space. 

Find the i.r.m. of P= 


For diagonal matrices, the elements are. 
Example. (124635) 
for R.. ; 
We find P=31 X13 ‘from Table 1, 

31=@1,13=RK from Table2. 
Thus P = QIXRK. From Table 3. R,', we 
can easily find 


and 


me ne { a 


an Lae Ry ives aut ie Ya 


QE: 0. F000 Wo Re o 0 0 0 
10 hs 000 00. 
000-1 of 0010 0 
O00 Ot eines 0.0 0 0/—1;) 
00. Oe Oars 00 0 85 40% 

QIX A SD \: ‘ 
ji) LA eee 
‘2 ( ih he Pd Eo 
PA 
. NOM ie es ee 
5: Of Or oc wes Obmeae 
So we obtain wl 
iP Ooerie ng hea UPS ; t 
aah —o —w’ —i ‘0 -—7% 
- —iw io* J 0 —!1 
—jo jo? -1 0 1 
\ 0° 0 0-20 Onis 
x ; 
‘ f 
f 
‘\ ) 
‘, PX 
: x " u rE 4 ie 
‘ tre eee 
‘ j te 


. Tables for Matrix Representation of Symmetric Group. 


> TABLE I. : 
a2" 2 (14)(86) 31 Z 6 (1562)":2% 48 
~ (14)(56) 31 X-° 2 (1563). 47° Z 5 
PN ae (15 (28) 10 Z 6 (1564) 40 Z 2 
(13) iXae (15'(24) - $37, 627 9 (1628) .9.2 “2 
(4) (14. °K 2 (15)(26) 9 rs (1624) 25 Z 5 
(15)* 12 X 12 (15)(84)* 18 X 12 (1625) 17 
Z 16), 2133x0918 (15)(86) 18° 4. 8 (1682) 46 Z 5 
: (2a) te ona yree (15)(46) 12. Z (1634) 88 Z 2 
(24) 7 5X po NO wee as (1635) 13 7 °3 
(25)* 39° X 13 16)(24) 29 Z 5 (1642) 87 Z. > 2 
(26) 37 X 12 -(16)(25) 10 (1648) 45 Z 5 
(34): 3 (16384) 19 X 138 (1645) 19 Z 
(35)* 9, =x" 9 (16)(35) 18 2 11 (1652) 28 X 12 
(36) 10 X 10 (16)(45) 19 Z 4 (1658) 1% Zo 9 
3 : (45)* 34 X 10 (2345) 15 Z. 8 (1654)' 45. Z 6 
(46); Sore 9 (23)(46) 82 Z 11’ (2345) 2 Z°5 
ia (56) ¥4 (23)(56) 6 X 2 (2346) 182 79 
<a (24) 35)s27 ¥ 42854) 10a Zo 
hy, (123) Ge ee (24)(86) 28 Z 4 (2356)- 2 ZF 26 
(124) 14 X _* 3) (24)(56) ; 23) X (2864) 82. 7° 4 
(125)* 47 X 18 (25)(34)* 48 X 18 Ws # (2385). 30 aee 
(126) ,45 xX 12 (2536) 27:2 65 (2435). DZing 2 
(eer aX (25)(46) 21 Z 2 (2436) 29 Z 6 
(184). 23 XG y 2 (26)(34) 46 X 12 . (2458) 7% Zs 3B 
(185) Z (26)(35) xo! 7 (2456) “19 B79 
(136).4,:2° 4 (26)(45), 28 Z 6 "li (24689 28 ake 
MP NUao er is ASS (84)(56) 11 (2465) 20 Z 65 
(o6) Seem. @ (35)(46) 12 (25384) 89 Z 4 
ALAS WSK Z > 3 _ (86)(45) 18 (2536) 4 24 9 
(146) 12 Z 11 (2548) 48 Z 11 
: (152% 21 X 12 (1284) 8 X (2546) 21 Z 6 
yf 153)..-9-Z 4-9 (1285) Jif Ey (2568) 39 Z 3 
if (154) 40 Z 6. (1236). 4 ZF 6 (2564) 48. Z 
: (156) 18 X 138 (1243). BPX 472 (2634) 46 Z 
- (162) «22) 20 13 (1245) 82 5. (2685) 22° 'Z7~ 5 
(163) 88 Z 5 (1246).221— 2". 9 (2643) 87 Z 3 
“i (164) 45 Z 2 (1258) 4ieeZ) sw (2645) 28 Z 2 
7 (165) 19" X12 (1254) 40°27 4 (2658) 46 2 11 
: : (234) 15 X (1256) 40 xX 12 (2654) 87 Z 4 
Z (235) 2.12 2 (1263) 88 Z 8 (3456) 35 X 9 
: (236) 6 Z 6 (1264) 45 Z (3465) 86 <X ,10° 
4 3 (243), iD! SX 1/22 41265) 38 xX 18 (3546) 18 | 
x (245) 5.27 5 (1824) 14 (3564) 29 X 10 
- (246) -12«Z 9». (1825) 10 Z 4 (3645) 19 
ai (253) 39.2 Z- IT (1326)eel Gre (3645) 380 X 9° 
“s (254) 48 Z 4. (1342) 95. X 2 1 
“ (256) 48 X 12 (1345) Z-".3 (12345) Fete 
: (268) 46 Z- 3 1846), 42. Uh (12346) 27 Z > 9 
mt, (264) 37 Z (1352) 2 2 (12354) 8 Z 
‘ (265) 46 X 13 . (1854). 82 2 (12356) Z 38 
a (845)* 43 X 10 (1356) Z'A4 (12864) 24 Z 4 
(346) 44 X 9 (1362) 6 Z 4 (12865)- 4 Z 2 
, (354)*§ 28. X 9 (1864) 24 Z 6 (12485) . 3-2 2 
(356) X ‘10 : (1365) 4 Z (12486) 11 Z 6 
vil (364) 26 X 10 (1423) 15 (12453) 14 Z 3 
(865)0 17, A 9 (1425) 26:2 11 (12456) 28 Z 9 
(456) 42 xX 9 . (1426) 29 Z 38 (12463) 81 Z 11 
. (465) 41 X 10 (1432) =, 8x (12465) 11 Z 5 | 
, + (1435) -.3 (12534) 47 Z 4 
ie . {12)(34) 5 (1486) 11.2. 4 (12586) 6 Z 9 
24 (12)(35)*¥ 16 X 9 (1452) 5 Z .8 (12548) 40 Z@ 11, 
(i936); 47 4 10 (1458) 14 2 5 (12546) 12 Z 6 
(12)(45)* 42 xX 10 (1456) 3 Z 11 (12563) 47 Z 3 
(12)(46) 41 X 9 (1462) 20 4 11 (12564) 40 Z@ 
(12)(56) 6 » (1463) 44 Z 9 (12634) ¥- 38.25 ee ; 
E (13)(24) 7 (1465) 11 Z 3 (12685) 18 Z 5 j 
(1825) 17: Z 4 (1523) 17.2 6 (12643) 45 Z 3 - ; 
(18)(26) 9 & : (1524) 45 Z 9 (12645) 19 Z 2) : 
(12)(45) 8 2 5 (1526) 16 (12653) 388 4 ll 
(13)(46) 88 7, 9 , (1582) 16 Z 9 (12654) 45 Z 4 i 
(13)(56) 4 X (1534) 47 Z 6 (18245)* 22 X 10 J 
(14)\23) 8 (1536) 18 4 11 (13246) 21 X 9 ; 
(14)(25) 30 Z i (1542) 48 Z 6 (13254)* 1% > Xx IS 
(1426) 25 27 .3 (1543) 25 Z 9 (18256) 10 Z@ ie: 
Like, (1646) 12-2. 4 (13264) 16 X 12 - sof 
~ : ™ 


—.414y(85) 14 


conte ds aU RRO a SRC MMe LS wisi iia eu mbH Ges» =. 
oy Hid wn PD path AL fs } : Ea oer: e erty, , a me Us “e a 
4 | u y a) 
“ 


_Takahiko pea i irk RR” sea a ee oy, 
Vy é ae 4 Scare 4» Wy 


; ot HP 
‘ Table 1 _(Countinued) | 


(18265) 16704 ~~ (16842) 46 Z 2 "(16)(243) 29° Z 
(13425) 10 Z 11 (16345) 13 Z \ (16)(245) 84° X 
(13426) 16 Z 8 (16352) 22 Z% 8 (16)(253) 6 X 9 
(18452) 2 2 3 ‘ (16354) 88 X 2 (16)(254) '7 X 10 
(18456) a 18 (16423) 43.X 18 (16)(345) 18 Z 4 
(13462) 6 Z 11 \ (16425) 28 X 9 (16)(854) 19 Z 11 
(18465) 4 Z 3 (16432) 387 Z 5 _(23)(145)* 28° X 10 | 
(13524)* 45 X 9 (16435) 19 Z 8 (23)(146) 27 X 9 
(13526) 16 X (16452) 28 Z (23)(154)* 86 X 12 
(48542) "15 7 2 (16458) 19 X (23)(166) 10 Z° 2 
(13546) 4 X 18 (16528) 9 Z 6 (23)(164) 85 X 18 
NIEBC Rei, (id (16524) 40 Z 9 (23)(165) 16 Z 6 
(13564) 8 4 6 (16532) 10 Z 9 (23)(456) 15 Z 11 
(13624) 47 X 10 (165384) 38 Z 6 (23\(465) 82 7. 3. 
(13625) 17. X (16542) '37 Z 6 « (24)(135)* 87 X 9 
(13642) 82 Z 6 (16543) 30 Z 9 (24)(136) 39 X 10 
(13645) 4 X 12 (23456) 13 Z 9 (24)(153)* 83 X 12 
(18652) 6 Z (23465) 6 Z 5 (24156) 26 Z. 5 
(18654) 24 Z 2 (23546) 15 X 12 (24)(163) 34 X 13 
| 14235)" 46 X 9 (23564) 15 Z 4 (24)(165) 48 °Z 9 
(14236) 48 X 10 (23645) 15 X 13 (24856) 7 Z 4 
~ (14253)* 26 X 13 (23654) 82 Z (24)'865) 23 Z 
ees) 2.7 (8 (24856) 5 Z 6) (25)(134) 17 Z 4 
' (14263) 25 X 12 (24865) 20 Z 2... (25)(136) 10 X 
(14265) 29 Z 11 | (24536) 23 X 12 (25)(143) 80 Z 4 
ee nee) 2 Z 4 (24568) 7 Z 11 . (25146) 41 X 2 
-* (14826) 29 Z a (24635) 23 X 18 425163) . |X 10 
(14852) 5 Z (24653) 283 Z 3 (25) 164) 31 X 9 
(14856) 3\Z (4 (25346) 27 Z 6 (25)(346) 27 Z 2 
Py 4 (14862). 20°74 (25364) 48 X 125364) 21 Z 5 
eet, 41414865)" 11. Z \ (25436) 12 Z 9 (26134). 9 Z 8 
_, (14523)* 19, X10 (25463) 27 xX 2 (26 es ee 6B 
(14526) 34 Dare (25634) 39 Z (26 (143) 25 Z 
~ (14532) ZB} (25643) 48 Z. 8 (26)(145) 42 X 2 
- (14536) 3 O13 (26845) 22 Ze" BN, (26) 153) rg 
(14562) 5° Z. 11 (26354) 46 X (26)(154) 31 X\ 10 
(14563) 35 Z 9, (26435) 28 Z 5 / (26\(345) 22 Z 6 
(14623) 18 X 9 (26458) 28 X 2 : (SeNtB64) 32 9 
(14625; 33 xX 2 (26534) 46 Z 4 *  (34)(125)* 40 X18 
use) 36 NZ ay (26548) 87 Z ll. (84126) .88 Ta 
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Physical Departement. 


Introduction. 

In ionic crystals the interaction between elec- 
og trons. and charged ions in the lattices is so strong 
. hat the electronic motion and the vibrations of 
* lattice ions are too closely coupled with each 
er to be separated. For example, when an, elec- 
z 2 ron is trapped in a defect of the lattice, its 
Fi "charge distribution causes a certain ‘local polariza- 
- tion of the lattice and the wave function of the 
electron itself must be affected by this polarization. 
This situation was already pointed out by Mott 
and Gurney(0. Theoretical computation, however, 
- ee not been carried out. 

Py aN This strong coupling makes it also possible 
that an electron may dig its own hole in an ionic 
5 rystal 
Landau’). 


and be trapped in. it as suggested by 

Though this possibility has not yet 

f been realized by experiments, it has a rather 

“s yund theoretical basis, and its detailed discussion 

_ may throw light on various properties of semi- 
conductors. 

ai ch this article the coupling between electrons 


% nd the-ionie lattice will be discussed to ‘the ap- 
ximation in which the lattice is replaced roughly 
y a continuous dielectric medium with static and 
s C ptical dielectric SOREESaie « and«,. More rigorous 
treatment considering the atomic structure of 
th lattice will be given in another occasion. 
In the section 1, it will generally be shown 
that: the normal electronic state of a localized 
_ electron is determined by the minimum <ondition 
of ‘the energy of the whole system including the 
‘electron and the lattice. According to this theorem 
/ the electronic wave function and the polarization 


GF of the lattice can be calculated by the variation 
"method. For simplicity, the computation has been 
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the charge of the electron, and finally the kinetic 


> P;\(r). 


* 


$1. A Fundamental Theorem. 

Suppose that an electron is trapped at a lattice 
defect which can be approximately represented 
by an extra positive charge @ locarized in an 
ideal ionic lattice. The energy of the total system 
consisting of the electron and the lattice is then 
composed of interaction energy terms U, between 
Q and the lattice, U, between the electron and 
the lattice, and U; between @ and the electron, 
the internal energy U; of the lattice polarized by 


energy K of the electron (cf. Fig. 1). 


Us, K 
Oren 


WN fiat aas “4 


luattice \ 
Ions 
{ 


U; 
Ries: 


The polarization of the lattice cannot closely 
follow the rapid motion of the electron. Regard. 
ing the space charges due to the polarization as 
true charges, we ¢an suppose that the charges 4 
due to the polarization, lattice defect and the ele- 
ctron. are mutually interacting through the medium 
with dielectric constant «,, which is due to the 
polarization of ionic cores of the lattice and repre- 
sents the shielding effect of ‘the electric interac- 
tion between the true charges. When the energy 
state of the whole system is. stable, the inte 
lattice must be. polarized by the average distri- — 
bution of the electron. Thus the energy ris 
mentioned above are functionals of the wave fune- — 


tion % qnd the polarization P;(r). The total energy a 
must be minimized by suitable choice of ¢ and 
Any deviations of the electronic distribu- as 


tion from its final stable one causes displacemen at 


4 


‘in the lattice and then change in the wave func- 
tion. Thus repeating the process, the whole system 
F approaches to the stable state, the excess energy 
being emitted into the medium as heat waves 

during the relaxation process. ; 
The energies U,, U, and w are the function- 

als of P;; U, involves also the wave function ¢ 
while U, and K are the function- 
als depending only on ¢. The energy of the ele- 


- of the electron, 


ctron takes the form 


* Ald, P:) = K(¢)+UA¢, P)+UM¢). (1) « 


The electrostatic energy U of the lattice is given 
by 


: U = U(P)+UAG,;Pi)+UdPs)- (2) 
a a 

- It must be noted that U does not include the term 
oe Us. The total energy E of the system is of 
course 

4 = U,4+U,+U3+Ui+K 

4 = H+Up, (3) 
= where 


fie UIs Pia 3 3( 4) 


is ite hendent iF teeth: 

The electronic energy H, determined by the 
Schrédinger’s equation for the electron which in- 
volves P; as a parameter, is the adiabatic potential 
for the vibration of the lattice. 
of the system, the electron plus the lattice, must 
be described by the polarization P; which corres- 


ponds to the minimum of E. Thus we proceed in 


the following manner. 
By the Schrédinger’s equation 


Gar Aes (5) 


% can be found as a functional of P;. 


(The nota- 


oe tion in Eq. (5) means that we take the variation © 
Then — 


of H as the functional of ¢ with given Pi). 
the stable state is to be determined by the condi- 


tion 
ae sE=0 (6) 
Sor : 
bE(Y(P 3); P). nt oH, 0Up 
6P; OP; | OP: ; 
oH oy aH 
5 Cael opie +(Sp.)y 
bUp » cee 
. : + 5p, = (6) 
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The stable state 


255) 4 


According to the condition (5), Eq. (6) reduces to | 
6U Me 
“7 are tC) ae 

(aR, ) Lae 


OP; 


By the use of Eqs. (1), (2) and (4) Eg. (7) tells us a 


that the polarization P; is determined by the — 
minimum condition of U for given ¢. It is ‘hoth- 


ing but the field equation of the elec in” i 


és 


Eq. (7), the condition (6) becomes 


9 = SEO PAD (SB) | e Gece 
+ Gee) ae oe 
\ 3 oe ae Se save 


Thus we arrive at the theorem: 


The condition of 


' 
: Cae) P . a 
and - 
dEY(P:), Pi) _, mean 
SPI a OTs 
is equivalent to that of 
su a 
Sars ie 0 Ce “3 
and Ke Be 


Usually we apply the method (I). The functional 
& (P;), however, cannot easily be oe in ite 
completely analytical form, while P; (¢) can oscil a 

be cies by the cloceontige i ie 


the equations 


BUT ar 

(ap by? a 

and Be. 
HG, PAO) _ 9 a 

Og i ; . az 


cannot: be justified. This means that we try to 
get the stable state by the Schrédinger’s equation : 
in which the potential itself involves the wave 3 
function, its functional form being obtained by 


the solution of the electrostatic equation (Ila). 


o 


Soe Sam +. 


is ‘procedure has been suggested by Mott aa 
rney(3) as a self-consistent equation. However, 


ls erroneous as shown above and, instead, we 


“Raptice Edges of “the Energy. 
me a a first approximation, we take here the 
"e 

e model. 
radius a is made in the. continuous dielectric 


Suppose that a spherical hole with 


me ‘ of the lattice ions. 


ay they are related by 
\ 


0, = —div Py. (8) 


(9) 


ty no, » the ionic Saad cs fee 


constants by the formulae 
Ie = 1b dele 42.) [. 


aN My ky = 14-47%,. 


: fi: (10) 


div D = = Arlo —0- ), (11), 


wh re D is Be electric Aepiantinents 6+ and p- 
charge. densities of the extra defect charge 


aD 9 we get 
dee FERRE Hy 
+ ee = Dae ). (13) 


ai the solution of (11) is given by 


7 Be) = (P+—P-) 


According to the ele- 


respectively, which are related to the di- 


ar A of th the trapped electron. By Kgs. (8), (9), (10) 


In particular, if o, and p_ are spherically 


(14) 


eke as 
F (ane aries ~ 
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polarization itself, namely, tL 


The second term of (19) is of the mechanical nature. - 


(18), we get : 
Pee Ra lad ed: PP 
U; TRO ta Ferhat 
ec 
as \ (Fir?)dr. 


Thus we get 


pes 


YOY POAy ae AGC Uh ale. he a Ne 
Fi %, Pais ds sain Sealy yer sae lg 
esa Uh: 


! 1 oe 


: \.. t J } * he ae 

eps = \ es4zr'dr. : nae 

0 aks t 

Similarly we define 


AY 
ep: = | ecdertdr, 


for which we get: 


Pi = —(1-)@. ade Ae 


where 


cai“, fir) = pelr)—p-(), 
f (18) 
Eq. (17) describes the stable polarization of the 
lattice for the case where the defect and the — 
electronic charge distribution is specified. © 
When polarized, the lattice is strained and 
in a somewhat higher energy state. Its internal 
energy U; is . ir 


U;= 5) \ fore: 
| . (19) 


where ¢; is the electrostatie potential due to New: 


\ 
} Yr en; : 
a ed ~{ Pt ay. } 
, \ 20 Kor ; A 


(20) 


Integrating the first term of (19) by agit . 
and making use of Eqs. (10), (12), (14), beg and 


Next we biing the defect cares” Q into the iia 
polarized lattice. Naturally the ions are then fixed 
in the displaced positions. The work to be done vi 
in this process consists of two parts ; the first one +3 
W, must be done against the ‘electric force ee i ‘ 
the Space charge caused by the polarization, and — 
the second W, against the reaction field in the : 


medium with the dielectric constant ko. Wyeis fam 
given by, ; 5 im Zak One es 
eae “depivaart "eps ar = | 


so ky 
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? . : (22) 
Hence we have | 
pag: SN ee 
* ia aca ake 
i ve 
= — PAPE. dy sa stauik. (23) 
Be or 


\ 


‘where the additive constant is'independent of the 


distribution of the electron. 

As the third step we bring the electron into 
the lattice. The force F(r) acting on it is divided 
into two parts; one is the force due to the charges 
p. and o;, and the other is the image force F; 


‘which depends on the shape of the hole. We have, 
therefore, and eee a 
2 * { 
Fr) = alps + p)+ Fr), for r> a. (24) 
0 { 


The work required to construct the electron cloud 
in the lattice is thus given by - 


Ue A U,+U; ; 
fered ie r- poo 
= | 4nr**=ar\ F(r)dr = —( F(r)p_(r)dr 
0 é 20 0 i 
(25) 
In absence of the isle (i.e. @= 0 Eq. (25) takes 


the simpler form. 


e? (° (p+ +pi)p— 
a={ aa (26) 


A 
If the hole exists, the effect of the image force 
is to be taken into account though it is rather 


ii complicated. Moreover, the continuum model fails 


to be valid near the hole and its relation to the — 


actual atomic structure is not easily seen. If we 


assume F' to be identically equal to zero in the 


sphere with radius R and neglect the image force 


approximately, Eq. (25) becomes 


2 e 
= —\ 5 alee + Popa. (27) 


: oe = rs (p+ + po)p-dr—AVp- ®. 8) 


"These bila are similar to. those of Tibbs), 


ite eS Fae tat i f ee, i 
Interation between Electrons and Ions im Semiconductors. I. 9 | 


7 ee eh P ; 


3 SA ae C4 Di | ee 
i (She \ PAE art W,=— 
Ry Kor xy Ky 


ions for all the energy terms mentioned ‘at t] 


« 


If the potential is assumed. to ), drop by the 
pon AV te at r= R, (27) is replaced by , 


e citecenes * Mores the: inclusion of the effects 


due to the oer eae of ions. 


of ¢ in the usual! manner. Thus we have expen 


beginning of the section 1. es 


§3. Electron Trapped by the Positi 


ekects in a Dielectric Continuum, 


hole is assumed to exist. As the trial wave fa 


tion of a trapped electron we take | 
pak \ te 3 The 
r=(Z)aveom 


the space density being given by 


en” 
Ns Nl 
ee we 
Thus we have 
rap 
; 1-p-= (parte rie. 


from Ey. (1), "Sok tee 
pi —c(1—p-) 

Hence i eras 

a yn 

=—_— at — —p-— RL 6 ge R sy att * 

Us \, net eset Prin 

ie SNe 


Integrating by. parts, we get 
: é 


Ue —) {0 +-¢)q—2cs} ’ 
0 


where. g and s are the integrals 


= a=), e-rdr = «/2 
: elk 
ore =. Leartso! 1 pdg-2aredr = Pie: 
Thus, the integral. (33) becomes %} Be 
ea 3 


the energy, we get 


eB je | 
Om 


2k, 
are 8, 
Oko 16 


2, Bie a 
Ns =| re Fou ae 
0 


by Eq. (23). The kinetic energy of the electron is 
ity rp ope ig AE 


= 36 
as 2m “4 ‘ ye) 


pet he energy H of the electron and the total 
| Srenerdy E of the whole system are given by 
ene \ 


Pag 7 Ae eK ae? 3 
Ta OS 2 —_—— ~—C 37 
Be am 2 oe, (1 3°) se 
h? « ee 11 
E= et <* (1 e) , 
a Un Qn Aer Oe; ( 16) 
(38) 
which is transformed into 
Bans SE ee 
ae Peed —<cc)\t, 39 
Ke E aa 2a(1 30} ( )) 
Mr / * iL 
+: hye a Fan 
nS Mo Ko » Oy = k*/me’,- ‘ (40) 


is ‘the Rydberg’s constant and a, the radius of 


va 
the hydrogen atom. ; 
; ) The stable state is determined by the condition 
aa dE/dx = 0, (41) 
h gives the lowest 1s state of the trapped elec- 


as follows. 


Wa Lary? , 
Bas Es (15g) on 
rN 
e radius of the electron cloud is given by 
‘aes 1 py | 
LES i Se hos a (48) 
a a 2(1-Fe) 
eae 
The polarization energy is written as 
ae 
ete Se Wa 6 11 a 
poe Uno 3° (1-z50) (44) 
W. a | 1 
w= E\3—U, = aera (1 i) (1 6°) 
ae (45) 
\ 


The thermal work function gy, that is, the 
rk required to ionize the trapped electron by 
thermal agitation, is equal to —EK, while the 
‘optical. work function ¢ph is equal to —H. Th 
tio of the two quantities is ; 


; 140 
1 5e+114K 
= AOS Sr aie ear rer (46) 
af uae a 1—Fe j 


a Pye. Pea PPT ere Na) by Mote et SAAS ey Pe ens | ee 
‘ , Pap eee ; 
Ryogo Kuso. 2 ; Vv ol. 8) 
- Ye . 6 ks 


‘which is naturally smaller than 1 in accordance — i} 
with the Frahk-Condon’s principle. ‘Only in the | 
case « =*,, or in the absence of ionic displace- © 
ment, the two work functions are equal to each : 
other. In Fig. 2 EB, H, and ¢ch/dph are given as 
functions of Ky/K. Nae , 
The F-band in alkali-halide crystals is gene- 
rally supposed to be caused by. the electrons trap- { 
ped at vacant negative lattice points or the defect 


Cc 


Tae 


0 OS 


Fig. 2. E, Hand ¢/$p.(=|E|/}H|) as functions 
of «,/c. The unit of the ordinate for E and His \ 


Kf ! 


Wr/k,’. The curve 2=1 represents ¢,,/¢p, for 
the modified hole model (cf. §4) where E is as- 
sumed equal to zero. ¢ 


extra positive charge. It is the absorption due to 
the transtion from 1, state to 2, of the trapped | 
electron. The 2, state will be discussed in the 
next paper. 

The result obtained above shows that the ex- 
pected absorption lies in far infrared regions in 


2 Ne 
contradiction to the experience. This discrepancy, 


of course, comes from the inappropriateness of our — 
model. However, better agreements cannot be 
expected by any model of such hole type in which 
we cut off the potential at a radius R and put the ; “4 
inner potential equal to its heigt at R. In such “7 
a model the 1, state will still be of higher energy. 
As was shown by Tibbs), the absorption frequency 
expected from the mentioned model is smaller than 
the experimental values, even when the polarization =a 
effect is not taken into account. Aj, ee . 


$4. A modified Hole Model. ee 
shown in Fig 8; the potential is assumed to jump _ 


by the amount 4V at the wall r= R. We app = 


< - 3. 5 } Sy ar ee se 
to this model the method described above. tse 
in% aoa S Oona Ne ie ae 
~< % M ihe ny ~ ) x 


! 
' 

! 

1 

' 

’ Jav 
<2R> 


Fig. 3. 


As the simplest trial wave function we choose 


¢ =o(e-) (14 )eme, (47) 


for the derivative must vanish at r=0. With 
this wave function ¢ we obtain from the equation 
es) 


-- dy 


p-(r) =1— fpar++(ar) +a lar) + aan}? 
f } (48) 


i. When we calculate the integrals of the types (23) 
and (83) by integration by part, attention must 


be paid to the contribution from the point r= RK. 


After some elementary calculations, we get 


io 2 
Kk 


[sett e+ ate HlSe—ofl8)-*) 2-0} 
—sp(R)|, (49) 


', where \ 

f(6) = 1+ 0.67856 +0.17856? +-0.0178576 

FAG) = 0.5 + 0.78566 + 0.571806"-+ 0.249886 
4.0.071358!-+-0.01885465-+ 0.001515 
+.0.00007984" (50) 


and 


faaR) 1=ta/R, e=624V/Wa,  ' (61) 


é The stable 1s state can be obtained by the 


condition (IIb) for various values of 4, ¢ and c. 
4 


For ¢ =0, |E| decreases with increasing 2 as is 
|E|/|H| is shown 
It runs 


naturally expected. In Fig. 2, 
as the function of c for 4=1 and « =0. 
closely to the curve for 4 =0 given by Hq. (46). 
Fig. 4 shows E, H and |Z|/|H| as functions of « 
for the ,case where c = 0.6 and’=1. The ratio 
-|E\/|H varies rather slowly with «, whole |E| and 


|H| themselves increase with «. 


(1) (N. F. Mott and R. W. Gurney: 


yey 
\ 


5 ! 
C=0-6 
7 


-1-0 rs) 


n RE eerie 205 = 
Fig. 4. E, H and |B|/|H| as functions of ie s 

depth of the potential hole in the modified hole’ 

model. 


A suitable choice of « and 4 allows us to bring 
the calculated 1s level low enough to get thom 
agreement between theoretical and experimental sae | 
values of F-absorption of alkali-halides. Tibbs’ ee 
attempt for KCl corresponds to this case(4). Such 4 
ambiguity of the model, however, be unfavourable — 


from the quantitative standpoint. ra J 


§5. Conclusion. . ints 
Our theory developed here is rather qualitative 
or semiquantitative at the present stage. The re re 
sults obtained above suggest to us that the model _ Sh ee 
used in§3 may give a useful keys to the relative — % 
‘magnitudes of E, H and other energies, though i | 
is insufficient for the computation of energies for y < 
real crystals. : 
Applications of the method to other cases and rs 
detailed discussion will be given in the next paper. 7 
In conclusion, the author wishes to express a ; 
his. deep appreciation to Prof. K. Ochiai for his a i 
valuable discussions and interest given to this es n 
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nagnetic. substance is divided into a number of 
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6 _ Introduction. 


It ee been asually assumed that the ferro- 


mentary domains, which are spontaneously mag- 
zed to: technical saturation. Although this as- 
aption is very plausible for the explangbion of 
ot arious characteristics cf ferromagnetic substances, 
‘there: are no direct ex: erimental evidences for 
‘existence of such a coma’n structure of ferro- 
netic agra If we assume the existence 
he the Barkhausen effect during the ‘hagneti- 
on of the ferromagcetic substance are well 
plained. ate 

; ay anes be noted, however, that those facts 


“spontaneously magnetized domain is usually sup- 
ose to be attributed to the spin moments of 
electrons occupying the 2d wenigrhain energy band 
the transition metals, so that a simple and 
ect. method for the detection of the domain 


( measure, the ‘scattering cross section of the 
¥ Sipe which interact with those 3d electrons in 
the metal without giving them any considerable 
% “cistorbances. By the magnetic scattering of the 
i _ neutrons, (2) however, the difference of the cross 
ction, for the magnetized and unmagnetized states 
‘ of. the ferromagnetic Rian itis is not so large, so 
t is giffioult to recognize or detect the domain 
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xeture “and. spontaneous magnetization may, be 


paramagnetic state is about 10 per cent greater at 


ay x This report is a portion of the investigation 
of the special committee for theoretical physics in 
National Research Council of Japan. See ths 


‘ment gives certain information about the dom 
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structure by observing this effect.** In’ the case 
of the scattering of the fast electron beam, 8) it 
may be considered that the process is too complicated 
because of-the ionization, the excitation and the 
temperature rise of the scatterer during the process 
of scattering: while in the case of the slow elect- 
ron beam, the theoretical treatment of the process 
can not be carried out under cimple approximation, i 
which enders a complete treatment of this problem z 
very laborious. Moreover, We may expect. that : 
the intensity of the deflected beam is so weak 
that (by its observation) we may not be able to i 
expect any information on the domain structure ‘ 
and the spontaneous magnetization. 
~On the other hand, by the scattering of hydrogen . 
atomic ray, of which the energy is of the order 
of kT, we may expect ‘to be able to distinguish - 
the above mentioned difference, owing to the 
exchange effect between a pair of electrons which 
belong to the hydrogen atom and the ferromagnetic 
substance. As seen in the following, it is found 
from our theoretical consideration that: 
i) In the hydrogen atomic ray the magnetic - — | 
scattering is completely screened out by the elect- 
ronic scattering. = . f 
ii) The scattering cross section due to et 
interaction is of the order of. 10-22 cm? per atom, 


iii) The cross ‘section of scattering under a 


than that under an unmagnetized state of the ferro- — 
magnetic substance. © 


a 


This leads. us to. expect to i 


a . 
** Recently F. Bloch, M. Hamerifiden bia x “] 
Staub have shown that the cross section measure- 


size of the ferromagnetic erystals : ‘ch "Phys. Rey. 6 54° ‘ 
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. | | Elling 
obtain by experimer .t3 along the above mentioned frequency ,;. The lattice vibrations do not have oe 
ae 


lines, some direct ir formations on the’ domain 
, 


_ structure in the ferromagnetic substance. 


$2. The Hamiltonian of the System 
and the Wave Functions. 


We consider now a system composed of a 


hydrogen atom and a ferr magnetic scatterer. . The 
y total Hamiltonian H of the system may be devided 
fe into two parts, H, for the unperturbed system and 


_~H’, which is again a sum of the magnetic and 


~ electric interaction terms, H,, and H- : 


He HH vod | (2.1) 


e et , H’ = H+ He. (2.2) 


j Here H, is the sum of the Hamiltonian of the 
_-hydrogen atom and that of the ferromagnetic sub- 


stance when they lie far apart from each other, 


; paving a form \ 


H, = Bile dros} Hiosidi . (2.3) 
where 
: . x f jee e 

Bbydrogen = pie 4 — OM “Fle —r| (2.4) 


and 

N 
 Usolid = om = 
We eT DE & 1 
sr Pw trl 
m>1 


—— > 
Bey Ty my yL Tmy 


42 )jao 


Tmy 


e grad & Gees - 
ae \ 


a an ' aoa = eg} (atexpl Aq, Tm)] 
: 


In these expressions m, .1, 2, -- 


aexp i(g, Tm)])- 

--N) specifies the 
* number of atomic cores composing the scatterer 
vy (1,2, +++ NV) that of electrons in the 
Ay is the Laplacian operator concerning the 


‘ 


and x, 
solids. 
v-th electron coordinates, 7m ete stand for |\%m— 


Yn| etc.; m and M are the mass of the electron 


and the proton, respectively. The third and fourth 


_ lattice quanta, whieh have the j-th (j =1, 2, 3) 
“polarization, t 


AN 
SP ®t TSI ele 1 ' yore 4 “ate, , \ 


' solid including the 


is omitted, which we shall later take into account 


-terms in the above expre:sion (2. 5 are the lattice’ 
vibration terms, where Ng; means the number of. 


the. wave number vector g and the. 


any considerable effect on the present problem, so hoe 
that we may neglect this term in the following ons 


Fhe : 
calculations. fa - 


The interaction term H/ is composed of electric 
and magnetic terms. The electric interaction term 
H, is expressed by | v2 

1 1 L é 
H, 2 ee OE Stee 
= 3 se[ +. | G8. 


m=) v=1 TmR _ Try Trav 4 
f \ 


while the magnetic ‘interaction term H,, is made. 
‘up of two terms, one for the spin-spin interne 
and the other for the spin-orbit interaction, 1 ae 


i : - fo™, tay] 
epee (3) at ere 
Ha =v 3i(6 i [ gradi, Irev|3 ) 


. eh X/_.. [tav, gradi} . fs ; 
— 5) (4), = 2} Lyon 
Hee et 

where “4 = eh/2mc = Bohr magneton. 
Now if we des’ gnate with & the coordinate of 
the proton of the hydrogen atom, then the solution 
of (2.4) takes a form, i Wea : 


expli(®, K)Jot—r), 
where ¢(r) is the wave function of the lowest 
state of the hydrogen atom with the spin function aa 


2), 
thus ‘ : ; ‘ ; “s < \ 


tay ps2 ? é Nees ha 
b(n) = (na) Bexp(—7/HQ(0), (2.9) 
: ay. 
where a = h?/me? = Bohr ‘radius. dA " 
i) 

If we denote with ¢,(ry) the atomic wave fune:.' ; 
tion of the »-th electron on the n-th atom in the - 
api function, then the anti-- 4 5) 


determinantal form ; 
expl®, Witirs ry oem). | a 
= expla ®, K)[(N+1)!]-12 


Bae Ot +92 *Pm(Ty): + AR 10) 


--@n(TN), 


where P means the permutation of the electrons. e 


Here the normalization factor for the proton wave ee 
in calculating the cross section. 


§ 3. 


Now it can be supposed that the interaction’ 
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' energy H’ between the hydrogen atom and the , 
ex, ferromagnetic substance is small compared with 
the total energy H of this system, so that Born’s 
__ method for the calculation of the scattering process 
‘i = may be applicable. Neglecting the multiple scat- 
_ terin: S and adsorption of the hydrogen atom on 


sy the scatterer, and normalizing the number of the 


incident beam yassing a unit area per unit time to 


unity, we obtain the seattered wave: » 


ST | Pee EN 


"Consequently the differential cross section dQ of 
: the seattering in the solid angle between (9, 9%) 


sy lel? 


2 \s, ial W.|? sin 0d9d9. 


(3.2) 


ae 4 
As it shows, the cross section is completely deter- 


‘mined if we are able to get the transition matrix 
har element W. between the initial and final states 
whieb | takes the following form 


W- = fexplite, Rr, RAs, ++ Tr +) 


at A hry eo ty, )ds. 88) 


Aa 

_ Here H’ is the interaction term given by (2.2). 
’ Now we introduce the two symbols ©, and %,, for 
the Coulomb and the exchange integrals between 
a a s-electton of the hydrogen atom and a 3-d elec- 
tron in the metal, ice., 

&, = expt, —8, »)]fexpfilst—8, 9) 
/ . : jo R—t4)|\" A |¢e,(rv)|’dt ade dry, (3.4) 
8, tn) expliX,—8, 3)] 


(RH) o,*(rQH Gal) MR—1Aradedry (8-5) 


Y, = exp UR, — 


i ae 
£ . 


a In these integrals the summations with respect to 
é. the spin variables are not taken into account. 
é i Neglecting the small terms, W~ takes a form: 


Ly NN 


Bs.” W.=>)6,S—%,S"), (3.6) 


as - where S means the result of the summation, with 
Ec respect to the spin variables, of the product of the 
spin eigenfunctions belonging to the initial and final 


ey 


¥ ‘states, while S’ has the same meaning as above, 


a jae e) except for the exchange in the final product of the 
Wie spin variables, one of which belongs to the hydro- 
es \ ’ 


~ gen and the other to the p-th atom in the solid. . | 


i) Electric interaction. 
The electric interaction term H, is aa 

by z 
N q 
B= Bom Ban Otero) OD | 
which by using the formula (2—6) and denoting ; 
the value &,—& by f gives rise to the Coulomb } 

: 


a 
Z| 


integral C,, 
6, = expli(t, ra)]za7e"[1 — Fld fe, (3. 8. 1 eo 
fee = (1+(a}t]/2)7]-14-[14 (al /297-4, 3.8.2) 
Frat) = Jexplitt, Dilo@ Parr (8.8.8) 


| 
In a similar manner, the exchange integral %,,¢ + 
due to electronic interaction may be expressed by — 


,¢ = explilt, t,)xa°e'[1— Fea) fa". 


(3.9) ;| 


i] 


ii) Magnetic interaction. ? 


Here, we shal] assume for simplicity that the 3d ! 
valeney electrons of each atom involved in the ; 


scatterer have central symmetric orbits, then there © 
remains only the spin-sp'n interaction term of H,,. © 


By a short calculation, it may be proved that ©,,,, | 
takes a form ‘ 


Cam = exp, dt, ta) azH? wey ek 


MPR Case ee 
([ crow 2), me Li (»/a|») | ) Fh), 
(3101) 
f(t) = [1+(a]t|/2)?]-2. (3.10.2) 
On the other hand, %,.” is approximately expressed 
by 
i er = expla, t,) Kz? x 3 
(Leen nlp ne (ilo 19 ]) Fn) 
: (8.11) 
These four integrals (3.11), (3.8), (3.9) and (3.10) — 
&, T)], so that 
we may represent the quantities ©,° ete. with — 
exp[i(®, —&, ta))E* ete.. 


have the common factor exp[i(®— 


$4. Scattering as a Ferromagnetic 

Solid. ae 

To treat the calevlation as simply as ole 
the following case is at first considered. HF 

domain let the spins of only a few electr 


ee to the spontaneous magnetization, and 
_ the direction of the remaining electronic spins be 
© paralel to the spontaneous magnetization. The 
direction of spontaneous magnetization in different 
domains will take independent directions of each 
In addition, we assnme that the beam of 
_ the hydrogen atom interacts with each domain inde- 
- pendently. 


other. 


If the polar and azimuthal angles of 
the direction of the resultant spin moment in a 
- demain with respect to the direction of polarization 
- of the incident beam are (—¥?, —w) and if we take 
= the direction (—- 
- gular coordinate, then we have for the wave func- 
tion of incident beam ¢ = (es) 5 


0, —) as the z-axis of our rectan- 


i cos 
() = cap ae , IM) (4.1) 
Ag re 
: sin — exp({iw) 


 Henee our (N+1) body problem has a solution 
n= ae including the spin function, as follows: 


44.94 = BY Cr(m, «+m, + +22) 


1 why 


\ 


—YPOR—ts) a(t) "Pra Ta x B (ny) 
Z (4.2.1) 


%-Q- = 3) C-(my, + +mv, »-mi) 


772768 


in Seto a 
= * V(N+DE 2h a )}PPA(R—1,)B(0)- -Pi(Tn,) x A(ny) 


(4.2.2) 


where C(n--nv--7) is the coefficient of the wave 

function which has the antiparallel spins at the 
lattice points 7, --mv--ni. These coefficients may 
J be approximately given by Bloch’s function of spin 


Putting n=G', they take a form of 


- wave. 
Cri = dn; -niG!] 7 


i} : i . : 
aeeeP |e Sky, Tap | ) (4.3) 


--Ny, Ny? 


iq where &y is the spin wave number vector. 

g In the first place we shall consider an electric 
scattering, in which J does not change before and 
after collision. Now the spontaneous magnetiza- 
4 tion J of the domain stands in linear relation with 
- the number of antiparallel spins / contained in it. 
acs we. denote by. J, the saturation magnetization, 
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f 


i.e., the value of magnetization when all the spins 
are parallel to the spontaneous magnetization, we 
have 

J] J, = 1- 21G-3, : (4.4) 


We introduce the matrix elements Wi33”, in which ie 
the spin of incident and scattered beams are parallel 
to each other and in which 7 remains unchanged, 
If we define similarly Wi,? , then the matrix 


+ : --p a 
elements Wi5,* and Wis: are given by 


. vB 
Wrst = cos? L(®,— 


seo 2 fo Lasse] an 


—>= Oy : yp ah : 
Wit = sin’5 Lik, —8) en 
Ry, Ry, +R! ei ity . Mi 

Bi gh tat ty) [es 1-JHy)ee], (4.62) ae 
where ets ; < 
nis 

: seas -+Ry/, is aie 
&, “Ry, +R “Re 4 


R,/)+-8(8)—BY) = A(R — RE) (46) 


=EPa@,— 

and . Bye i 
N ‘ .. Co 
L(G) = SJexpli&, tn)]- (4:1) 
n e * 
the last expression L(Q) being Laue’s factor. In ii i 
a similar manner we obtain the other matrix ele- - 
ments different from zero as follows. e 
| fo a 
Wisin = —sin' 5 m/Z0—J) «es 
a V3 “ 


fs RR yas* Bi), : a 


4 1 6 
Sa -1)-1L(®, —R Ry’) *Ry—1, Ry eye Rp+7 


(4.8) "ie 

Ss v 1 / aie , 

Wiszi-1 = —c0s' > Oe 3(1—J]Jo) Ri 

Ry!, - -Ky- =1,8! y+" “4 

—_ ; 4.9 Pe 
SLM, RRO a a a (4.9) 


Now we shall consider the Laue’s factor L(®). 
Since |&,| ete. are small compared with || near 

the saturation of the ferromagnetic state, ®, —® — 

Ry! etc. are nearly equal to ®,—S. The Laue’s 
factor L(®) is zero except for the case R=2z | 
Jings max mg; = 0, 10a ss 
designate each of the vectors of the reciprocal 
When & satisfies above relations, |L(&)| 


-+), in which gm,, mg, mg ete. 


lattice. 


 Yeeomes G’. Therefore, we are able to expect that 
_ the diffraction pattern of scattered beam is quite 
similar to Laue’s pattern which is obtained by the: 


| X-ray. 
y The cross section due to magnetic interaction 
is also ibtained in the similar way in which case 
the scattering patterns are exactly of the same 
"as that in the electric scattering. 
id - Now we have to compare the intensities of 
i both the electric and magnetic scattering. We 
- er for example, the ratio of ©”/C¢ to be 


| Em/Ee~(2n]a0)’~10- ray (4.10) 


a Fibm this figure, it is easily found that the mag- 
“netic scattering is completely masked out by the 


5 oes of dv, and ; thus we have the differential 
Yoss section dQ ; ; . 
(Mt a : 
= (oie ) [2 gin JVdvdw (| W 251 |? +|Wat ral 
deg 
ite listers wars sin edd 
beast) 
a Q 1 2 
a [eat a +[ar—pataizom | 


2) 


- 
(4.11) 
“ag the energy of the hydrogen beam are 0.01 
F 
Y “ev (100° k, 18, 1~8.10 em-!) ‘or 0.Lev (~1000°K, 


Mi } Ry 
- ie 1x2. 109 peer tt then the cross sections per atom 


ny, i: Seattering ade a Paramagnetic 
“St State of the Ferromagnetic Solid. 


i if the temperature of the ferromagnetic sub- 


St aster? Hee PS ay foe 9 Ad ae te 2 ee Par try | ar «4 ne 
Fe a NYCRR TER hk se ge ante, Set ae a TSENA (GEE pode eat 


‘Tokutard HIRONE and Noboru Tsvya. 


4 
: now a” 
p/ \ 


Na 


spontsosons magnetization — disappears wn IS 
takes the value zero, so that the number of anti- 4) 
parallel spins is equal to that of the parallel spins. 
In this case the formula (4.11) does not give a 
good approximation and hence it is not perfectly 
correct to put J =0 directly in (4.11). However, 
we may expect that an exact treatment ‘would 
lead to a result which is not far from that obtained 
by putting J=0 in (4.11); then the ratio of the 
scattering cross sections above and below the Cutts 


temperature Q- Jol Q7-0 is given es 


Qs=Ig 262 26 Ue + We? i ( ype Ce mae j 
Cing x a Sy Saha! 0.9, Ce = 2Ue, 
(YG. 


If the result of the experiments along these 
lines are favourable for the present theory, a 
is, if the caltulated dfference of the cross section 
between ferromagnetic and paramagnetic states of 3 
the mentioned substance can be experimentally 
confirmed, it leads us to deduce the existence of 
the domain structure even in the unnagnetized 


state of the ferromagnetic solid. 


cad 
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6 § 1. Introduction. 
The equation of state of gases may be expressed 


in the form 


po = kP(14= 4+ 4---) : 
6 - (p a pressure, v = volume per molecule, k = Boltz- 
7 mann constant, 7’ = absolute temperature), where 
a the coefficients B, C, ---- are functions of the 
a. temperature, usually called second, third, ---- virial 
coefficients. Yas 
. For any gas composed of spherically symmetric 
_ identical molecules, theoretical expressions for the 
a virial coefficients were given by Born and Mayer')), 
on the assumption that classical statistics can be 
. . used, and that the potential energy of the whole 
_ system can be expressed as the total sum of terms, 
U(r), each depending only on the distance ry 


4 between two me i and j. By means of the 


_ function 
et AA expla. jou 
ke the expressions are 


B= —3|snddr = 28) sorvrar, 


1 - S : 
C= a \ Ar) ris) fra) dAdo, (1) 
with ; | 
dz; = du, dy; dz; . 


; ‘Lennard-Jones evaluated the second virial 
4 etic for molecules with an interaction energy 
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Determination of Intermolecular Forces from the 


Equation of State of Gases. 
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shown ‘in this section. 


RMI bs teers 22 | 
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webs tet) 28. 

y La 3 

or ‘ 
2z m Whe n—s 
Beara) le) 


Setar atm, Gece uae 


It was found also by Lennard-Jones that the tem- 
perature variations of the second virial coefficient, 
predicted by this model with m = 6, W<n<i, 
Sonicide with observed values, and thus the para- 
meters 7, and U, for some gases “were determined. 

Unfortunately, i 
coefficient is not sensitive to the shape of U(r). 
The third virial coefficient, on .the other hand, is 
sensitive as I have pointed out in ‘the’ preceding 
paper®). It, is ‘therefore desirable to investigate 
algo the third virial coefficient, which is performed 
in this paper Si the use of a special model m = 6, 
nm = 12. ; 


however, the second virial Hii: 
a | 


SZ. Reduction of the Integral. Bi ‘ 
Assuming the model (2), the third virial coeffi- 
cient (1) can be expanded into an infinite series as 
The integration variables i 
of (1):are transformed as follows: 


Ha ee | 
\ \ac.de, = S 3\ es ue toa! | \ : 
2 3x an\, “ath onudy| "oa ap iy a 
where (Fig. 1) y 


Ee CO ee a a me DP TS. 5 oe SEMA ae (FSS I a a ee ene vas 
Bete: A ge . ae $ : ee “v ate * 
# ss 4 J ; s : Ai A 
Re oda hd Taro KIHARA. : 
oft nent 6, Ltém yt oe Eee ye 
s 40% {are} Ot" Ca epee 
‘ ; fe he 
< En 1 Ss 1 PaaS Ms ‘ 6 6 
& ag \ eres ae yn (eee thre ae ), 
So 
ae 
ih 4 / f=Riry3, 7 = Riri, + = 0,1, 2, ---- 
Expressing in r, and U,, we have finally 
! n-m _, 6 
3 ' iho on U, 
» 2 3 ee ’ 7.7" 
Fig. 1 : : 7 a Bike a n—m 2) as 
Rk = Tn (P+y)R= 13°, {1-2 +y}R? = 12;*. 3 wala \7 ioe “ 
Namely yi as nt! a : 
Lt la a dard. 
$fenae an” rar F aan ade ie day ar Se dy 


‘First we consider the integration with regard 
te R: By. integrating by 6s we have 


e) as bal 


i 


fire) Aris). flr) RAR 


ai, afr; Medea) 


RdR. (3) 


i: cet 

i Pooh Ts) N23) 

a SIMI ELT IASC) 
ee, S fe weo[- U(ry2)+ aes T(r23) Sah 


/ 


‘ - hy U(r) + Uri) 

— FD = a ae ee gl a cae 
ee exp) amie bao 
— Urw)+ cael 1 
kT 4 


he : i Thr rs ‘ 
or oe = exp[ — tw es) ) ee 


7. 


a we assamé m>6 for the present (later we 
consider the limit m— 6), we can integrate term | 
Pat by term, then, in the same method as adopted by © 


BY -ennard-Jones, (3) is expanded into 


{ pet 3 wee | m mn % 
(l= (a rae yr re feed 


indefinite form, we may directly take the limit — 


We must earry out numerical calculation to 
investigate the behaviour of K-. For + > 1, how- 
ever, the method of steepest descent can be ap- 4 
pheg to the Pee j 


Ltée jam yt 
AASs vf (14-€"-+ 9) sf 


and it is found that) 


(* Yeah Addrdy) | 


36 . 7 
mn—m) 2r 


wm eS). 
T+ a 2 


For the special case of m = 6, when K, pected 


m->6, since in the original form this value is ’ 
not any singular oak : 


; m-6 \, G+ eta") 
lim r(" n ©), = In celeb 

rm} sk YL \ : 1 ” ’ 

4ijp AE Mery) in Lt” Meru”) 


e+e ta) 7 mt e+e) ” 


i 
i 


3. Numerical calculation of K. : 


a 


Choosing the exponents of 7 as m=6,n= 12, 
i. e. adopting the Mae 


ae) — Of ()"2(%)'), 


we have a wi 
ay a 6 ~ ~-29 +75 _ Us 
Cc 70 2 Ke in 2 = 
2% od ve de tas te 
ee air 2 )ae8* 
with K- given in Table 1. This values ¢ bes aN 
obveined LN T 4 12 by spi ati 


> oe 


~ 


cording to Gauss-Lobatto’s scheme (taking 9 points 
with respect to x, 7 points with respect to y’), 
and were taken from the asymptotic form (6) for 
~212. In Table 2, the calevlated value of c/r,° 
and B/r,? are given as function of —log,,2. 


3 Table I. Table II. 
# Tv K, —logy 2 Bit C/r,* 
; PY 71,152 0.0 | —3.759 | 0.187 
a) 1 | —2.185 0.1. | +2.490 945 
i 2 | +0.996 0.2 | —1.589 964 
weg 612 0.3 | —0.9352! 862 
4 254 0.4 | 4545 | 777 
5 | 005 0.5 0982, 725 
Ga 0.127 0.6 | +0.1663 695 
1. 169 0.7 3621 | 677 
8 160 0:8. | 5058 661 
9 128 0.9 6096 | 643 
: 10 | 093 1.0 6825 , 623 
Z 11 062 1.1 7315 | 598 
12 039 1.2 7620 | 570 
‘ 13 023 1c3 7780 | 539 
2 14 013 1.4 7827 | 506 
% 15 007 1.5 7788 | 473 
16 004 1.6 7683 | 439 
17 002 1.7 7527 | 405 
Seas 1.8 | 7983,\. 373 
1.9 7113 | 342 
2.0 6873 | 318 


84, Se naricon wath Experimental 
Results. | 


As already mentioned in the introduction, the 
calculated B agrees with the observed tmperature 


variation of the second virial coefficient, if two 
parameters 7, and U, are given , suitable values. 
Adopting these values, let us compare the calculat- 
ed C with the observed third virial coefficients. The 
results for neon, argon, methane and nitrogen are 


- given in the following 4 tables. 


- 


_ ‘Table IIL. 
4 Neon, 7, = 3.10 A, Up/k = 35.7°, 
¢- observed values are due to Holborn-Otto. 4) 
A 2 B(A’) Cx 10-2(A*) 
€: °K) obs eale. obs eale. 
5 652|° —84.8  —364 1664) 50 
7 90.6 13.6 2io8 12.2 6.9 
res 123 0.2 0.0 6.1 6.3" 
-. 173 10.7 9.9 5.5 6.0 
2 923 15.1 14.9 6.3 5:9 
273 17.7 17.4 7.0 5.7 
313° 19.7 29.4 11,9 te. S 
473 | 21.7 22.0 9.2 5.3 
573 | 22.8 22.7 
63 | 22.8 ost 
eee 


= 
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Table IV. 
Argon, 7, = 8.82 A, U,/k = 119°, 
observed values are due to Holborn-Otto. 


Se B(A’) | Cx 10-4A5) 
TCK) obs. eale. | obs. ae “an 
173s. 2106.8. 1076.) 404s ees 

228 el agi? OO. ~62.1 > | d6ec8 28 

973° | —86.7 35.9 33 24 at 

B93 ul «1818 TSS eo La eee ee: ¢ 

373 | ay Ba 26.9 | = epeeees i 

423 | 1.9 20 |} Bt ae 

AT3 | 7.8 6:9. 3 

573 | 18.6 13.3 | , 
\ f ! oy 

t >” x“. 
Table V. 


Methane, 7, = 4.27 A, U,/k = 148°. mie 
observed values are due to Michels-Nederbragt.) 


i EE EEET SEEEEEEEEEEESEERSn 


ie | Bay | |) Gx10 Bee i ie 
T(°K) | obs. eale. ae ; 

273 —89.6 —90.1 | a 54 

POS ol 72.3 713 2 BD 

$93).|). . <- 57.6 582 11266 50 

348 | —46.1 —-460 + 65 48 

373 | 35.9 ~ 3510 <> 69. 48 474 

393 4. =27.2 ~—27.1 | 55 46 | 

423 | —193 198 | 49 45 as 
a 

Table VI. - 


Nitrogen, r) = 4-15 A, Uf = 95°, t 
observed values are due to Holborn-Otto. 


deal BA’) Cx10-2(A%) 

TCR) obs. calc. obs. calle. 
143 —132.4 —128.0- 73 50 

173 86.0 85.4 4 BS: a6 
223 —43.8 —42.6 | 56 41 es 
273 17.2 —17.6 46 38 a 
323 —0.4 —1.1 36 36. ae 
373 10.2 10.7 35 36 4 
423 19-1 18.7 30 35... 
473 25.5 25.5 28 35. eae 
573 34.3 34,1 | 24 34 ee 
673 39.0 39.9 | .81 » 433, ae 
ae 
‘oe 


Systematic aisagneeniens is eminent, indicating . 
that the assumed model does not agree suffic’ ently — 


with the true intermolecular potential. 


§ 5. Conclusion. 


The present, model'4) requires modification: it 
is not suitable, however, to choose a number other 
than 12 as the exponent » of the repulsive term. 
Here we remember that the temperature variation > 
of the third virial coefficient predicted by ‘* box- 


potential ”’- 


a re Fo les REDE AYRES cin forts Sh Yank aaa) AR Sra 2 Oe be io BS BANG Poe ro 
Bogie Phe , thn ta . ey 5 ra Wt ' ts tae of 8 Io meee Ay . 
= ; ites. itt ith TERRE Wty. ck. 
; ge > Sy - Ryoichi ‘Krxvent. ares) “ ne ig Rete et (Vol. 3 
bie ry f <5 ty Soe ‘i 
i co a Nei) By a ‘more accurate rlgaict would have to be wider | 
U(r) U, «wirige end harder than the ‘present model, such as the 
. ral 0 go<r dotted curve shown in Fig. 2. . 
rit 18<9<20 shows rather sufficiently the The author wishes to thank Prof. M. otal .) 
racteristic feature of the observed one. This for his helpful discussions. i 
value of g, 1.8 < g< 2.0, corresponds to large width 
a of Mer maative part of intermolecular potential : 
ii ee pyor ee reasons we can anticipate that References. ea 
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Thermodynamics of Phase Change. — 
| By Ryoichi KIKUCHI. | : Mt 
if Institute of Physics, Faculty of Science, University of Tokyo. bd . 
. (Received March 11, 1948). i" y : 
Ina recent paper, E. F. Lype(”) has reported shown by Lype, there generally lie two transition — 
inion on the phase change of higher orders, curves passing the point P, whose directions DpIDT 
| ing criticisms by P. W. Bridgman) and R. are to be determined by. the equation(®) 
{6 denburger). The author wants to adda slit 


> — to their discussions. (5) (or) —2(( spar Bee ((S2 ihe == a 
Mle the ‘second order transition” meant . s i va 


If these two curves do not degenerate into one, 
we can easily show that, along each of the transi- , 
tion curves, on the one side of P, we get Sid Sy we 

and on the other side S,< S;@. As the phase 
is more stable on the higher temperature side of _ 
_ the, ae av ‘if Se >» Sr, be the oe nc f 


s + aie , ‘ BI ¢ 
aL A 1 © ? , Wins eed ie fot tet 
; f wt r aw : 


sisi out a nae eritics. In the wal case, as 


a 


i 
Rees 


by. the two curves must be such as in Fig. 1, in 
which the solid curves mean the portion 


s 


Fig. 1. 


on which Sa > Sp« ‘In this case transition does 
not occur at the point P and on the curves except 
_ P, we have first order transitions. _ 


According to circumstances there may occur 


in the left region, the phase in Fig. 1, i.e., @ 
cannot exist in equilibrium. Then in this region 
the phase b must be realized, and the phase diagram 
o becomes such as in Fig. 2, giving really the second 
order transition at P and the first order ones on 
4 the portions Pg, and Pg, except the point P. One 
of the examples of Fig. 2 is the superconductor 


is of the first order along the curve g except the 
point P(H = 0), where it is of the second order. 
In this case p in Eq. (1) should be replaced’ by 
the strength of magnetic field H, and the extensive 
_ variable correspouding to H is magnetization ¢, 


so that 


eh ta 
AS 


+ a 
rae he. - ty 
ad ch SN ch NY en a Nepean 


=—SdT—odH | (2) 


Fig. 3 


have from Eq. (1). 
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more stable phases | for the four regions divided . 


. the: author wants to add the following remark. ye 
- After the above ‘discussions we can easily conclude | 


- a smooth curve g the transition is of the first 


the ease in which in one of the four regions, e. g., — 


‘transition shown in Fig. 3, in which the transition © 


Considering the peculiarity of superconductor, we 


a Fa fe ie aa 3 
bly which} is the Rutger’s seat 7)" and was verifled 


Gah 


experimentally(*), It must be noted that in this — 
case, out of the two roots of Eq., (8), only: 
DH/DT <0 is realized. This is explained by ‘the: 
possibility that the region in which the super-. 
conducting phase can exist in equilibrium atabine 
or metastably disappears among the middle region 


between curves g and g’ in Fig. 3. ‘ 
In connection with the transition of Fig. 


the non-existence of apparently probable phase 
diagram such as Fig. 4. which claims that, along 
‘order except only a point P at which it is " the : 


second order. t 


The author wants to express his cordial than c 
to neta H. Ichimura, A. Ishihara, and A. Miyake 


him. as \ 
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Rit On the Effect of Mechanical Stress upon ae Permittivity ie 
co of Barium. Titanate. \ 
eK: | 
p- By Yutaka TAKAGI, Etsuro SAWAGUCHI and Tetsuo AKIOKA. 
BS : Second Faculty of Engineering, University of Tokyo. : 
ei (Recived March 16, 1948) ‘ 4 
Barium titanate has nowadays become known H 
as a new kind of ferroelectrics on account of a 
Bay evidences. Among them hysteresis loops!!) oo ate ape : 
und in cathode-ray oscillograms and the Curie- 2 as ee i 
eiss law?) proved to hold at heigher tempera- ; 
res may especially be mentioned. The tempera- i 
ture at which the sharp peak) of permittivity 7 
B ossir has been identified with the Curie point of | 
lis ferroelectrics. nb 3 } 
_ It has been confirmed that a structural trans- © 20 40 60 80 100 120 140 160 I80© 
“formation accompanies with the dielectric transi- Fig.1  70V/m = =3KC en of 
# tion ; the lattice is cubic above the Curie tempera- 


By ure, ‘while it becomes _tetragonal in ferroelectric 
ate! in consequence of slight elongation of one 
2 axis parallel to the direction of intrinsic rolariza- 
tion. al 25 therefore, any alignment of the Weiss- 
“ domains(®) should occur under the influence of 
z “electric field, then some change of external dimen- 
ions of a piece of ceramic must be observed. In 
! fact Mason(*) recently detected the existence of 
* this effect, i.e. the electrostrictive strain, and from 
it he was able to estimate the amount of align- 
4 a ment of domains to be about 7.5%. / 

5 _ We have here investigated the inverse effect 
of hindering the alignment of domains by means, 
A piece of barium 
x ‘itanate ceramic, silver-plated on both faces, was 
_ set between the compression dises of Amsler-type 
Pentre machine, and at the same time it was 


of mechanical compression. 


inserted in one branch of a capacitance bridge. 
7 he temperature was slowly raised at the rate of 
0.5 deg/min. by an electric furnace set arround 
“the specimen. 
as used for measurements. The results are shown 
in Fig. 1. Just as expected, the decrease of per- 
mittivity is proved to be the case; the effect is 
especially notable near the Curie temperature, The 


70 V/em field strength of 8 KC/sec | 


_paraelectrie Curie point at’ which the extrapolation. » ; 


Fig. 1. i ® 
values are not corrected for the decrease of thick- 4 
ness, so the effect plotted here must be regarded 
as being somewhat under-estimated. 
Apparently it may be seen from -these curves 
that the Curie point is raised slightly. as the stress | 
is increased. 


% 
2) = 
x10 3 


075 a: STRESS FREE 
b: 250Kg/m? 

/ Cc: SOO fen 

O50 di 750Kg /em® 


ee ee at . 


. / b4 ~ ow . 
This spurious aspect is removed in 


a 
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0:25 
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Fig. 2; 


‘ 


Fig. 2, which shows the results of Poutee the 
inverse of permittivity against temperatures. The he 


of any straight line intersects the abscissa. sDrorme a . 
to “be lowered id comprare . 


~ Poisson’s ratio(®) is 0.27 for this material, the com- 
pression means the contraction of lattice dimen- 
sions, and this lowering of the Curie point is 
quite reasonable. 

Brown tube oscillograms were photographed at 
_ various temperatures during the course of the above 
3 measurements. 5000 V/em swing of 50. cycles/sec 
"was applied to the specimen in a circuit similar in 
principles to that used by Sawyer and Tower. 
With increasing stress a marked depression of 


dielectric saturation values is observed, and if the 
stress is unloaded the flattened hysteresis loop 
immediately recovers its original shape. Two 
typical examples among them, photographed at 


8°C and 80°C respectively, are shown reproduced 


- in Figs. 3 and 4. 
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The effect of transverse compression was also — 
investigated, and slight elevation of saturation 
polarization was perceived. The effect, however, \ 
was not so conspicuous as in the longitudinal case, if 
and was somewhat errorneous on account of fre- 
quent fractures of test-pieces. \ 

The authors wish to express their sncena 
thanks to Dr. H. Inuzuka and Mr. 5. Sawada and al 
Mr. G. Shirane for many fascilities generously 


endowed by them. ; a 
19g el 
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Theory of the Transition in KH,PO,, (1)* a 

. By Yutaka TAKAGI. . 

ae 

Se: Tokyo Institute of Technology: oa 
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“3 


« yydrogen-bond model” of 
ch was first 


The well-known 
a potassium dihydrogen phosphate whi 
¥ introduced by Slater) has been discussed in another 


way. , The method is essentially similar to that 
developed by the present writer in his paper) on 
-——-—s'* Statistical Theory of Binary Alloys. I.” Slater’s 


tions may be briefly summarized as follows: 
oxygen atoms 


assump 
(1) each bond connecting the opposite 
on the corners of neighbouring PO,-radicals has 


always one and only one hydrogen, (2) each phos- 
ys two hydrogens close 


’ 


phate tetrahedron has alwa 


~~ 


to it, and (3) among the six probable Gaal of. 
H.PO,- -configurations, two types which have both | P 
two H’s either on the upper corners (let this be 
denoted by D+) or on the lower corners (let this. 
be denoted by D-) are energetically more stable | 
by an amount © than the other four configurations 
have one H on an upper corner while the 
denoted 


which 
other on a lower corner (let these four be 


by D,)- 
‘Let us consider a piece of erystal containing 
N molecules of KH,PO,, then obviously we have** 


f 


: 


D,+D_-+D, =N. (1) 


Now, aa bond shall be specified by bs and b- 
My ou cording to whether the H on it is localized near 
i nthe lower PO, or the upper PO,, respectively. The 
following identities hold 

Ws’. 8 2bs'= 4De+2D,, ) 


is Stk (2) 
2b. = 4D_4+2D). 


hag the b.’s and b_’s given by Eq. (2) were 
2 Howe to be arranged at random, the total number 
of configurations would be 

UI eS MG Sey (3) 


4 
\ 


Teel slat Ce 


WA) AM Dp N! 
Bi) 3 D.!D_!D,!’ (4) 


b4°+b_?— 


~ (bs +b— Pier 


bah 429N! 
D.!D!ID! 


(5) 


a that(4) formerly obtained Ig Slater. 


¢ stully toga a apreriaed case in which exter- 


f 


ptibility %q in the direction of a-axis is given 


Se ee 
. | LVHa ~ kT kT)’ 

Ww here #a denotes the dipole moment of a D,-group 
the: plane perpendicular to c-axis, (see Fig. ys 


\ 
t 


Along 1 the line of this idea the writer has suc- 


is. The results obtained are as follows: (1) the. 


\ Yutaka TAKAGI. 


however, is of quite a different shape from the 


of ferromagnetics. 


; eee a 
Ea t 2 
(2) if a strong field is applied in the direction ‘of ¥ 
a-axis the ferroelectric Curie point is lowered, — 
although the general aspect of first order transi- t 
tion remaining unaltered: and (3) if a strong field 


is applied in the direction parallel to c-axis, the 


temperature range of transition becomes greatly 
3 ‘ 


AT 

br WEE RT IEE BOVE PO a 
Fig. 1. Curve (a) represents &)%4/Nua’, where he 
is susceptibility in the direction of a-axis, and — 

Hq denotes the dipole moment of D,-group in 

the same direction. Curve (c) represents ¢,%,/ 
Nuz,?, where %, is susceptibility in the direction _ 

of c-axis, and #, denotes the dipole mement of 
D. or D_ groups in the direction ofc c-axis. 


broadened and shifted to the higher Side. ‘The curve, 


observed one(5) which, as known well, , closely 
resembles a magnetization vs. temperature eurve | 


pi } 


, 
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id _For the purpose of explaining the second order 
transition observed in experiments, the restriction 
with regard to the number of H’s, around each 


ae en 


a 

aN phosphate tetrahedron mentioned in the preceding 
4 : note, is tentatively loosened a little in this second 
. pee : Namely, it may be assumed that the follow- 
is ing reaction, 


Di +D- +2e, => HPO, +H,PO; F (1) 


4 


will occur provided that a finite amount of energy 
2e. is added to the crystal. : 

Let these newly admitted groups HPO, and 
H,PO, be denoted by the symbols, M and T respec- 
tively, and add to them suffixes + or — according 
4 to whether their dipole ‘moments are in -+¢ or —¢ 
Then the following identities hold: 


ne 


ARAN ees) 


direction. 
Ob, = 4D. 42D, +8M+4+M-+8T+4T-, 2) 
2b- = 4D-4+2D)+M+ +3M_+T++8T-. 


According to the same idea as in the preceding: 
note, the satisfactory configu ations in which the 
number of each kind of atomic groups, i.e- Dawe 
‘ } D,, Ms, M-, T+ and T_, is just as many as given 
beforehand, can be enumerated as follows: 
We b4o+b- b= " 4Do2( 4+ +744+T_) N : 


(bz +b_)o++o- 


(3) 


The internal energy U is given by _ 
U= +(D,—D-)#E+(M.—M_+T+—T- -Ku/2)E 
4+ Deto+(M++M-+T +T-)ex. (4) 


The temperature dependence of spontaneous 


polarization calculated from these equations is 
shown in Fig. 1, where the number beside each 


eurve denotes the value of e<!€. Thus, the pur- 


pose of the prevent. treatment is fulfilled fairly 
Comparison with Busch’s experiments() 
thes. the fom fit is. ‘obtainable when e-é £5 


. well. 
piel us t 
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Theory of the Transition in KH.PO,, (ID*. 


By Yutaka TAKAGI. se 


Tokyo Institute of Technology. 
(Received April 20, 1948) : 


Bipinde 


comes the depression of the ferroelectric critic al 


lst D, (Ms Tatts syste 


ait Pat Tye -. va 
An 2 es ar 
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spontaneous polarization | alor 
axis, and Nz, saturation polarization j 
c-axis. 
If it is ‘assumed that the more easily, M 


T groups are generated the more remarkable I Le 


temperature. The. curve of Curie temperatu re 
pa 


Ave: relhie is shown in Fig. 2. The ola 


Fig. 2. 


figures is about 1 kcal/mol.’ (The point marke 


with S corresponds to sake d 8 ripest temper ona 


ae is o. 
* Configurational specific heuks is shown i in Fig. 8 3. 
As a consequence of the present. reformation, 4 a 
type peak, though it is peepee high es 
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becomes almost undistinguishable from Tatane heat 
derived in the preceding note especially when ¢-/e)~ 
is more than~10, is thus predicted. 
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"There are two possibilities for the explanation 
of the second order transition in actual KH,PO, 
ystal. One of which was examined by Takagi(1), 
ile the other will be discussed here. 

“he writers assume that, if a finite amount of 


en rey 2e, is added to the crystal, some bonds 
ay have either two hydrogens (say. b/,) or none 
y b,), while the number of hydrogens around 
ich phosphate remains strictly constrained to two. 
1S the following reaction will occur : 


“i 
? ’ 


ie C1 by +bip2e,5b,+b7, 


> Jig yaa is neutral, se is of course equal 


b, +b, = 2D. +D, 

b_+b, = 2D_+D,. 

t - With the method analogous to that used by 
Takagi(?), the writers have succeeded in proving 
that the satisfactory configurations in which the 
number of each kind of atomic groups D,, D_ and 


eS 


Theory of the Transition in KH,PO,. 


By ig SHIRANE And 


(Received April 20, 1948) 


Takehiko OGUCHI. 


Tokyo Institute of 
Technology 


_D, and the number of each kind of bonds b., bak 


b, and b/, are given, can be enumerated as follows: 


W= (B+ +B) P2O++ M(B + )2O +9? 
ei (b+ +0 +2.by )o+ +8~ + 29h 0462-8," 


ie ARON 
D,tD-!D,'" 
The internal energy is 


U = —(D+—D_)uE,+Dyey+2byey. } 


The temperature dependence of spontaneous 
polarization, configurational specific heat, ete: have 
been calculated from these equations for several 
values of ey/s,. Let the results be compared with 
those previously obtained by Takagi(l) : (1) the 
relation between Curie. temperature 7 and e¢,/e, 
exactly coincides with that between T. and exe, 
(see the preceding note, Fig. 2. ), (2) if the value 
of e-/e, is to be equated to the value of exfe,, the 
temperature dependence of spontaneous polarization 
and configurational ge heat are similar to those 


of the preceding note, when ces erfey Se eee 
comes large. 
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of ey is found to be about eeetent ey is the (*) A full text of this note will soon Ke published 


energy required to eut off one hydrogen bond, the with 5 figures in this Journal. 
lue of which has : Re ‘ te 

ee i = S i a gh 3 anes (1) ¥. Takagi: Note II in this issue. 

- 1~9kcal/mol from variou: riments. e pre- 
ie i vhs 4 ‘ ae ; 16 ite nk (2) Y. Takagi: Note I in this issue. 

i ' Ss — 

sent results may, therefore, be sald quite reason’ = (3) G. Busch: Helv. Phys. Acta, 11 he 
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“Introduction. . 


ee 


‘The influence of order-disorder transformation 


"extensively © oheseend: through the peculiar heating 


‘processes of quenching and annealing, by many. 


. ‘hardly established the sufficiently confirmative evi- 
dence indicatve_ of the fact that the ordered struc- 
L tures ‘in alloys are necessarily associated with the 


4 3 ferromagnetic state. Among a. ‘large number of 


them, ie , Ni Fe), Ni,Mn©, Heusler alloys@) and. 
“others may ‘be considered safely to have ordered 
‘structure associated with the ferromagnetic state 
mn 1 the basis of the combined experimental results 
7 OF. thermal, ‘electrical, magnetic, thermoelectcical — 
a and ‘X-ray-measurements, although the X-ray data 
"tor the former class. of alloys are now lacking 


3 ~ owing to the. similar electronic structures of con- 
~ stituent: atoms involved. In view of. the experi- 
3 3 mental situation mentioned, above, it is highly desir- . 
4 able, for the detailed analysis: and discussions of 
he ‘experimental materials, to work out theoreti- 
pvalls the relationships between the order of. con- 
sy -stituent atoms: and ferromagnetic: properties of 
"alloys, giving the possible orientations in the field 
of ‘experimental researches. In contrast to the 
“ferromagnetism which ean not be understood 


without a. thorough > quantum-meebanical investiga- 


bs * “he content of the paper was» read diecady 
in th symposiums ‘of magnetism held at Univer- 


meeting of ape iste posicty of Japan 


‘Part re Genetall Theory. 
~ By Toshinosuke Muro, Tetsuo Ecucnt and Motoichi Sarpuya. 


i 2 = aoe - Institute of Science and Technology, University of Tokyo 
Pesan tege SI aes rg ws of i dea eh ase: University. 


; | (Received December 15, 1947). 


experimental investigators(!), although we have still 


alloys observed experimentally, however, afew of — 


succeeded: in showing that an adequate pheno 
~ logical deseription of the ferromagnetism of pure = 


a ae the Micoty. of 2 atomic Sena de in super- ~~ 


tical consideration, which expectation shall be 2 


sity o kyo in November, 1945 and further, in. 


- mena, ise., ‘the adsorption, ue toons 
and the melting. In fact, U. Firgau() har rec 


c ee oe 


metals may be. given on the lines of the St per- 
\ lattice theory refined by Bethe, using ‘the simp 
model of Ising). In this connection, ‘therefore, 


-way to that of Firgau in the case of ‘pure melas 
eee ST een Tes Fi 

** Although the theory of cohesion of alloys 
has nat quantum-mechanically been ae ye 


approximately to be of intermediate type ttre ‘ 
the metallic and ionic binding on a simple theore- 


tested quantitatively in the detailed calculation of = 
the binding energy of alloy by one of the autores a 
in our institute. : : Seg 


magnetic field. According to. 
of the electronic systems i in altovai' : 
nagnetism of alloys. tte spite of the EppRiahnice 4 interaction energies waa; —Wap “and 0; 
aret involved in the assumption that there tr (waa > 0, wan > 9, » wan > 0) are. supposed _ 
proximately to Sxist t only between a pair of nearest c 
neighbours of. molecular magnets with parallel i | 
é orientations with pempeRE to each other, allowing 
for the rapid decrease of the mentioned energies _ 
with - the mutual distances ‘separating them and 
furthermore, the bond interaction. senergics of, vad, 
var and var ets constituent atoms -are con- 
_ sidered to play important rolas i in the atomic dis ; 
ee Se the constituent atoms and the ferroma- tribution in alloys in a similar way to the case 
jan : | of Bethe’ 8 theory(?) of ‘superlattice. “The ‘double 
suffices belonging to each of the interaction ener-_ - 
agnetie estan shall. be dealt gies‘denote the kinds of pairs of constituent atoms — 
i the obtained result . shall be ap- _ concerned respectively. Since all the molecular 
omalous specific heat'and the spon- _ magnets of the alloy : are distributed to. have paral- 
etization and in Part III the elastic —_jel_ orientations with respect to.each other at. ab- | 
Nye solute temperature zero the alloy may ‘be. con- 
sidered to become ferromagnetic i i: a + similar way 


ed molecular ene. we ey know how. many P 
pairs” of sunlike melghionts with varie or anti. 


which two kinds of Ny Craohotg. 
“with A-and B- atoms involved are distri- je Je 
ted 1 among all lattice Botnt of the crystal lat- 


iE = %, sssQaa reanQanann 


~ Bee cs acd ‘ 


their vibrational energies, “which sae ot 
| among” the i ealency electrons miahaly respon- t Vol bl de ny 
the cohesion of alloys and the 3d electrons MRA SOE hiv BR on ater. consideration, 1 
| give rise to the ferromagnetism. of alloys, _ in with the energy of the alloy itis 


account of which some correlative behaviours» to. take, as zero the: eneray of ss 
the: fila energy may be expected to appear. | 


simple mince 
. ed to oe s Selling 


Pe ant! 
adh ey 
ih 


Ree Ree ag aR PANS oS (2) 
, i 3, , expresses the ‘erystal. energy* inde- 
0 nt of the distributions of both the constituent 
atoms and the molecular magnets within the a 
and vs (Waa Fen) 2—van ay 0. 
8 3. s Statistical Theoty Se Both Aieraic 
and. Molecular Magnet Distribu- 


tions in Alloys.** 


a Ris ‘The Pe ea aatal problem in the theory of the 
_ ferromagnetism of superlattice is to calculate the 


i Eprobabilty, of the occupation of a lattice point by 


125 -given constituent atoms with its magnetic mo- - 


4 ‘ment of a ‘definite orientation as a function of 


both temperature T and mutual . interaction ener- 


2 gies introduced above. For this purpose we ‘shall 


_ now proceed along a similar way to. Bethe’s theory 
of superlattice. or Firgau’s theory of the ferro- 
‘ _ magnetism of pure metals. For simplicity. of the. As 


_ ealeulation, we shall here take a simple cubic lat- 


_ tice or a body-centred cubi¢ pues consisting of equal 

: ‘numbers of A- and B- atoms, the nearest neighbours 

“2 of any atom, situated at a. aes (ae being ex-. 
pressed by. Zz in number. ; 

According, to Bethet3), we shall now calculate 
“the partition function of a “group of sites consisting 

te a ‘of one site, arbitrarily selected, and its boundary 

. “sites of nearest neighbours, the statistical influence _ 

of ordering _of all ‘the remaining - sites of the 

Ris “exterior ‘upon the boundary ones of the group® 


at being taken into account, on the average,. by in- 
_ troducing the statistical parameter éq and €, rés- 
© pectively. ta: refers to the degree of ordered dis- 
: tribution of A- and B-atoms in alloys and ¢; to 
a that of the possible ‘orientations of the molecular 
magnets: among. the lattice. sites of the crystal. 
‘From the consideration of the physical symmetry : 
of lattice sites regarding both atomie and magnetic 


‘ moment eso it is possible ts establish two. . 


road 


ee a The influence of the atomic rearrangement 
upon, the lattice vibrations is aang approxi- — 
mately in our theory. 

_ ** The. ferromagnetism of alloys has been. dis- 

feeisned | qualitatively” by Bitter (Phys. Rev. 5A, 

1938, 79) along a ‘similar way to the procedure in — 

Bragg-Wiliams’ theory of superlattice alloys, ‘but 

the detailed discussion has not been attempted. 


Forromagnetic Superlattice. fa 


ine equations Moe aaterhtinne 4 and €; as fune- 


pared to right pair in accordance with Bethe Ae . 
‘ cues 


es te ee 


tions of temperature Vk and peities interaetion . 
energies v, waa, ete. 5: 


In a more accurate method of treatment, how- i 
ever, we have necessarily to introduce four. statis- — oes 


oan 
tical parameters. fa, a’, €s and @,! corresponding ee 
oe 


to the combinations of the different kinds - of 
atoms and the different orientations of the mole-_ 


cular magnets in order to take into. account be ee 
sites upon the boundary of the ee ‘and. then 
fout pasic equations to determine the dependences _ 


ae all the a gecary aide upon tenperature and mutual 


ie the piyaival symmetry of attic ea ‘of = if 


the erystal: To a first. approximation, however, 


we Bill be permitted reneontahi to files tw 
for a cielineds investigation ‘of the pRObice in 


er ata thus soe the laborious mathemati al 


mena. 


atoms with ea peet to he atomic _diteboti 


Furthermore, ma wrong Lgiee’ and me ee 


he egnetieé Neonentas among ne gions ns 
Eroey under aceuanns Tay. be eee 


and ‘Mp, OF the group Esa above, it is suf 
ficient to take into account the following Boltz- 
mann factors and statistical parameters weighting — 


unfavourably the occurrence of a wrong Der com- | sie 


Firgau : ; | 

For atomic SucHstion eee ae k 

Boltzmann factor = 1 corresponding to a pair. 
: of unlike atoms, Be 


= exp (—v/kT) =a, 4, to a 


_ Toshinosuke 


ae “we ; 3 
MvT9, ' 


ass 
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; pair of like atoms, 
tx - Statistical ‘Parameter = ‘ts 1 to a wrong atom 
eSdpe on the ec et 


_ For ‘magnetic ‘moment distribution : : 


‘Boltzmann factor = ‘exp (—waalk) =24 cor- 


responding to a pair of A - 


atoms with antiparallel 
‘ molecular magnets, 


= exp (—was/kT) = 2p ,, of 


B atoms 


exp (—wan|kT) = van 5 et 

A- and B-atoms_,, 
= exp (284H/kT) = ya 
= exp (28x H/kT) a YR 


to. an A- or B- 


y 
99? 


atom 


_with magnetic moment 


parallel | ‘to the external 


magnetic field respective- su 


te the” ‘case of the wrong atom y all 
ee of the gro 


magnetie moment on a centre - 


ie 


~ and pes 


“UR? ae aro 
; mR a 


\. 


- being right is a 


Ka 2 en ‘ ie 25 
Raa res => ae ee. Z 
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“i using ‘the binomial theorem 7 i alesis 3 
a a 


- magnetic Nerves of mole- 


-eular magnet on nthe boun- ; 
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magnetic. field, and Ba Say fr represent 
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ilar reasonings of Bethe and Firgait, a ss ey 
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Pees 22, 
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= -wpn, they. ean be reduced to that of Firgau’s 
¥ : aN theory for the ‘ferromagnetism of pure» metals. 
.m. mp ote) evan “The ‘statistical theory of the ferromagnetic super 
at fribw obo} fet sri haw. lattice developed above, therefore, may be con- 
-sidered to be a rational generalization of both | 

‘ ; a2) Bethe’s theory in superlattice and Firgau’ s theory 
Te By the. “physical: symmetry. vot “lattice sites. in ferromagnetic metals. Since the products. of 
reg arding atomic distribution, we must have w = frend. are ¢ ontained in’ (A). and B), the statis 


"along similar reasoning se BS sk of Bethe’s tical correlation between atomic and meee 


§ 4. ‘Numerical Sstutisn ae the. Ba 
Equations, (A) and (B) for a. 
e Spee Cubic Lattice. ay 
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Meta nattoon oS oe 
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order in ie nat GS 


along : a | similar consideration. to the above. 


_ Aceroding Yo the a heels of lattice | Geattatactmanllearatct est ee 


= e(latateante oP ea i es 


LER Y ; y 


age cs egal rhe bw) iy , (B) MY the inclusion of the terms of the high order in 


h can now be et. ‘together | aaa: the cons- | 
ten Ly equation (A), for determining both ¢, and 
netions of temperature T and mutual inter- 


for ‘the intearction pnepries involved, ne resh fats 


n w Ww and Wee f 
cee ate s ‘a oe ae tke. shave of which are described graphically in. the aecom- 
is interesting to 


cy-equations (A) and (B) are easily shown 
op {8 that of Bethe’s theory of super- 
Sheen case of the external Rene 


panying figures (the plots sie é, and Pe sees 


the yarlous kinds of ER which appear a 


the figures : 


6,=vk, 9,= (waatwantwen)/sk, ce 
a, = 8ws4/(WastWartWzB); hee, 
ag = 8wep|(wsstwantwes), 


se gi Os 
Bsa eae seo of the four statistical 1 parameters ar fi 


‘mentioned above. 
§ 5. 


physical quantile, ie, ees ‘snokasioun, specific 4 
ee heat, the spontaneous magnetization, ete., it. 
4-9, a quite sufficient only to know the probabilities | @ 

“> o0 = on + ~ a given kind of atom with a definite orientation | of 
molecular magnet oceupying one of | the lattice 
sites involved, as clearly shown in Part I. For” 

theoretical discussion of the Biogen? ane 2 


distance-orders renseding both sorine and | magnetic 4 
-‘moment-distributions, defined as Leann to Tees 


anata N ; : 
Namely, “we have 


xy Sees eae one q(rand) ’ 
7 will. be bikeess to give ‘appro- - " ; (r' ate sj Apes 
‘measures of order-disorder’ and ‘ Sa = Barn tce a 
See) fhe a 


ss uc 
i SO p(rand)’ ae 
2? is eal eaters eee 
rene ie ( Sees =e rand ” 
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vm the figures. ee appearance . 


simple probability « co! 
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. ices Sat! the physical quantities or they corres- 

i 1d really” to the physical aituation, i.e., the 

limit “solubility of solid solution. The detailed — discussions of ‘both 
ion PePAR ANE, the above, pola shall be re: and tbe spon 
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Peis oe aay 


have to eat ‘the | anipenal energy a) of L = Qh = (nidiaber con A-atoms ic pats 


"molecular see on. sea! 
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efinite ori fet tion. of. molecular magnet, “Gwnhich > 
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graphically i in the accompanying fetes 
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; In a similar way ‘to the case of anomalous: 
¢ heat, the temperature dependences of the 
eous magnetization. have been numerically — 


or each. of the assigned values of the 
interaction atid doo which results shall be 


s of he matual interaction enerEies, of ee 5 


Sof the SS Te ohyattal quantities de- 
nutual interaction pik ie are now 


ma will be seen to occur with the tem- 
re variations according, to th: relative mag- 
of mutual interaction energies, the’ origin’ 
ich is ascribed to the physically discontinuous mn 


Ye 


i 


Curi points, of the total energy of the crystal as 


magnetic, pure metals except for ‘that shown i ine 


- quantities or really to the physical situation of the ; 


, associated with the atomic and magnetic — 


2 Bove ad = nick 


; ie whtles in | which ‘the = 


exchange and bond energies 
be made as usual Omang to 0 the 8 


magnet Pe A ae (see. ‘the dgures: in aba text). 
As for the temperature variations of the spontane- 
ous magnetization, — we “have rather monotonous 
curves qualitatively: similar ‘to ‘those of the ferro- 


the figure 4 (b), where there appears a kink on 
the curve in spite of 9, = 9;, indicating the \eor 
relations betw.en both distributions in conatituent 
atoms and in molecular magnets. In view of the 

“results obtained above, the appearance of. the 2 
mutual correlations of both: distributions may be 

_ considered to depend sensibly: u pon each of the mutual 

interaction energies of bond and exchange types be 
_ tween constituent atoms of the alloys. Whether an 
the occurrence of the broken curves in Fig. 4 © z 
“may be ascribed to the approximate nature of | our se 
theory and to the unsuitable choice of the physical i | 


phenomena shall be discussed ‘in. the. later paper r 4 
‘through introducing four statistical parameters aa 
_ together with a careful examination of He free ic 
energy of the alloys. is : e = 

Now. the anomalous specific heats of: NivFe a eS . 
Ni;Mn have been observed(!) ‘experimentally to have 
two maxima on the curves of the temperature- 
variations (at the roughly estimated values of 540° c : 
and 550°C for Ni;Fe and at. 490° Cc and 640°C for 
Ni;Mn) in qualitative agreements with the theore- - 
tical results obtained” above, although, in the latter 
Re nope Ahere is a discrepancy between the ex 
mental data due to ‘Thompson(2) and Kaya@ 4 
_ fatter of which | Pine s observed .saly a -singl it 


: iets Kite. isis magnitudes of 2, WAAs WAR 7 erie 
wan which give the best fitting to the available 
experimental results, which computation shall be 


: a - attempted in. later « oceasion. Furthermore, in* the 
>, = * y r, f =i 


Bape ved ie see: soo “too 100) 


spontaneous magne atization seine carved out 


“Fig. 5. a, b.2 Specific “Heat of Ni,Mn. 
at a constant temperature ‘(ordinarily at 


_ Kaya & Nakayama, S be ‘Thompson. aii eee 
Od Se es 5 eRe EAR anu temperature) just in the cer state. i 


Seiad oe = 


a de sak ot ei alee ie of constituent atoms involved, which ‘sates 


= Me 2 Fig. Be. c ‘Specific Heat. of ‘Ni,Fe. 
Bach of the ‘curves ‘corresponds ‘to the different 
~ way of ‘heat treatment of materials. 

Cea aah Sato. & Laneeee) ay 


» process, which case. sail easily cee anil 2 
trivial’ modification of the theory developed 
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tization M will be numerically computed ‘for 


_value of T, i. e., the temperature just before ‘the. 
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quenching... from which result ‘the atomic. Curie 


“point may actually be. determined as a! 


aa 


above. cae Oe 


‘paramagnet'sin ac ee 


= magnetic Curie point and the elastic s¢ tt 


slow neutron in the ferromagneti Cr. 
whose theoretical discussions are. ‘our progra 
now | in progress together with is jimprovem 


Pos, statistical parameters mentioned in » Chap. 
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treatment. 
“Introduction. 


| Many p og have been peyebed: concerning 


tcc of them, towevers: ‘treat only ‘one represen- _—- not shift and the plastic properties. do 
tative | molecular chain without referring to the © and finally that the network is ‘‘ coherel 
network structure of vulcanized rubber. - Recently sense of J ames and Guth®. The last condition 
“two | papers have been published for this problem,  necessaty to solve eq. (11) in the followin 4 
that i is Flory-Rehner (2) and Guth-James’@®). “But —s ment. m ie Se e : 
“the essential point of the Flory’ 8 ‘paper is different . In. -this “ideal seek a “ mi 
from that of Kuhn@,-and moreover his theory. is” 
limited only to the particular structure of regular : 
"tetrahedron. Therefore, the theory is not, satis- 
| factory, though: the treatment and the idea is very = 
ci interesting. On the other hand the latter papers — 
= are very fine, but. since they are. using Gaussian 
functions for the configuration functions of net- the following Glee 
work chains, the theoretical stress-strain relation ‘ 


_ Thus, each junction is s “free” nit 


s only applicable to small elongation. The ‘relation a in the g Pace but some psec ocati ‘ 
fs _ applicable to somewhat higher extension can also : 


be deduced; not ies Gaussian | functions eae E shape of the sample (Fig. L)s2 
i surface, the outward push | of internal pr 
. : 5 2. T the inward contraction of chains are in Ee 
ara of Slighely Valeanized. Rubber. fe 
. ~ Vuleanized ‘rubber ‘has a -so-ealled network |. former junctions by 4, J, &, ---- 
oa) “str irregularly bonded by “sulfur-bridges” a, by, ..+. and both junetions altogether 


ay 
between molecules. ‘But, in “ideal” vulcanized 


cand the. shape is maintained. - We desi 


ms rubber, vulcanized slightly as in the experiment 
of Meyer and Ferry, .all the molecules are not 
always bonded together ; some. of © them may be . Aes ‘sifele. In this case we call these june ! 
~ completely free and others are bonded only at one Gy, Mg, ...- and by, by, -. . for instance. We desig: su 
end. But these latter molecules or molecular chain nate the positions of the junctions by Ya and, Lf 
segments do. not contribute to the stress arising and the number of the elements of the chain | 
from the retractivé € force of coats but ent contri- necting them by axe Teking the direction fe 


He Biss eee 


_ These equations just ‘determine the equilib: 


Fig. 1. Ideal network. 
od junctions, y 
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~ @ free junctions. 


{ 4 z 


: ao) log mar(wo) d+ const., 
PRESS 4 re iy si a” i : 


Boltzmann’s constant and the. summa- 


er all the pairs of the network — 


) satisfies the following conditions : 


@. 

(0) cos Ondo \Tu—Tol/l,, (8) 

polar angle of an element » 

h of an element. — eas s 

thermody amical equilibrium, S must be — 
with respect to the variation of m(w), 
at, Sant + Nad { * ie Ce bay } 
bove conditions. Accordingly, if 


1 4a, a3 Lagrange’s’ multipliers, 


and 1 


ROR S 9 


e quilibrium distribution function 


. » Mail) = EXP (Hay COS Ou»). hs 


=e, 


nal ‘conditions, 
> AawNav = 4n sinh Hav| Hap y : . 33 (6) 
] = 4n{eosh Hay] #ay—Sinh Ha/H%a}. (6) 
ngly, if ‘we introduce Langevin’s function 
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P 
iat) + 


4, Ata =tstlN onl = Lah). rd 
entropy. of eq. (1) becomes 


= a oad ahr ak log av}. 


eover, the entropy must be maximum: with 
Et : oe ee 4 ‘ ; J 


i (1) e 


rai Suen 


7 eet sige rele TA ice ON pa. o st vies TS 
_ the coordinates of free junctions are. determined 


gular parallelepiped whose sides correspond to Le, 
 Byand L.; they can 


_ Then the stress 


‘coordinates of freé junctions. It must be noticed 
that these equations: are not linear. - Higher terms | 
of |r.—T,|/l arise from the network structure and 
characterize it. But, in the first “approximation 
these terms may be neglected. Macs he 
Then if we put, following James): 
& . Sc 4 “ ; fe 
“2 ta = SUNg, oo ? 


“19 le, 3 ec 


i 


t ~ 


equation (9) becomes linear equations - 
. "-S¥yayp= —STeme, ete. 
: Dns 2 le : at os 


‘These equations can be solved if the fourth condi- 
_ tion of ideal network structure is satisfied, and 


< 


Ray 


as a function of fixed junetions. If a unit eu 


_. the sample is deformed by stretching into a recta 


be represented as follows: — 


} 


where x,° ete. “are the equilibrium posi 
_ ete. before stretching and can be deter 


7 = 


a" 
ra = t 


4 


can be readily | ted f 


the above equations, and is given as fo ova 
’ Sng that the sample is isotropic before st 


4, 7 ~s 


oh oR 


B “to the neglect of the higher terms of eq. ©). Ac- 
: tually, before the higher terms” affect the result, 
‘erystallization hg occur. Therefore, we ‘must take 


ae 
internal energy, into consideration before: the eal- 
“gales of these terms. 
aie 5 am. indebted to Prof. Ty ‘Sale for his indies 


sa “and interest in this work. 
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ae gt Introduction. Tainan egy 


“There are many investigations « concerning the_ 


=. ae between the specific, inerease of viscosity : 


cab “high polymer solutions, and the molecular 
4 \ 

Z weight of the polymer. These papers aim mainly 
at. ieeahiviae Staudinger" s viscosity pale: 


" which is” ae Paces boldly. In ‘eq. 
a). fi”) represents the intrinsie viscosity, M the 


molecular weight of the suspension, and K is a 
This equation is not always 


ue 


numerical, factor. 
suitable, but must Be replaced a as follows: 


vos seed 2 t= KM, He 


x "where a is a parameter varying cor 0. 5 tol for 
sions ; sae is close: to 0,5 for random 


(2) 


_ most -Suspens 


* / flexible chains and: to 1 


owever, | according to the theoretical papers 


ery Ze oe “Stru cture Viscosity of High Polymer Solutions. oy 
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for straight stiff chains(!). 


ublished lately by Hagzins “ease 
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In this respect the 


straight pee (a = 2). 
obtained -by - Haller and Kuhn) are r 
According ‘to ‘these auth 


to the experiments. 
pies above: contradiction comes. from the 


put in these ‘treatments the structure vigeost 
comes from the Sr effect of the ae ) 


arising. from another source in high polymer ae 
tions, j.e., the deformation of the molecules. 


. rods of length l. 
and the mass. is mM. ns 


suspens! ons flow with the’ solvent: sablocaledts 

take a coordinate system fixed to the center of . 
gravity of a suspension, and represent, the velo 

of the flow ‘by (0. qe, %; qi is the velocity gradien 


purpose of convenience we omit. the suffix of ‘he 
- particle i in the. notation.) ‘Then the aphere is su ib. 
deceads to the Stokes’ force: on : 


wt tes 


Kanvte,ey. 


3) 
Here k is a proportional constant, ‘and can be 
_ written ‘for the We ga model : a cadhs eee aeaeN 


: as rs oe € = bene, 


where % is the viscosity of the solvent. 


The relation heen [ylo-0 and : 

city “gradient q for 4 Ebecien of 
{1 : 2650; 2: 1530 
\s: 870; 4: 810. 


Ahh 


only of Se ea but also pension. and represent, themotion 
locity gradient. - ‘This point is accentuat- tion of motion.(11)_ ‘The qu 
also by ciara Cay re ‘general, 


other, namely in the case where th 7 oe 4 
a of the spheres has an. axial symmetry ‘t crest ’ 
is saphena and may be represented as 
“Therefore, we consider the - deformation ne 
ery small and replace it by “micro-segment 
” around an equilibrium point, which in | 


is determined by the rigidity of the chain = = —rqsin 1P sin o-+ Lista 


at +H(P+R)esin 0, ‘i ips 
C( cos 0—#) sin 0+¢) = nis 
4 = «P{q cos 0 cabs 


* Here 6, ¢g and re ar 
fixed Sens aes 


nature of ‘the pelvanee | ee Baers 
Then the elastic restoring force s ‘when 


' of the peioepourie Soauente is ‘neg 
; ‘Gree of, ae in this Sl, coordi A 


| { ; . Se ; 
\ ry = Xo Yor ; 


“y tané S YB elk 


4 of polymers i is s given by, sea - pe Ye en bigs re: . eee 
"4 hoop Sy. tage. enerefore,..ed- (12) becomes t™S 


3 Ot ee i) 


ees ess w- =n B(K, v0, Rp, inn. + ere ek , oe 

gee i 2 He eo EaR cae eee ANG Uveer mik-+0b-+ke—mgh = fe, 
ee ae END, . (ig ets 

= 361- o a ef mites mat =Sns 


zu ee mis abt he = 0, 


~ where ~ a 


Barre and e - the cosine e of the bound angle. Pad ES, . 
Vie Ged ee af nahgeos 


eee = 69/2: nt C08 Maas nde 


The Effect of Deformation, 
er ean be conceived that the particles of a sus- 3 si ve 
Pp nsion are. displaced by © the centrifugal meee 
induced by the above rotational motion and ‘ine 
Be: gen ral oscillate around a new equilibrium point. - 
im It. is convenient to consider the motion ‘in. the co- 
ae ‘ordinate system rotating with. the angular velocity 
gi ‘The particle originally, situated at (%% , Yor any 


% il be displaced into @ wy £4 “Yo Be mA 4 Go). = and gives rise to energy loss. ; ; 
x : If we consider a ‘stationary state, among ‘the. 


t his | position. the centrifugal force and the Bate: 
solution of eq. (16) only the following motion ‘re 


orce must | be in anlienis ‘Therefore, if the oe 
See BABB Fo 8 ieee ean tal vy: 


at forced “abrtian induced by the flow/ IT ta 


to ‘be expected, since the flow “changes re 
‘ 
period: Te Moreover, the vibration is a damped C0) 


A BES as eee ae 6— 
: TRS maT ee 


1? av itelnale costae Dn Tas 


ik ' in 


oe Ww 
~ -1+8"(ma/ey 


ee) ee 
ee ep 


ad + Fe ma 
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20 The theoretical curves of ie ac- 
eoistiag: to eq. (22; for several values. ~ 


oe 


ee that the theoretical curves reproduce : 
‘features of the experimental curves apm. 


s ate, pelsqalar constant 8 may: BY com- 


(3) P. Debye : 


the ‘suspension does not deform, and 


approach to the Debye’ Ss. “This value is the 


_ as Kramers’, because his calculation 
; to a rigid suspension as in ‘the ¢ cases, 


fe. 
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In” tha previous eee the present author 
extended a molecular theory of liquid at. low tem- 


eo. ‘based “upon. a sale ‘Proposed gcoleayint 


“guid ot. Son in common. ie short. the main 
feature of the model can be described as follows: 
a) A structure of a mosaic of fine fragments 
: “which are in contact with each other on well-de- 
‘fined interfaces, each, saving, a igs exyeralling 


gt ro) Dynamic rather than static ‘equilibrium, ac- 
a companied by some degenerate translational degrees 
“ of freedom for each crystallites. é 

ae In the previous report on the theoretical con- 
“sideration of the specific heat of liquid at low tem- 


: face « area and the available volume of. ‘the jeentre 


A structure of a mosaic of fine 


ae 7 “Fig. ir 
< _ fragments (foam structure). 


ae gravity of a crystallite was ' paracowed 0 out in- 


ee Crystallite Theory of Liquid, I. 
- Solid-Liquid Transformation. 
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of the fact. that firstly the increase of ‘the 


by Existence of: an excess Sheetal energy, Sass 
_ due to. the misfit « of the elements at the interfaces; 


- order $0 the solid. It will be. sac ae 


_ perature, the misfit potential energy per ‘unit inter- + 


ational, and the internal degrees of freedom. of the. 


ets 


oe 


ing and non- -rigid viscous flow of liquid, babi 
no concrete pounder oe since ® the statistical stab 


crystallites is not yet concluded theoretically: 

‘In the case of solid, the erystallites i in a sin 
grain are oriented approximately parallel toe 
other: Such an orientational order of the ceryst 


realized in solid. may be- considered as the resu 


ia 


ee energy agmpun hae the relative dis 


of neighbouring -erystallites. 
In the pt paper a 1 theory ‘based 


the state of perfect | disorder (the liquid sta 
in fact thermodynamically stable above the orde 
disorder transition point | and the state oft ° el 
(the solid state) below that Boog a os 
S23 ‘Gael Formulation: 
A general formulation of the theory on 
proposed model is developed here, including 


N elements consist of the ealeunennl ‘the rie 


eee Sey yet The partial partition £ fon Cc 


i-th cuits’ is assumed to be separable 8 from 5 


the others. The total partition function 2 = of the 


se ba is given by = 


= mfs S1 exp (—e/kT) H dx dp, doi. 


iy Py 9% ‘ 


Vie The momentum chotdinktee corresponding lite. is obviously ‘Proportional to the, & wthi'G 


Sear =N, Ai. SAAS 
resulting in the ‘macroscopic flow, ‘The avi 
i is ‘the number of crystallites of linear 


C in the unit of’ lattice constant ee. 


of the order: of aa, we Put 


ae hee. 1 Ga} 80,» 02 ooo , 
+B, + DE) Fep(dis ty -++5 01 0+ By being of the available volume coefficient - 


ys @) ing on orientations. et PREG 


Substituting (5) and (6) inte 1, it. follows. 


os Ley aisRxt+3+2)» ee . 


‘ 


ee 


4 


1 


a = mae “s ee ee | 


' 


re 


-over. in — to the "former the number of discriminable orlentational ae 


. ration of each erys: vallite i is assumed to be a i in a. 
“unit solid angle, that is, doe = ado x so 


ef Qnmik Te 
fe ang ate 
; ; oN 4 
--)exp (eI TM do, 


matt potential energy ep is > proportional 


ou Mis 


» aitdrentt” casetaae serait ied by 
| Brownian sous of tee obigae ei 


. te _ the at ‘of! telative | orientational coordinates 
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~ fectly crystalline system. ' These discrepancies 
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above concluded nature of the 2-transition of | the 
| fied ede 
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However, that the theoretical 
h behaviour of the specific heat is apparently more 


melting phenomena. 


drastic than the observation seems to disclose the 
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300 aso 930 


eee big. 5. Specific heat vs. temperature curve. | 
= for 0; = 500, %,/e = 2000 (see Tab. 1). 

i goss. for b= 500% 3- af ky/ke = 1000 (see Tab. 2). 
- Inadequaey of either the present interpretation of . 
- the: solid-liquid*transformation or the approximate 


"treatment of the: proposed model. 


«which is made in “ths above deseription concerning 
re the procedure of peeeetion of the many-body pro- 


Poor of order to the thermodynamical probability 
- should ®be founded on much more unambiguous 
- Yeasonings. But the drastic nature of the tem- 
pire dependence of the specific heat can yet 


-— constants, ky and 6,, even when the present crude 
7: assumptions are maintained. 
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values than 600 for 0, is tabulated in Table II 
eeere Fig. p)- 4 
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Another result; of ~ 
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transition | crystallite size specific heat — 
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* 600x372 ‘151 |163 124 | 3.35 2.88 
i: 500x4-2 977 |241 185 | 3,24 299 
i 5005-2 1204 | 355 25.2 | 3.16 2.94 | 
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2g The assignment of the value of » much smaller 
_ than that of the Debye temperature, which is 
regarded, to be mainly responsible for the decrease 
of the value of ¢,, may be justified to some 


: degree by the reasoning as follows : 
; : se 


ce 
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vice eee 
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The transitional degrees of freedom of the 


crystallites are the result of degeneration of some — 
vibrational degrees of freedom of the system, 
eaused by the relaxation process of the rigid coupl- — 
The 


ing of the crystallites~at their interfaces. 
thermatelastic wave of relatively lower frequency 


is likely to degenerate more easily than that of D4 


higher frequency), Therefore, if' we assume the 


distribution g(v)dvy.for the number of modes of 


the thermal wave in the frequency range y~y +dy, 


the nee (9) shall be modified into 
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where »*(«, T) is determined relative to the charac- | 


teristic relaxation time for a specified. eonhigere: 
‘tion at a given temperature. 
In this way the experimental facts may be 


interpreted to support the conformability of the - 


crystallite model, adopted in the pregeny theory, 
at least approximately. 


§6. Summary.” = - 


Tt is presented that the solid-liquid teahator. | 


‘mation phenomena in general can. be formulated. 


according to the crystallite theery. The order- 
disorder transition of the orientational distribution 
of the constituent crystallites corresponds to the 


solid-liquid transformation: the ordered (the solid) 


State being stable below the transition point and 


the disordered (the' liquid) state above the transi- 
In Yegard to the experimental data. 
concerning the specific heat, it- is, suggested that. <F) 4 

\ the degenerating vibrational modes of the ‘thermal on 
wave are to correspond to those of much lower e pee 


tion point. — 


frequency,’ which is justified. to some degree by 
the deliberation on the relaxational nature at the 


-erystallite boundaries. 
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: density: is 1 eee 0. 1 lo¥/4 = 2. 5x lol ates 


‘ 


od re Aw be a4, oo * t- 


302 + 


i 


- the thermionic emission measured at 700°K, inereas- 


ed to a constant value as.shown by the circles in | 


_Fig. 2., By this procedure the deposited barium _ 


atom diffuses into the layer of the oxide, and there- 
fore, the difference in the emission between A and _ 
B in Fig. 2, is due to the deposited barium atoms. 
By the heat treatment at higher temperature such 
* as 1200°K, these excessive barium atoms evaporate 
off as shown in curve @. : : 

- According to the theory of semicoductor, 


- saturated thermionic emission from the oxide-coated 


~ cathode is proportional to the square root of the 
density of the free barium atoms, as expressed in- 


“the relation, 


~~ of monatomic 


 §2. The Results. 


“A 5 1 
Pa fs ¢e ATane exp(—Ye/kT). 


Hence, if we assume that the emission at A is i), 
ay and that at Bis i, ?—i,? should be proportional to the 


Fig. 8, were plotted <’—7,?, and the quantity of: 
_ the deposited Ba, which was varied by. changing 
- the time of duriation of deposition, in the‘number 


film on the tungsten: 
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_ The above experiments were carried out with 
_ ordinary oxide-coated cathode of fine grained crystal 


~ and those of coarse-grianed which were treated by 
_ water or chlorine yapour during evacuation*, 


__* After the deposition of the carbonate to the 
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Fig. 2. 


oxide, the water vapour of about a few mm Hg is = 
introduced to change a part of the oxide tohydro- 
xide. Afterward, this hydroxide is decomposed to __ 
oxide at about 1000°C.’ ‘The erystal grains of the — 
oxide grow remarkably in this process. ‘The treat: 
ment by chlorine vapour was performed by etching. _ 
the nickel anode by a drop of dilute HCl before 
mounting. The Cl vapour from the nickel chloride 
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—< the oxide was: treated at’ 00°K 
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> for the same density” of the free Ba, as” 
m the. fourth ‘column. Ny the density | of the. 
a n the stationary state, is about several 
ad time ies larger for ‘the fine-grained 0 oxide than 


ment, is” almost equal 6 the theoretical iva ue" 


ni lation, 


_ Ba, can be experessed by . 


of Ba on W, was 2.5 x 104% 7x 10- a 
- atoms, since the. area of the oxide cathode: wai 
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on the w was: 2.65 x10-°.. 


\ 


304 


where 7, is the stationary value of the emission, 


OF Ig ~ % - 
* 


! 


‘ Togis= 2 


“5 10 minutes for 


Io 
wate) 20 & Rae R and a70 K 
ne es 50.8 3 920° 

Fig. 5. 


where log (??—1,”) is plotted against t, we can obtain 
‘the rates of evaporation «= Aexp(—E/kT) for 
_ the various temperatures. The fact, that the 
a log (?—i,") vs. t curves are not straight lines as 
i expected from the above theory,. may show that 
; the heat of evaporation is not stricfly constant but 
somewhat dependent upon # or é. 


i 


Hence we must 
: ie " determine the heat of evaporation_by plotting the 
logarithm of the slopes of the curves for’a fixed 
ip value of ¢ (or x) against temperatures. Thus we 
obtained the values in Table II, where we can say 


be! "Table II. 
cbt Ny > 3 Heat. of evaporation (eV) 
cya Site REN EDs : ak 
| fine grain coarse Sean 
Bis pte 1) Bag Me 
Bi 2x10+8 2.82 . 2.24 
1x10-§ 2.35 | 2.28 
510-7 2.39 | 2.38 
2x 10-7 2.44 | 


4 _that the heat of evaporation of free Ba is almost. 


From the slope of the curves in Fig. 5, 
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. Now we consider the next cycle :— 
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. barium just determined we can compute the energy. 


heat of dissociation of the fine-grained oxide is 
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the same both for the fine-grained and the ‘coarse- 
grained dxides, and is approximately equal to 2.3eV. 


Discussion. 


‘§3. 


From the heat ~ of evaporation. of the free | 


required to produce one active center—free Ba. 


wip wert he pcdceh eve om 


1). To produce one active center (free Ba) 


and half a molecule of oxygen in gaseous phase 


Sina htpnreticgiels i abasic 


from one molecule of solid oxide, which require 
the énergy «, , 
2) To evaporate this active center, which 
require the heat of evaporation of the free Ba, E. - 
3) To condense the evaporated Ba atom to Ba 
metal. The required energy is the negative sign 
of the heat of evaporation of Ba metal; —L. _ 
4) To compose BaO with this Ba metal and 
oxygen gas, where we get the heat of formation 
of BaO,. H. ; . 
Thus we can obtain the energy relation, «+H - 
—L—H=0. Hence e = H+L—H, where # 2.3 
eV asin the aboveresult, and =19eV, H= 5.8 
eV. Therefore we get ¢ = 6.4eV. ; 


_ The heat of formation employed in this com- 
putation is for the ordinary coarse-grained crystal. a 
As suggested by one of the présnt authors*) from the ae 
experiment upon the sublimation of the oxide, the = 


smaller than that of the coarse-grained by about 


ae | eV. ‘Therefore, the heat of formation L for the a { 


(2) Hi Kawamura : 


fine-grained should be about 4.8 eV, and hence ¢ is: a 
reduced to about 4.4eV, which may explain the 

values of » for the fine-grained crystal higher 
than that of the Coeree-sraincd: 
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erms of ike strain are included. 1) where T* is the transposed matrix of Re: 
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In the case of pega ies shear we > get 


Cit. ie tk 0 
Nm ett, yl syty, eaetw. ay © T={01 0), alr 
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as in the ordinary Anbauies of small vibr 
‘shear modes. Our result, however, is valid 
_ waves OL only with small but also ¥ 


amplitudes, pragied heat Hie bie 5) 


Ca 
becomes A ar Ox? 


6? 
Ne ee : = i ae a 
by the assumptions (21)." 


Since the eque 
ree (in “ae of finite amplinades), on “ Ya 
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art of the subject, which will be considered 


nsuficient oe interactions between the 


law — % (susceptibility above the 


5 (0: Curie point) was explain- 
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will be caused in the calculated result. by 
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integral of the 3d ‘electrons, the -Fermi-energi 
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opal purpose we have tried to mea- 

near ultraviolet light by Geiger- 
ters and have observed a very peculiar 
that the sensitivity of the counter is 
Le during the continuous measure- 
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G gar Muller Aguas ey 


Lae eet : 
ultraviolet light ‘the counting rate, which Ww 
initially 63/min. including the natural counts: ‘of 
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the scaling circuit after 120 minutes. 
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ze ‘Fig. 1A). ; AMAL 6 counter. 
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Fig. 3. Activiation by near ultraviolet — 
and the case of Ra r-rays (Al-[A] counter) - 


sensitivity for gamma-rays and for natural Soahte 
‘as in the nonactiviated state. This phenomenon: 
of activiation, therefore,-is independent of the 
“«Spontanentladung ’’°)(@) and the “ Nachentlad- 
ung (5) which are both undesirable phenomena of 
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olished by sand papers. ‘The results 
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z ‘chapter. 
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shown in Fig. 5. Contrary to the _ having in it a furnace for evaporation of 
ne or Mg, the sensitivity’ bet mee? as shown in Fig. 2 (C). 
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ultraviolet light whose wave length is 


as. in the case. of Al or Mg and. in opposition 


te “tie. case of Zni in contact with air. An example 
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pie anown. ‘in Fig: 6. 


such a lamp consists of resonance line 2 
Under eontinuous irradiation by 7 


: seen in the pee in the case a near vate 
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counter potential becomes higher, as shown in Tab 
I, number of positive ions produced in each di 
charge being a increasing. function of the’ poten : 
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Table I. ; 
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electrons at a fixed wave length far shorter than % 
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‘a ~~ 


ei _ attachment. os Peer 


10 


“gate . be 2 1 tA-(c2= 00 
2 ry. 6. S poriisle of Decay. = eg Sherr z 
Rey ccd The decay of the sensitivity of the counter. in ig. 8. Deeay curves a 
_the nessitivities. els EN 
_ activated state is considered to follow the follow- oe ean 1722 
‘ ‘ ot are of “pe same metal. ‘The ranges 0 sof th 


Pei 


—K)= 7 Gear be AAG gee = so abla E, 


: ; _ Val fe, : 
Wher It) means the counting fate at time t, Too h pineacOld 


/ <= - 
- that at t = © or when not in activated state, and Cylinder metal Range of n 


mee Pls « and n are constants. J.. can be determined | Al | “12519 


‘by the sensitivity before activation, and 7 is deter- Meg Sieebas Oeste 
"mined from the inelinat’ on of the curve on the Cay A age Se OG da 
ae graph of logig (I-Ie) vs. logit at lavpe fo ; = oo = 
Three examples are shown in Fig. 8, where — The piyaicel meanings of the oe Gk 
+ 20) is 1 epeas in counts per min.,, and ¢ is in . 

: min - Solid curves ‘are those expressed by the 
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) as a-axes are reversed. It is the 
ee paper to describe the detailed struc- 
is substance and show the difference in 


: Ss ‘absorption 0 coefficient of this substance 


“is : 1, it seems unnecessary to make 


t ons: for absorption in measuring the inten- . 


” 


| 


* 


- 


/ 
; BAF. og" - nee eee a Cie 

the back-reflection method, using copper andchrome 
radiation. The results obtained are given by: a 


a = T.AT9L0. 000 £, ¢ = 7.516+0.005 A, 
c/a = 1.005 (at 25°C) Sih gieg 


< C 
~~ ~ 


It is found that four molecules are contained in 
the unit lattice. 


tive ; Titendes are onuunibeek with a “aera 
meter using optical. wedges. From the laws 
Bacio at ghecryew. a space group 9 of thi 


Considering Suen points. ‘from the 
symmetry, atoms and radicals except eh 


| NHL..4(b)_ wi; 408 


a's 


He pes 16(0) wye% yea; wins vad; pes 2 e 


i + P a, att and those ca 


Thus the perameters to be dete = 
z ie the oxygen pioree “ 


ee La HH 
ot ‘1 ud 


a 


oF (org) wodn poyoofoad org 4 


’ f 


axis ce ‘the Fadjochion; of the P-O bond upon 
as The value of ¢ consistent with observed 
was found to be 30° or 60°, both being 
val nt in this erystal. If ¢ is assumed to be 
en st and 6, become, 


. 


Sage 8° 


6,~61. 3° 


tensities ef spectra, and ‘their ‘signs 
iby ‘the pproxuniate positions of 


; using following combinations of 
ich would eee to the most 


8 
expr ssion_ for Pxz is Pag by 


n, |F| values, are provided from 


§ Se Positions of - Hydrogen. Atoms. | Be i 


d to find more accurate ea est 


| connecting - P-atom (for ectninles (000), ioe 


either ‘N-atom or Rdak to. be allowable. 


ar “assumed position to oe, then coordinates, is more accomodating 


6, = 40°~45° u 
out the Fourier synthesis. ' P 3 

On comparing the observed F(h/l) ine with a ; 
the calculéted F(hdl) ones, it is found @; = 43°by ee ‘ 
the trial-error method. We recalculated the. (Rol) ee 
“yalus and found that the signs of all terms re- . 
mained unchanged. Fig. 2 shows the result of js 
Fourier synthesis by using observed F(h01) ‘whose’ iy 


‘signs are determined in the way above. described. 
In this figure we find 0, = 45° as the position of : 
maximum electron ‘density corresponding to the 
_ oxygen atom. Recaleulating _ F(hol) values by 
taking 6; = 45°, it is found that the agreement. 
between observed and calculated F values is best. 
for almost all terms and their signs remain un- 
changed. ese Beye 
_ At the same time, arta this figure" 6, and ae 
are found ‘to be 30° and 53° respectively and iy 
are accepted to be the most reliable values of the 
- parameters. Now, three parameters 0, Oy and 42 
and. accordingly ay y and 2 are determined. fatty - 


‘The positions of hydrogen atoms cannot be 
- determined directly by X-ray method. ‘According 3 
to the consideration ef the space group, there are ‘ i 
the following two sets of Sogo for them ; ee 


atom ope and it approaches ‘too c 


in the structure, 


35 as 
_ 0} puodsedi0o 


to) uodn 


er te i Sat a *_paqaefoad eanyons3s exshig gb Sid 


Te 


Tf it is assumed that « = 0.147 in 8(d), then : 
he hydrogen atoms lie in the meey of the line — sii) N-H.. 0 bond 
3 _NH,—0 = 2.87 ie “NH 
Banat; groups adjacent to each other fe OB ie Oe 7 te 

tance is calculated to be 1.25 A. It seems rather 


atoms around it with atomic sisters 
_ above. : 


Seeetat and take the middle position 8(d) : 
Since the hydrogen. atoms in the amm 


= 0.147 as the statistical average. In fact, 
= radicals are so close to oxygen. atoms which | I 


high electronegativity, the formation of hydroge 
bond is considered . to be highly probable. 
aye distance between nitrogen and oxygen - 
obtained are comparable to that. of subs 
which are considered to have a similar 
bond such as:— Pon 
Fel iN 0 distances (Ayo 

Urea - fe & = 2 98 ; See Bok 
SGryein hate a2 ee AL'S 2.88. me 
Diketopiperazine S285 es: a : 


ae Comparison with KH, Pe: 


and KH,PO,, thes latter being due to West. 
tinguished differences { in them are in | short : i 


; Pies Set - ‘Table Ti. 
. Table I. Rute ah Lattice constants and Interatomic = 
3 ae “Atomic Parameters mice Le, Ty ee distances — am ae a ; , 
¢,. Rp So. eee = i Nee @ | 
eae ee ee ae re | 
0? > 0° J ¢e pate - 7.516 es 3 sie 5. ) 
53° 45° P-O ; fo 1.58 ; : x4 | 
(53°) 45° ern ea gee Dare 
0-07 2.59 
| | . -  . (NH)K-0 | 2.87 
hooporous atom is surrounded tetrahed- (NH,)K—O ; ica 
-O-H...0 |. 2.49 
Atomic d stances and OCT. ; 
‘N-H...0 287 


58 A. 0-0 = 2.584, O- 0” = 2.59 A 
4 = 106° 16, %,=110° 4’, X= OP PO’) 


...O bond 
Si = 2:49 A. This value is smaller as a but in NHHPO, ‘they are 
“with that of 2.54 A found in potassium tained in the plane (001). 

gen phosphate, and is considered to show - ¢) N—H.-- 0. hoiroge onde are 
) at stronger binding than in the latter. This | SESE Os Sere! Rat 
lies in the plane perpendicular to c-axis, ; 
ereas in the case of KH,PO, the same bond is 


are eerie by” Sroiacting: electron densities 
no and a-planes.. From the axial and atomic 


interatomic distances and 


yaran eters ‘obtained, 
lence cau are calculated and compared with - 
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Introduction. 


an a 


E In the previous papers, (1).(2)- Miyake and ae 


or using ae calorimetric an dilatometer 


vibe confirmed the existence of a! lattice 


=) ales i in heat capacity and Hhermnel expansion 


a 


» Care point. ? In this paper, the result of Pitlosat 
yr 


ep pe os “By Ryuzo UrpA. 


Kobayashi Intitute of Physical Research, ouubunjiacks Tokyo, S os 
and Deparewient a ais Eiyeee Waseda University, Tokyo. ; 


_ (Read November on, 1947 ; Received March 22, ie sey, ‘ a 


to oe éonspiewoa peak in the Aicletrie constant. 


same one as in ts previous. studies. - 


oa 


Dilatomicter Mesucenieare 


bulb, about 1.3 ec in volume. A Bes 


of ca. 1.8gr. was inserted into the bulb, @ rd 
the dilatometer was filled with _ paraffin oil 
whose meniscus in the capillary was read b 
using a cathetometer. The bulb of the dilat 


meter was dipped in a oil-bath thermostat cont 


_ * A part of the result has already been re- 
ported briefly in a short note. J.- Phys. ‘So 
Japan, 3 (1948) 177. 


method here Sa eyes was eapable to aire: voles 


easurement was: performed in the fateeee way: 
thermostat was brought to the desired tem- 


€ 
ors 


pe rture and reading were taken at a few minutes’ 
Rosy 
iterv. al until two successive readings showed no 


2 
oe 


ge. The thermostat was then readjusted to 


‘temperature and readings were taken in 


lar way as before. We could always obtain 


h ti perature. ; 
f the ly is reproduced fn a Fig. a in 


accurate volume of dhs sample. parat: 
zlass, and their respective thermal ex- 


an on ‘evefficients. In order to know the net 


12 However. the following procedure was 
ie ‘That is, if the whole effective volume of 
dilatometer is V and, the temperature L, then 
> volume change with temperature is given by 


Wadd? ree 


_and V; are the coefficient of thermal ex- 


z 


‘perature Baten was sensitive to + 0.05°C. The 


~ region. Corresponding to these numerieals, we 


oducible results either on raising or lowering — 


ed by the above Pencedarecy 9 sana iS 


“pansion and the volume of the sample powder 
pes <f Me is a constant representing the 


X-ray study. As pork in. the previous be 


ve 


a is known to take values 3.2x10-5/° ‘CA ins 
: ie , . 
cubic region, and.1.9x10-*/°C in the tetrago 


obtain the following values for A; A: = 4. 24.x1 ; 
em}/° Cc corresponding to the cubic region and A : 
4. 54x 10~*em*/° Cc corresponding to the tetragon i} 
(4. 39+0. 1) x 0° 
sa oe the mean value of the above. two. ‘From — “4 . 
these, we can calculate the net’ volume of the — 2 | 
sample V;, plus an undetermined constant, by ‘the © a 
formula Mi é 
Ve-+ 00: att, =v—ar 


region. We assume now A= 


barium titanate, pike an cuban wonatank’6 ok 


ion Change of volume 


on Hippel and his tuswntkeratsi have found 


similar promalons region in thermal expansion 


2 t barium titanate over a range of +95°C ~ + 


a 120° C, ‘confirming that in this interval « nearly 


equals. to. zero. But their temperature range is 


ta _ much wider than ours. The discrepancy may be 


in ‘the ‘thermal ot ses too. 


# boreerrsi any “suspected snomaly at this temper- 


ature. 
e rene oN 


$3. x 


As formerly reported, barium. titanate trans- 


\ 


“ray Study. 


ee 


ss 


4 at about 110°C, whereby (3 = —=1), the deviation 


unity, is small positive quantity Tess than only 1 7. 
a The change” of 0 plotted against the temperature 
oe in a. 3 of the. prewieds paper: (2) 


a AGee range has: nd ee, determined ict: 


, 102°, 98°, 94°, 90°, 86°C and the room 


ly 30°. 


sk rfl on method, using CuKe radiation. The 


Ss hase Transition & BaPO,. 


ttributed either to the difference in added im- 
; chee or to different temperature conditions of’ 


Tn riers fo pau * 


forms from tetragonal symmetry of low temper-~ 
4 ature form tovcubie one of high temperature form © 


f axial ratio of the tetragonal lattice c/a from 


eB be we a to stady ‘the minute 


The sample | was oscillated about its” 
The change of the fine ese 


shen range were studied by the 


ee 


be 
“ 


Sitar Srsionl of the lines for these ‘reflections are 
considerably high because of the large Bragg angle, — 
that being almost 80° for (510) (431) reflection and — 


» 70° for (422) reflection. 
photographs were about 3 hours. 


‘Some special cares were paid to assure the 


determination of the accurate temperature of the 
That. is, is 
the sample rod is set upon a small copper cylin 


‘sample in the high temperature camera. 


drical block. The temperature at the upper end of a 
the block was measured by the sensible thermo- — 


cous, This total ByE eR: was npetied into « a a ne 


pass. ‘Xevay) pencils. The banpecabe constaney q 
the furnace during the exposure was within 
0.05°C. Se face 

The photometer. sates of lines of Dhotogra 


are reprodaces in fe 3. 


aaa) 


10430 


(224) (42 2) 


clearly Gorrespond to the i and Ka, lines | of 


(510) (431) reflection. As soon as the temperature _ ; 
descends below 110°C, lines: gradually begin to, 


broaden (at 106°C) and the broadening reaches 


maximum at about 102°C. At about this tem- ; 


perature a small hump. begins to appear» outside. 


’ 


The times of exposure of 


Us Key he 


I 20re ‘the temperature down to- 86°C, the main | 


lines get the sharpness completely and the small — 


‘hump spits up into three peaks, which correspond 


SH ee 


F ie: (422) fine the circumstances are all sifailat 7 
‘shove « case of S38) (481)—reflection, except : 


| already shown in Fig. 2, Vi is known ‘te. bes 


constant between 99°- 110°C, OF ean be ex] 


: in the following form, 


=— on 


é= = Se b> ae 


~ 


Curie point, % cubic. ‘expansion coefficient: v 2. 
# 9x10-§ in the lower temperatures. rie 


lower temperature limit of the transitional r 


ter 


that is 99°C, and a is a lattice constant po 2 


fhe separations of rmultiplet ies of 
aver can get a more porated 


ding. the iransitionel corperatiirs range. “The 


wing manner : at eee above the 


ie each eramtaliie ‘in the powder pomipie 
= bie iigttice of the perouskite type. Pasig the 
. temperature down the Curie point, each crystallite 


‘ sSach’ a ‘domain Sates can he considered to be 
a % analogous t to - that found i in Bechelle! salt crystal. (5) 


a ae as the diminution a the size of coherent 
“regions i in the lattice. These effects will make the 
distribution of intensity of reflections broaden. Es- 
pecially, it may be more. pronounced i in the neigh- 
ourhood of about 105°C on account of small size 


Below the ‘transitional temperature 


domi ns. 


‘splits out. into many domains, each of which. is - 
onsidered to poe, a seasons lattice, having ; 


eens abarpee again. Domain structure. above: 


_ As far as our observation is concerned, we 


temperature range, and there seems to be no Vin 


1 


~ (6) H. F. Kay and G. Rhodes : 


Harwood, Popper and Rushmann() reported t 


_T. Ogawa who kjndly gave him. precious | sal 


I { a8 


assumed can alternatively described as the twinned 
structure of the crystallite. In fact recently Kay 
and Rhodes(6) confirmed more directly the existence 
of the twinned structure on the pingle. crystal. of 


barium: titanate. se 
In the recent papers, Kay and Rhodes(® aes = 


there is the co-existence of the cubic and tetrago 


nal lattices in some temperature range about t 
Curie point. “Harwood also concluded that the axial 


ratio cla has a large discontinuity in the transi ion 


detect the co existence of the two phases in : 


dence for the distinct discontinuity. in the 
ratio near the Curie point. 
In conclusion, the author vishes-es express 
sincere thanks to Dr. S. Miyake who gave hi 
cordial guidance throughout the study, and :0 


prepared in his laboratory: 
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i: electric resistance of a superconductor is com- 
plet y absent, and secondly, that the magnetic 
r inside ‘the body is always zero.’ The 


be difficult since the zero resistance seems 


rough a metal. 
of the magnetic induction inside the 


ous pa papers, however, the anthor() suggested 


os peculiar properties of a superconductor 


, not vette toe none s reese Fens, all 


ne paper that such a conductor as we have 
med above, under a certain condition, sieet 


Sob omcee. oe 
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29 he most striking and rather mysterious - 
ures of superconductivity are, firstly, that the 
ordinary theory on | metallic conduction is 


aS 2. Before entering into the main discourse, 1 
of the former property has been sup-- 


fe a. completely frictionless motion of 
: - On the other hand, 


7 8 to contradict t with the. magnetic be- ” 


completely null. © 
however, the ‘lattice » field ii is not ge ne 


tapes which va been made in “Sie: 


“not ‘eiily mm a normal metal but also. 
conductor should be othe problem on 
_ electrons in ‘the periodic field ‘Tepr 

lattice. From this viewpoint we may : 

. the mechanisms of: Baan fe 


On the Carrices of ‘Blectricity: and Heat fi in Peaks: 


' 


plicable. 


ge Sgt first ee all how the nae hs 


tial field representing the lattice. “When the eb 
tial field is perfectly periodic, the waves, sul 
scattering : that is, the electrical resisti 
In ‘the case of real | 


on account se the eset motion’ he f atoms 


temperature dependent part. due to therr 
of the. ied (ideal pee and 


tions (residual resistivity). ys 
Let us now consider to what extén 
apply the above idea ia the case ies 


lattice field are ‘the same in 
and superconducting 3 


ear Beuptly 3 at a certain infaopiaaes near the 
absolute zero -- the transition point. As seen later, 


oS however, the difficulty will be avoided if we suppose 


or 

a 
fey 
7 


but that of the carriers of electricity, that. changes 
at the transition point. +x 


§ 3.- The object of fhistsection, is to Aid a>sen: 
“sonable model. of a Superconductor compatible with 


pe the following four empirical facts: 


- [Fact qj Between the electrical and thermal 


a esti, Or and.w;, due to scatterings of elect- 


“a ; 


_ronic waves by the lattice irregularities, the well- 


i: i. 
5 “superconducting ‘state takes Ted completely. 


ew ees below the- transition point was about 
ve times larger than the value in the normal state 


a the s same pcoperetarel 


ee 0 saidae WwW, which; involve. the effect of 
‘ic epatterings: due to Cast motions of 


- that it is not the property of the lattice field itself. 


t 


(The latter a be ; 


: resistance at the temperature just 


~ 


; metallic conduction, 


"known Wiedemann-Franz law holds, which i is given 


. the equation (2), 


. transition point is the residual one, one may con- 


per ¢.c. 


pha NY) 


Oorsidering that the most part of the electrical 


above the 


clude that, in this temperature range the ‘electronic 
seatterings due to the thermal motion of the lattice 
are negligibly rare compared with those due to oe 
Thus the thermal 


resistance due to the thermal motion of the lattice 


impurities and lattice distortions. 


may also be neglected. — It may then be conclud ad 
from [Fact I] that even the whole electrical and 
thermal resistivities, o and w, in this temperatur , 
range should ‘satisfy the Wiedemann-Franz law 
(1)**. On the other hand, the ees ee 


in as ch one: oak the same 
value of mean free path may be used in ealeula 
ing both the electrical and the thermal resistiv tie 
Thus we get the usual formulae : 


(2) and (3) leads to the Wiedemann Fea ee 3 
~ As the process of the electronic scattering n 
superconductors, as already: stated in § 2, is unli 
to differ essentially from that in normal! met 
we ean also define such quantities as the char, 
the, effective mass, the speed and the mean 
path for the carrier in a superconductor. 
shall designate those quantities by q pe 5 Os, an 
I; respectively, and 


the number of carr 


per c.c.- by Ns. 


since 5S onitcuen theory co) 
electronic conduction and consequently | Ohm’ 'S. law 
do not hold here, and the definition of electrical _ 
resistivity given in the sense of Ohm’s law loses 
its meaning.) Witenes s 

Nevertheless, we may conclude 


** We er: were the SROeAiT conduction by 
the lattice, too. 


a of electrons becomes small. 
Now we shall discuss [Fact III], which tells 
Fthats the thermal resistance in the superconduct- 
ing state is rather greater than that in the normal 
Tt seems to-be out of eee that this 


by ithe lattice is not affected ie the transition. 
a “now discuss the two factors which 


3 oe re gradient in the carrier system. In 


<4 


f electronic beat conduction of a normal 


temperature gradient in the electronic 


e the ce are assumed to have little 
ns ‘with the lattlce. 


quite freely through the lattice. iat ina su- . 


nductor whose temperature is not uniform, the 


er system is not i in thermal equilibrium with the — 
. = er and Si temperature sredeny in the carrier’ 


It will then be 


% ~ — 


conduction. 


. 7 2 4 « a 
‘The decrease of the thermal Saniuetert in 
sac ance state has so far Reged: been 


the equation 3) of course cannot bee <b 
consequently we cok deduce from [Fact II 
relation 


me 


BEYs aa 


6) follows from [Fact Ii}. 6) represent +s 


by 
nere 
= 


possible assumptions regarding ‘the: 


~—s 


bette the lattice and the carriers. 


possible to settle this tated py tl the 


: jeikgek ae Fig. 1 let A AE denote 


a consequence, “Ge ode may “$s oe 
a superconducting between a and Me 54 


*« Tt! was “noted() that equat tion 
invalid in the case of highly cond 
account of inekoating effect of the peat: 


and, Heat in Superconductors. — 


i wh tacky ‘ " 5 ; th 3 a * fate as 
_ Haas and Rademakers’ experiment, however 


me that Wea se nang ofa feetel 


Hake and siperconductine. states. ‘Thus: we I 
conclude that’ [Assumption T] does not “hold 1d 
therefore relation (5) can be applied. ays 


one cone of the BPoyes consider 


’ intermediate. state. The chatteaee of 


Fig. 1 op ‘ relations (4) and (5) leads" immediatel y 
At a certain point B, near the _ result : Reuse cpl am, ek aes 2 


F tae 


. “ H*Us LE Ys 
in order to destroy superconductivity, if lt Qs’ nds > 
os this one without. affecting the tem- soos, 


that is, 


mall high reel with the vee Be cilia 
en B is ‘in the superconducting state. The 
a for this is as follows : under [Assumption 
arco tre. rod, both ends of which are 


ermal conductivity, ve mdog is the © situations 
. the > carriers are in thermal pe toe with © 


like a- “ee giant electron”. The circumsta: ve 


some resemblance to the case of f ce etisn 


v ey spout not oo eap in the experiment 
en The intermediate state is now 
believed to be such a state, where ‘the 
divided up into thin, alternatively super- . 
~ and normal laminae parallel to the 
pees field. (5) If ee 4 be 


tions Sycctea by Frenkel, Kona ined Stark 


be considered to be eben the same line. ” — 


a4) 


a magnetic field would be abnormally pet 


* m and m are here the true masses. “ 
reference (6). 
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of the binding force for building a ‘“‘ giant. elect- 
ron’’. \The electron condensation proposed in this 
paper, however, is different from those old ones 
in the point that it is derived, as a necessary 
result, from thegexperimental facts, by taking into 
account the generally accepted concepts on metallic 


conduction. 
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Tables Useful for the Numerical Calculations of his Air 
Stream at High Speeds. 


bi ‘For treating ahead in high speed flow, it is 
K, “essential to consider the effect of compressibility 
¥ “of the fluid, and the mathematical difficulty with 
a which we are confronted is known to be very 
: great. Moreover, after having obtained the analy- 

"tical solution, we are often compelled to make 


Py: very. tedious numerical calculations in order to get 


ry a clear view of the actual state of affairs which 
be ought to be represerited by the analytical results. 
- It may; be expected, however, that such numerical 
“work can be reduced considerably by. the use of 
* suitably arranged tables. In fact, for the case of 
air, the present author prepared such numerical 
nf tables, which have been conveniently used in many 
of jis theoretical studies on the air stream at high 
speeds. These tables will be given in this paper, 
If we assume that the flow takes place. adia- 
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_ batically, we have by Bernoulli’s theorem 
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‘local velocity of sound, and also the suffix 0 refers 


4 


. 
4 
1 
| 


where 7 is the ratio of the specific heats, and p 
is the pressure, p the density, q the velocity, ¢ the © 


to the state corresponding to the fluid at rest. 
From (3) it will readily be seen that the velocity at 
which the local velocity of sound is equal to the 
fluid velocity is given by \ 
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We may conveniently take c, as the unit of velo- 
city. Then (1), (2), (8) become 
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. ms = const, 80 that Rs = const. 


For a given pipe Ss is “Wnowe and so R is given 
k by a4). ‘Hence, by the, use of the table of R, 
e velocity qg can . ie found at any arbitrary 


‘aa Se "sional ‘steady. motion of. a eee dae fluid, we 
¢a an_ define ie stream function ¥ such that 


i) 
he as ae 


os “Thus a) may ‘be very conveniently : 


I Next, Jet us consider the air’ stream through 
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' is the line element normal to the stream line. It thanks to Miss, H. Tanaka and’ Miss Y. Tanaka. 4 
v is obvious from (16) that if Y\ is known as a func- for their assistance in the numerical work. 
tion of (x, y), Rand hence, by the use of the table, ‘ ; 
the velocity g can be found at any point'in the . 
stream. ~Git 
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An Approximate Method of Calculating Compressible Fluid 
Flow Past a Thin Aerofoil. 


By Isao Imat. 


Department of Physics, Faculty of Science, University of Tokyo. 


| § 1. Introduction. As is well known, the 
: uniform flow of a compressible fluid past a thin 
” aerofoil of given shape can be successfully dealt 
with by the linear theory of Prandtl and Glauert, 
‘ if the fluid velocity is everywhere well below the 
+ local velocity of sound. But, the theory gets less 
_ accurate as the critical Mach number is approached, 
ie which the local velocity of sound is first. attained 
by. the fluid velocity at some point in the field of 
flow. Indeed, even the method of successive ap- 
‘proximation, which: has been developed by the 
present writer®), starting with the Prandtl-Glauert 
theory as a first approximation, seems to be poorly 
convergent near the ‘critical Mach number. On 
‘ the other hand, the M’-expansion method is obvi- 
Gly out of question for, so high a Mach number 
as the critical in the case of a thin aerofoil. Also, 
"the hodograph method is inadequate for the treat- 
_ ment of a profile of an arbitrarily given shape. 
re Tt may be said that there is at present no available 
- method of attack which gives us correct informa- 


tion concerning the flow conditions over a given 
aerofoil at or near the critical Mach number. 

% (In view of this, we shall give, in the follow- 
ing, an approximate method of calculation, which 
is essentially a refinement of the Prandtl-Glauert 
approximation, and ‘which is believed to give satis- 
“im results even near/ the critical Mach 
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Fundamental parecions; The two- 


is 
% 92. 
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of fluid is governed by the following equations. The 
i condition for irrotational motion is 
% A as 
oy * Ox? 
“where (u,v) are the component velocities at the 


(2.1) 
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point (x, y). The equation of continuity is 


CG] CG) ; : 
ax (ou) 5 Pr) sa Dy (2.2) 


The density o is usually assumed to be a function 


of the pressure » only and is related to the resul- 


tant velocity g by Bernoulli’s theorem : 
qdqg+dp/o=0, g= Vu?+ve". (2.8) 


Now, (2.2) can also be written in the form: 


OSE 0-3) St) -0 


(2.4) 
where c = Wdp/dp is the local velocity of sound. 
Let us consider a thin aerofoil set in a uniform 
flow which is parallel to the z-axis. It will be 
natural to suppose that the disturbance due to the 
presence of the aerofoil is so small that the com- 
ponent velocity v perpendicular to the undisturbed 
flow would be small everywhere in the field of 


flow. Thus, by substituting (2.1) and neglecting 
terms containing squares and higher. FOrers: of 


v, (2. 4) reduces to 


(1 dv 


Also, we may safely identify wu with g, so that. 


p, @, ¢ may be regarded as functions of u only. 
Now, if we put : 


1 


ae . 3 
A Hae (2.6) 
' : { 
(2.1) and (2.5) become respectively ° 
sat ADT mnt oy lane 
“voy =x’ Ox. Fay 0) i 


where we have to use the upper or the lower sign ; rs 
according as u<c or u>e, that is, the flow is = 
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subsonic or supersonic. 


Let us now introduce the variables : 
Sudu = oa, (2.8) 


=f, 


7 = Spdy, (2.9) 
so that 


CG = side oes () 


Now, remembering the assumption of small dis- 
turbance, it will readily be seen that 7/0x is 
small, so that (2.7) reduce to 


do dv dw dv 


aa Sa (2.11) 


which form the basis of our approximate method. 
In this paper we shall be solely concerned with 
the subsonic flow. Accordingly, we have only to 
deal with the Cauchy-Riemann equations, by taking 
the minus sign in (2.11). 


Procedure of Calculation. Let the 
profile be given by the equation : 
y= Ga), * (3.1) 


where g(x) is a two-valued function of small mag- 
nitude, whose two branches g(x), g2(x) represent 
the upper and the lower surface respectively. 
Since # has-no physical significance inside the pro- 
file, we may define its value in an arbitrary man- 
ner, provided that 07/0x should be small. Thus we 
may conveniently adopt either of the following 
definitions. 

(a) Inside the profile: 
Hence. 


gla)<y<gilx), #=1. 


; | 
7 = 9(x)+ \" oftd . (8.2) 


so that y = g(x) corresponds to 7= g(é). Thus 
the image profile in the &7-plane has the same 
shape as the original profile in the ay-plane. | 

(b) Inside the profile : gika)<y<g(a), # = 9. 


- Hence 


7] 
= 3.3 
0 \ spy F (3.8) 


so that y= g(x) corresponds to 7 = 0. Thus aan 


i image profile in the ¢y-plane is a flat plate lying 


on the §-axis. 


ot flow. 
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The definition (b) has the great merit of being 
much simpler than the definition (a), but seems to 
be less accurate, in view of the fact that 07/0x 
becomes large near the stagnation point. 

Now our problem is to solve (2.11) with the 
following boundary conditions : 


For y=9(x), v= ug'(x). } (8.4) 


For (x, y)70, U>ux, v0. 


If we adopt the definition (a), these can be written, 
in the €7-plane as: : 


For 7=9(), 
For (é, ny, 


v = ug’(&). ) 


oe v0, 3 


(8.5) 


the suffix Pethne the state in the ondeeaaed : 
flow. 

In the following we shall only dent with the 
subsonic flow. Then, it is obvious from (2.11), — 
which are nothing but the Cauchy-Riemann equa> 
tions for v, , that v and are harmonic fonctions! 


conjugate to each other. Therefore, v and © can, in a 


principle, be determined, if the value of one: of ie 


them, say v, is given on the boundary of the field . 
In usual application, however, it is only | 
required to ‘find the velocity distribution on the - 
surface of the aerofoil. For this purpose follow- ; 
ing procedures may be employed with success. 
1. Determination of the analytic function 


which conformally maps the given aerofoil y at 


g(x) on to a unit circle Z= ein the Zplane. i 


The profile will then be expressed as x = 2(6), 


= (9), 
oh a numerical method due to the present oh 


6 being the parameter. 


_writer() seems to be convenient. 


2.. Assumption of ‘plausible value of won the. 
surface. ; eg 
3. Calculation of v a ug’ (a). It must be ; 
remembered that, in conformity with Joukowski’ Ss 


assumption, v should be put equal to zero at the : 


trailing edge. 


4. Caleulation of o(@). We have 
(8) = xn—v*(8), (3.6) 


where v*(@) is the conjugate Fourier series cor- 


responding to v(@), so that 
1 (27 ¢ ge 
ved) = i | [u(e+0)—v(9)] cot-5 de, (3.7) 


the numerical calculation of which may be effected, | 


For such a 
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for instance, in the manner described in the writer’s 
previous paper(). 
5. Determination of « from o, by means of 
‘the numerical table of » against wu. The value of 
uw thus found is a better approximation to the 
‘velocity on the surface. ; 
S The iterative process 3 to 5 should be repeated 
until: the values are repeated sufficiently accu- 
rately. 
If the undisturbed velocity is sufficiently high, 
a supersonic region will appear. Strictly speaking, 
; “in such a case, the above procedure based upon 
“the Cauchy-Riemann equations, (2-11) with the 
upper sign, will be invalidated. For an approxi- 
“mate calculation, however, the same procedure 


_ may be employed without serious error, provided 


oe, that the local velocity of sound is only slightly 
-- exceeded by the fluid velocity. For, # being then 
: small, the second equation of (2:11) may be replaced 
4 by dv/On = 0, and consequently the minus sign may 
be substituted for the plus sign. 
. _ Finally, a few words may be nade’ concerning 
ei h “the relation of our method of approximation to 
that of Prandtl and Glauert. Their method is 
4 ae ‘on the assumption that the disturbance due 
: to the presence of the aerofoil is small, so that 
: _ not only the direction but also the magnitude of 
% + the velocity vector differ but little from those of 
: - the undisturbed flow. 
a “have, in this paper, only assumed the inclination 
te be small, it might be said that our method con- 
B stitutes, in a sense, that is, with regard to the 
- magnitude of the velocity, an infinitely high ap- 
er proximation of the method of thin-wing-expansion, 


os Further, it is obvious that, on substituting » by 


i 


If we remember that we 


"proximation reduces, to the Prandtl-Glauert ap- 
il "proximation, 
i 


§ 4. Remarks concerning the Numeri- 


ele eal Work. In practical application of the shane 
"mentioned procedure, the following remarks have 
‘ _ been found of much use. 

i's 


‘ 


a _ 1. A first approximation to u may be obtained 
oy the Prandtl-Glauert approximation. Thus, 
Y denoting by (%, V%), the velocity at the surface 


- for an incompressible fluid, we may conveniently 


- procedure. Remembering the relation u, = teo—,*, 


M ss, the value for the undisturbed ‘flow, our ap- ; 


‘Bernoulli’ s theorem (2. 3) gives. 


_ -. Ae 
7 = 
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USE Uoo+ V1—M*(u,—us) as a first approximation, 
M being the Mach number of the undisturbed 
flow. 

2. Owing to the rapid variation in v near the © 
leading and trailing edges, numerical calculation 
of v* there cannot be made very accurately, This 
difficulty can be avoided by taking the following 


which ought to be exact for an incompressible 
fluid, we can write (3.6) in the form 
O 3 Uj t+(@—Uy) = Uj + O5—Ux—(V—%)*. (4.1) 


Since v—2, is small, inaccuracies which may arise 


in the calculation of (v—v,)* are expected to be 
small. 


3. At each step of successive approximation  ~ 


. / 
we have @y = #.—vy*: Hence we can write f 


Ov+, = On —Cy+i ty Ke (4.2) 


Since vy+i—vy gets smaller as the iteration pro- 
ceeds, numerical work becomes increasingly easier. 


4. If w is already known for a Mach number - 
Mz, we may take as a first approximation to o, 
for a Mach number M,, 


o(M, | 
an [o(M,)—o..(M,)]. (4.3) 


@, (M.) = w.(M,)+ 
Then, on account of the equality : 
#(M))—o.(M:) = —[o(M,)}* = —[u(M,)g'F*, 


we have 


o(M,)—,(M,) 


—[ {wm — a uMy}o" |? 4) 


Since the right-hand side is in general small, numeri- 
cal labour will be reduced considerably. 


§5.. Adiabatic Gas Flow. So far we bid nee, 
made no specification of the functional relation a 
between the pressure and the density. As is well 
known, when a gas is in steady motion the changes 
in density may, in general, be assumed to take __ 
place adiabatically, so that pwp-t, r being the ae 
ratio of the specific heats of the gas. In this case 


“point: g = 0. 


i 


. air flow, 
“tables of p/po, /Po, gle, # against q, and therefore 


0 tal -g" 
pet) oo 
ay = o3(1- > rE ), (5.3) 


where 9, (0, €o are respectively the pressure, 

density, and velocity of sound at the stagnation 

The critical velocity c,, at which 

the velocity of the gas is coincident with that of 

sound, is readily obtained. from (5.3) as 
ee 


SEs 5.4 
r+i” (5.4) 


Cy = 
If cy is chosen as the unit of velocity, (5.1), (5.2), 


(5.3) become 


? 


: Cf Awe 
by apes (1—a?q?) t-1, Lae (1—a’q’) 7-1, (5.5, 6) 
Po’ Po 
ee a pees tT 
2 tf og gq? = —. 5.7 
C= 2 2 q> r+1 ( ) 


_ Hence, remembering that q and u can be identified | 


in our approximation, we have 


Iau 5.8 

“ [—a@u? ’ ( ) 

o= | udu = | aed 6.9) 

1—@u? 

1 ¢% 1—a?u? ing ("as 

eae! lw ua \oV¥—w)d—au’) 
a 1—a? 

Se) — a — Fu, a), (5.10) 


-where F(u, a) and E(u,a) are the elliptic integrals 
of the first’ and second kinds respectively. 

Now, 7 has the value 1.4 for air. For numeri- 
gal calculation in the various problems concerning 
the writer® had already prepared the 


it was quite a simple matter to construct a table 


of o against u, by making numerical integration 


(5.9) starting from wu = 0. The accuracy of the 
result was tested by comparing the value of o for 
4 =1 with that. obtained by using (5.10); the BRiCe, 
ment was found to be complete. The result is 


given in Table I. 


§6. Application of the Method. The 
above method has been applied to a number of 
profiles to calculate the distributions of the velo- 


city and, hence, of the pressure on the surface. 


“The result will be given here for two.typical pro- 
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files only, an elliptic cylinder of thickness ratio 
1/10 and an NACA 0015. aerofoil, each placed 
symmetrically in the air stream. Figs. 1 and 2 
show the velocity distributions on the profiles for 
The part of the 


curve which corresponds to the supersonic state 


some values of Mach number. 


is shown by the broken line: The velocity distri- 


bution over the NACA 0015 at M = 0.65, as caleu- 


lated by the Prandtl-Glauert approximation is also : 


included in Fig. 2 in order to compare with our 


result. It will be seen that the effect of compres- 
sibility makes its appeararice more conspicuously 
in the region of maximum velocity, and that, with 
inceasing Mach number, the effect grows more Gail 
more rapidly as the critical Mach number is ap- 
proached. These features seem to be in good 
agreement with reality, and moreover to be com- 
mon to all commonly used aerofoils, but could not, 


of course, be predicted on the basis of the Prandtl- 


Glauert approximation. By using the electrolyte os 
tank method, Taylor(”) has investigated the velo- 


city distribution on the surface of an aerofoil of ie 


the - generalized Joukowski type with thickness ° 
ratio 159%. He found that when M = 0.65 the 
process of iteration converged rapidly and definite 
velocity distribution could be obtained, but that 
when M= 0.68 the process yielded a. divergent 


result. Since the profile is very similar to the 


NACA 0015, it will be interesting to compare the 423) 


It is true that for M = 0.65 


Taylor’s result, which is also shown in Fig. 2, can- 


results with ours. 


i 
|Z 


LA 


Fig. 1. Velocity distribution over an elliptic 
cylinder of 10 24 thickness. 


not be. said to be in very good agreement with 


ours. However, the fact that his iterative process 


(> 


al 
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Table I. ; 
u | Pn a ae Mi ais eh) ag ae o | 4u re a ed les . } 
i a 
mi Aa ——~ | | ; 
9.00 | 0.0000 0.50 | 0.4816 1.00 | 0.8029| 1.50 | 1.2277) 2.00 | 2.2777 | 0.950 | 0.7915 
1 {| 100; 651 | 4904 1 | 9039; 651:| 2410 1 | 3080; 55, 7982 
2} 200) 52 4992 2} 8058) . 62 | 2555 2-| 3387]. 60 | 7947. om 
3 | 3001 58 | 507; 3 | goss| 58 | Q702} 8 | 3700] 65 | mez  @ 
4 | 400| 54 | 5165 4} 8112} 54/) 2861 4 | 4019} 70 | 7976 i 
5 | 500; 55 | 52651 5 | 8146) 65 | 3008) 5 | 4343) 7% 7988 3 
6 | 600; 56 | 5337 6 | 8188/ 66 | 8157 6 | 4673 © 80 
Toho 900, |’ BT. |. 421 7 | 9224/67 | 3314 7 |. 5009|-. 85°} 8010 + % 
8 799| 58 | 5506 8 | 9268} 68 || 3473 8 | 5851} , 90 | 8019. = @| 
: 9 899. 59 | 5589 9 | 8815; 59 | 3634 9 5700, ' 95 | 8025 
: 10; 999! 60 | 5672) 10 | 8365) 60 | 3798, 10 | 6055; 1.000 | 8029 
O11 | 1098| 0.61 | 5754) 111 | S417) 161 3964, 211 | 6417 5 | 3032 
12°) 1198 62. | 5886'| °° 12-| 8478 | 62 | ata] 12 | 6787 |. 10) ROR 
1g | 1297) 68.| 5916; 13 | 8531/\ 63 | 4304) 18 | 7164| 16 
14 | 1390' 64 | 5996| 14 | 8501; 64 | 4477| 14 | 7548} 20 | 8058 . 
15 | 1495| 65 | 6076| 15.) 8654/ 65 | 4654; 15 | 7941} 25 | 8070 : 
16} 15941 66 |. 6154| 16 | 8720] 66 | -4938! 16 |< 83481 80 | 8088 
17 | 1698}. 67 |. 6282|. 17 | 9788) 67 | 5014) 17 | 8753) 35 | 8097 
18 | 1792| 68 | 6308; 18 |. 8858|' 68 | 5198; 18 | 9173| 40 | 82. © 
19 |. 1890; 69 | 6384| 19-| 8931; 69 | 538| 19 | 9603; 45 | 8129 | 
20 | 1989:/ 70 | 6459) 20 | 9006, 70 | 5575) 20 3.0044) 50 | 0.8146 
| | ' 
0.21: | 2087) 0-71 | 6533} 1:21 | 9083). 1.71 | 8767 |. 2.21 495 4 
22 | 2185| 72 | 6606] , 22 | 9162 5962 | 22 958 | | 
23 | 283) 73 | 6678) 28 | 9244) 73 | 6160) 28 1433 | . 
24.) 2381| . 74°), 6750! \ 24 |. 9328] 74 | 861) 24 | - 1922/1 
25 | 2478) 75 | 6820; 25 | 9414) 75 | 6565 | 25 | 2424 | | 3 
26 | 2675; 76 | 6888; 26 | 9502) 76 | 6771; 26 | 2942 
a7 | (2672) 77 | 6956| 27'| 9593). 77.| 6981) 27 | 3476 
93 | 2769; 78 | 7023| 28 7 | 7194/28.) 4027] - 
29; 2865/ 79 | 7088! 29 | 9780; 79 | 7410| 29 | 4597 
30 | 2962} 80 | 7152] 30 | 9877! 80 | 7629) 80 | 5188 
0.31 | 3058| O81 | 7215| 131, | 9976) 1.81 | 7851] 231 | 5802 
a2) 8168.| 82). 7277 | -3a) | 1.0077 | go77| 82 | 6441 | 
eer. 824971") 83° | °° 7as7 | gs 181; 83 | 98306! 38 | 7108 
34 | 3344; 84 | 7395] 34 286.| 84 | 8538 7807 
35 |} 3439} 85 | 7452) 35 394; 85 | 8774| 35 | 8541 ; 
36 |) 3683/86 | 7608} 36 504| 86 | 9018} 36 | 9316 
37, |. 3627! 87° |. 7561} 37 616| 87 | 9256) 87 | 4.0140 
he 88) 8721 | 88 |: 618 |. 38 730; 88 | 9502; 38 | 1021 
39 | 3815, 89 | 7663 39 846| 89 | 9758| 39 | 1971] *- 
40 | 3908 | 90 | 7711\ 40 964} 90 | 2.0007) 40 | 3010 
0.41 | 4000) 0.91 |. 7757) 1.41 | 1085} 1.91 264| 241 | 4165 | a 
42; 4093} 92 | 7800) 42 |. 1207| 92 526, 42 “ 
43 | 4185 | 93 | 7841| 43 | 1382] 93 792) 48 * 
44, 4276) 94 | 7880). 44 | 1459; 94 | 1068 ag 
‘ 45 |) 4367; 95 } 7916) 45 | 1588] 95). 1387 a 
7 ‘ % 
: 46 | 4458| 96 | 79471 46 | 1720! 96 | J6l6 
, 47 | 4548! 97 | °7976| 47 | 1858} . 97] . 1899 
48 | 4638; 98 | 8000) 48 | 1989) 98 | 21897 
-49°|  4727| 99} 38019} 49 | 2127) 99 
$ 0.50 | 0.4816 | 1.00 | 0.8029| 1.50 | 1.2267} 2.00. | 2.2777 


_ diverged’ for M = 0.68 seems to be in satisfactory Further, it will be mentioned that Stantontl ‘ 
f agreement with our finding that the critical Mach measured the pressure distributi on - aed ae } 
number of the NACA 0015 aerofoil is slightly less Joukowski profile of 0.8 inch chord in a small 3- % 


‘coahmgha , _ inch high speed wind tunnel for some values of 
i 2 : bet i i Ms om ‘D, + Ge 


is increased. 
‘i This work was ‘completed | in 1944, 


Beste distribution ovr 
ACA! 0015 aerofoil. 


= 
profiles. F Since “comparison of 


uate to. be of much | 


ae : 
‘comparison will be made in 


Gets conelusion, I should ‘like: 
hearty ‘thanks to, Miss By ; 
Tanaka for their assistance 


¢ 


work. 


a 
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; bed flow is. so Saal that its squares 
(1) alo se 
igher po ers may be neglected. Thus Be sh sen yeh tA 
ahead ially a refinement of the Prandtl wre te ‘ou “ih 
yproxime ‘Univ., No. 294 (1944). 
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$1. Introduction and Summary. In a 
i previous paper(2) the present writer has given an 
_approximate method of calculating compressible 
‘fluid flow past an arbitrary thin aerofoil, which 


is essentially a ‘refinement of the -Prandtl-Glauert 


ar linear theory. In the following will be given a 
new method of approximation, which is very similar 
in nature to the previous method, but requires 


considerably less numerical work in actual ‘appli- 


aay cation, The method is based on the assumption 
a that the flow is nearly parallel and thus the angle 
of inclination between the velocity vector and the 


direction ‘of - the undisturbed uniform flow is so 


4 small that its squares and higher powers may be 
. safely neglected. . By ‘applying the method we 
nt caleulate the velocity distribution round an NACA 
gy 0016 aerofoil and a symmetrical Joukowski aero- 
au foil of thickness 11.7 24 placed symmetrically ina 
3 F uniform flow for various Mach numbers. 
PS Finally comparison is made between the present 
: and the previous methods. 


’ 


c § 2. Fundamental Equations. Let us con- 
a sider a two-dimensional irrotational flow of a non- 
Be viscous compressible fluid in the wxy-plane. Then 
a the conditions of continuity and irrotationality are 
rs peo, aprypeed in the form 


(ou) +7 (0) = 0, (2.1) 
oa a du. dv 
ey -& fs dy ox = 0, (2.2) 


-' where u, v are the component velocities and p is 
the density of the fluid. If we put 


u%= qcosd, v=qsind, | (2.8) 


_ where q is the magnitude of the velocity and @ the 
angle between the «x-axis and the velocity vector, 


. can be written in the differential form as 


(2.1) and oF ean 1 be written as 


a0) 1 “g 1 00 roe 
= pas sdes prs ed 2% i 
— Flow grit 7; sin 8 cos 6+ ae sin’@, (2 a . 
06 it Lops 1 do. 

— = —— log{oq)—— — sin #@ cos 0+—— sin20. 

oy an log{eq) ES sin @ cos 8 +- Fa aioe 


(2.5) 
For an incompressible fluid, (2.4) and (2.5) reduce 
respectively to 


0. 00 a . 
ie Bp iy eee «(2B 


which show that O+i log q is an analytic foe 


-of a+iy. 


For a compressible fluid Bernoulli’s’ theorem 


qdq+dp/o = 0, (2.7) - 


‘where the pressure, p, may, in general, be assumed _ 


to be a known function of the density, o, only. 
Thus (2.4), (2.5) can be‘ regarded as a system of 
non-linear partial differential equations for % U with 
«, y as independent variables. j 
We now assume that the flow is nearly parallel 
to the x-axis, so that @ may be taken’ to be small . 


. everywhere in the field of flow. Then (2.4) and | 


(2.5) may be approximated Py, 


00-250 


a ay ED 5 > Zlob). 28) 


On account of (2.7), we have 


dlog(eq) _ ,., ¢ dedp F 
dlogq 6 dp ee 
=1-¢/e? = ~ 2 9) 


\ 


where ce = (dp/dp)\/2 is the icant velocity of sound. 
Hence (2.8) become page 


09 _x0(logqg) 00 _  na(logg) _, 
aa” wou Ueda oe ee eee (2.10) | 
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Let us put: y= g(a“)+ \" ay, Se Dy 
ia Qe 
ie ts | ud (log a) = \xq-1dq, 2.11 
: ew) whence 07/0x may be readily shown to be small. 
Pig fy a ady. (2.12) Now the boundary conditions are clearly: 
Then we have "i For ysg(x): @= tan-1g’(e)= (0) (g a, 
; For (x, y) > 0: 9-0, ¢ > qo. 
a 28,090 per on (a; y) : ee 
Ox Of Oudn’ Oy s on’ (2.18) In terms of the variables &, 7, these become 
and hence (2.10) become For y= g(€):  9=4,(€). ° le 4) 
06 «OF 0700 00° Or 07 Ot Bee Tre ie See 
oR a? te Cee OY r 
& 0” xOn’ dn OF Ox Oy where @ is a certain fixed function of q defined — 


From the eB dampuan of nearly parallel flow, it 
may readily be inferred that 7/0x would be small, 
so that we may further reduce (2. 14) to the Cauchy- 
Riemann equations : 

é 


06 «6Ot 06 Or 
—_ = = = —— 
06 On’ Oy - O&’ 


‘ 


(2.15) 


which form the basis of our approximate method. - 


Here we have assumed that the flow is every- 
where subsonic, so that » is real. If a supersonic 


region appears somewhere in the field of flow, we 


‘may proceed just as in the previous method in 


similar. occasion. Thus (2.11), (2. x and (2.15) 


should be replaced by 
c= S|ulg-tag, 7 = \lalay; 
90/0E = Or/On, 90/00 = Or/0E 


respectively. But, as long as the local velocity of 
sound ’is only slightly exceeded by the fluid velocity, 


we may apply, without serious error, the following 


approximate method, which ‘is ‘strictly valid for. 
_ purely subsonic flow only. 


§ 5. Procedure of Calculation. Let us 


consider a uniform flow past a thin profile at a 


small angle of attack. The profile may be given 


_ by the equation : 


_ y= ge), (3.1) 


aa 


* where g(a). is a two-valued function of small 
magnitude, g:(x) and g(x) giving the upper and 


lower surfaces of the profile respectively. 

For convenience, let us define the value of # 
as 1 inside the profile, though it has naturally no 
physical significance there. 
written as“ 


Then (2.12) can be 


by 


(Oy Ce i.e. “ = log Q+ const, (3.5): 


C being a certain constant. 

The flow of an incompressible fluid past a pro~ — 
file can be exactly dealt with by solving the equa- 
tions (2.6) with the boundary conditions (3.3), while be 
the flow of a compressible fluid may be approxi-. 
mately given by the equations (2. 15) together with 
But it will readily 
be seen that the two problems are exactly the 


the boundary conditions (8.4). 


same in form, the quantities x,y, g in the former 


problem being replaced respectively. by §, 7, Q in 
the latter. 


flow in the physical «wy-plane corresponds to the 


Thus we may say that the compressible 


incompressible fluid flow in the &y-plane,. the mag- 


nitude and inclination of the velocity vector peing sh 


(q, 9) in the ay-plane and (Q,.6) in the §y-plane. ‘ 
Hence, in order to calculate the field of compressi- 
ble fluid flow past any arbitrary profile in the Yn ee 
plane, we may proceed as follows. Given the j 
undisturbed velocity qu, we first find Qe = Q(q-~); ¢ 
by using the numerical table of the function .Q(q). 
Then we calculate, in the £7-plane, the flow of 
incompressible fluid past the same profile for the 
undisturbed velocity Qe, values of (Q, 9) at any 
point (€, 7) being thus found. Finally, to return 
to the «zy-plane, use may be made of the relations: 
(2.12) : 
w=é, y= \a-tan, -@6) 
9 ‘ 
and of the numerical table of the function Q(q). 
Thus the velocity (q, @) at any point (a, y) will be 
completely determined. 
Usually we require only the velocity distribu- 
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\ 
tion on the surface of the body. Then the necessary 


calculation becomes a very simple matter, since 
the result can be obtained without recourse to the 


numerical integration (3.6). In fact, we can even 


construct a numerical table giving the values of 


the velocity (or the pressure) at any point on the 
profile as a function of the Mach number, irrespec- 
tive of the shape of ‘the profile. 

It should be added, however, that the above 
considerations are wholly based upon the assump- 
tion of nearly parallel flow, so that deviations 
from the facts may occur for thick profiles such 


as a circular cylinder. 


_ §4. Adiabatic Gas Flow. We are, in ge- 


neral, concerned with the flow of gas obeying the 


adiabatic law: 


poner, (4.1) 
AB is well known, we have, in this case, 
i i 
P *s52 gtr, ' 

Baie us 
Sig hola \ay 

~ (1 ie | ; (4.8) 
r—1q’? 

arte 04" ee atei (4.4) 
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where 7 is the ratio of the specific heats and pp, 
(>, Cy are respectively the pressure, the density, 
and the velocity of sound at the stagnation point 


(Vol. 3 


ry 


q=0. The critical velocity, c,, at which the velo- - 


city of fluid is equal to the local velocity of sound, 
is immediately obtained from (4.4) as 


oi / 
ee (33) 2 ¢,. (4.5) 


For convenience, we shall take c, as the unit of 


velocity. Then (4.2), (4.3), (4.4) become 


Pp Be orp Lae 
— = (l—a’q’)7-1, — = (1—a?q*)r=1, (4.6, 7) 
Po Cr 2G ‘ 


+ ela ane ies: 2 2 3k : 
¢ 9 9 tT 4 54d (4.8) 
; \ 
Hence we have : 
1 1 
aft Ve (lee ve 
u={1-L)? = ( ee (4.9) 


Putting this into (2.11) and integrating, we have’ 


; (4.10) 4 


SEA lie et RS SOTO heap cechin Fea aa 


r ata}, noe 


is an arbitrary constant. C can be con-_ 


(C= 21+4a)-1e, “ 4 (4.12) 


“Taking 1 r= Zt 4 for air, we have soheenaded a nu- 


merical table of Q against q. which is. given 
below. 


eS se Z 
of the: application of the method, we have caleu: 
“lated, for some Mach numbers, the velocity distri- 
‘butions round an NACA 0015 aerofoil and sym- 
met! ical Joukowski aerofoil with ¢ = 0. 1 (corres- 
ponding roughly to the thickness ratio ul. 7 %), which 
2 are placed symmetrically in a uniform flow. Cal-. 
P --galations have een carried out only for the subsonic 
"region, where q <j and hence wis real. The result 
for the NACA 015 is shown in Fig. 1, where for 
a ‘comparison ‘the result obtained by the use of the. 
a Previous method i is also shown by dotted lines. Fig. 

2 gives” the result for the Joukowski ‘aérofoil: In’ 

~ poth figures the horizontal dotted lines indicate 


"Numerical eainples Te illustrations 


of sound coincides with the fluid velocity. It ‘will 
be. seen ‘that: the effect of compressibility is more 


pronounced in the region of maximum velocity and 
that the effect ‘grows increasingly rapidly as pine 
critical Mach number i is approached. These features 


-—s were also Bone out by the previous method(2). 

a ie. the subsonic flow of a compressible fluid past 
oa symmetrical Joukowski aerofoil has been investi- 
gated by Kaplan) and by Tomotika ‘and Ume- 
moto), by the use of Poggi’s method. Thus the 
latter authors have obtained. analytical expression, 


“bution round the aerofoil ; Kaplan’ s result involves 
"unfortunately a slight error. Also the present 
author has dealt with the flow past general Joukow- 
Ski aerofoils by employing the method of thin- 
_ wing-expansion developed by himself() and obtained 
--various formulae which are essentially the second 
approximation, starting from the Prandtl-Glauert 
_ Tnear theory. Velocity distributions for an = 0.6 
a calculated by. the use of these analytical expressions 
, ; are. also shown. in: Bie 2 by dotted lines. The 
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(4.11) : ' 


the’ critical state q =1, where the local velocity 


- e correct to the order of M?, for the velocity distri- 


phos Ste ted by Poggi’ S shethod is ee satist iC: 
tory than that by the method of thin-wing expr 
sion, as should naturally be expected. Moreover 4 


it seems that near the critical Mach number th 
present approximate method would provide mor: 
= cepa result than the method of shang 


the present oe the previous aporexinaters me 


Both methods are een the same in ee 


{ 


Joukowski aerofoil «= 0. 1. 


‘ 


present method. 
the pressure on the surface of the aerofoil at an} 


Indeed, the velocity and her 


Mach number can be immediately calculated from” 
an incompressible flow with the aid of a numerical ‘ 
table, irrespective of the \shape of the aerofoil. 3 
It will be seen in Fig. 1 that the numerical results : 
by the two methods are in very good. agreement = 
except for the region of maximum velocity. 
According to the present method, however, gis 4 


1” 
vn 
ey 
4 
x 


point. of maximum velocity on the aerofoil is fixed 


7 a Pg 
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the present method is preferable, since it permits 
Indeed, 
the writer has recently developed a new method 


when the Mach number is increased, though, in 


reality, more or less movement of the point seems of natural generalization to thick profiles. 


_ to take place with increasing Mach number, as 


could be predicted by the previous method. Thus of dealing with the flow of a compressible fluid by 


‘where (w, v) are the component velocities. 


it would appear :that the previous method presents 
better approximation to the reality than the present 
method. Presumably the reason may be found in 
the following fact. 


(2.1) can be written in the form: 


(P—v’*)0u/dx+(e?—v")0v/0y—2uv Ov/Ox = 0, (5.1) 


va approximate nature of the previous method is due 


. ay 
t: 


B6 i: 


* ment with Kawamura’s results. 


solely to neglect of vdv/dy and 2uv Ov/dx in (6.1), 


while that of the present mefhod is due to neglect 


~ above conclusion jnight perhaps be drawn. 


However, from the theoretical point of view, 


The 


’ applying the W.K.B. method, which is well known 


in quantum mechanics, and it has turned out that 


the present method of approximation is nothing but 
a limiting case, for thin aerofoils, of the general 
theory. This general theory based on ‘the W.K.B. 
method as well as its application will be reported 
in the near future. 
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_ On the Effect of Oxygen upon the Oxide-Coated Cathode. 


| Tetsuya ARIZUMI and Shin-ichiro NARITA. 


Introduction. 


The effect of the oxygen atmosphere upon 
_ thermionic emission from the oxide-coated cathode 
_was studied by Kawamura,() who has shown that 
“the pening relation holds between the emission 


"current 4 and the partial pressure of oxygen p: 
: id 


4 = ap mn (1) 


_ where a and m. are constants, depending upon the 
_ activated state of the fathode and the value of m 


peanges from 2.3 to 4. b. - According to the theory 
of! semi-conductor, it is concluded that m is equal 


to 4 in the best activated state, while it is equal 


‘to 2 in the unactivated state, in qualitative agree- 
We repeated the 
similar experiments for the quantitative discussion 
on the theory and found new phenomena, described 


\ 
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in the following paragraph. 


$2. 


Procedure and Results. 


All experiments were carried out in sealed-otf — 


tubes, shown schematically in Fig. 1. Three tubes: 
A, B and C are operated as a diode for measuring 
the emission current, an ionization gauge and &, 
pressure controlling chamber, including both an 
oxygen source and a batrum getter, respectively. 
The cathode of the diode is indirectly heated ‘and 
the anode is divided into three parts, only one of 


which i is used for the measurement of the emission Pe 


current and the outside two are auxiliary electro- 


des, which are supplied with the same potential as 


the central anode (100V.D.C.). The cathode tem-_ 
peaches was Measured by a thermocouple of the | 


Rep. Aeron. Res. Inst., TokyoImp.  _ 


j 
i 
- 


_ Fig. 1.. Experimental tube 
A: diode for measuring emission. 
B: ionization gauge. Ried 
Cc 


gas chamber. a: gas source 
b: batrum. getter 


1mm, welded to it. Both the thermo-couple and 


“) the ionization gauge were calibrated in advance of 


the measurements...‘ a 


As the oxygen source, the following. chemicak=. 


reaction. was utilized : 
- CuO + Cu,0+0, 
- A small amount of cupric oxide, inserted into 


‘ a small tungsten coil is‘dissociated to increase the 
oxygen pressure by heating the coil electrically. 


To decrease the pressure, a proper amount of 


batrum getter is flashed. These procedures were 
‘very effective for the control of the partial pres- 
sure of oxygen: | BRM Sere ah 

« Total tube was ‘evacuated by a. three. stage 
oil diffusion pump, backed by a Cenco-type Megavac 
rotary pump-.. After the. glass part was baked, 


’ all ‘metal parts have been treated by H. F. and 


then.a slight: amount of getter: had been flashed, 


the tube tipped off.” Rane ci 
© Free barium’ atoms, as impurity in the oxide; 


\ 
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coated cathode, become to. be contained through 
the dissociation, 


2Ba0 S 2Ba+0, , (2) 


on account of which the amount of barium atoms 


depends upon the partial pressure of oxygen. 


However, it takes more or less long time to reach 
~ the equilibrium: Each point of the experimental 
results, shown-in Fig. 2, was obtained after the ; 
equilibrium was established at the corresponding 
state. Fig. 2/shows that each curve in the log @ 
vs. log p diagram is composed of two straight 
lines and each straiget. part is nearly parallel to 
each other, .differing from Kawamura’s results. 


= tog p(mm.Ho) 


Fig. 2. The relation between emission and ~ 
partial pressure of oxygen. 


The values of m for two straight parts are: ap-. 
- proximately 5.5-6.0 and 2.0-8.0 respectively. ‘The 
kink point of the curve moves to the higher pres-, . 
sure as the cathode temperature becomes higher. 
For determining the work function, however, 
the above-mentioned procedure is inadequate, ing 
which case the emission was measured in the fol- 
lowing way. Usually the cathode is held at the 
higher constant temperature and only.at the mo- 
ment: of measuring the emission current, the tem- 
perature of the cathode is lowered down rapidly 
to a definite temperature, at which the measure- _ 
ment is carried out. The Richardson diagram, 


‘ 


“S — 
= Pes 
ie 3 a 
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From these several diagrams, the Freres, ts 
between the work functions and the: Richardson 
constants as shown in Fig. 4 is obtained. The 
logarithmic ‘value of the Richardson constant dere 
creases slightly at first and after passing through 
a minimum, it increases almost linearly with the 
increases of ‘the work function. 


§ 3. Discussion. ‘2 th: (ee ae 
According to Nijboer’s chevty Gr on semi-con- 
ductor, the number of conduction electrons, x is 


, 


given by. - 


where m, is the number of impurity javela: N that 
of ‘frozen-in’ holes and the other notations are 


. (Y/T)Lo* those customarily used. The thermionic™ emission — 
Fig. 3. The Richardson diagram. . of the semi-conductor is then written by 


: . shown in Fig. 3 were obtained by means of such si kT oe + 
{ procedure. If the 'partial pressure of oxygen is t= nepD ee ee ? exp (- a . (O-8 
less {than "10-7 m.m Hg, the Richardson line is 
, straight and the work function is equal to about © 
ee Oe. v., but the Richardson lines become to be 
- curved and the work function becomes the larger, 
2 asthe oxygen pressure increases. 


where p is the roughness factor and D is trans- ; 
mission coefficient. If the relation m>N holds, 
(4) becomes re Pe 
ps) ; ry e, 

A i= DA? T Temp { ants *)): ee 

| . | QO 
5 exprimental. : j oes; ; ; ese roe 3) ° ae 
S 5) a Lanse eee . whieh is also deduced from wilson’s theory® on 
Bath » at 662°K the semi-conductor. On the other hand, if n is 
“fnuch less than N, (4) becomes ; 


i = D,AmT" exp{—(E+9)}. 

As the relation = 
m= = Kp? = is (1) 

holds due to the chemical equilibrium (2), (5) and 


: a ‘ (6) beecmies oe 
Ss (= Gp tom{—aa(z ts} 
or oo (By: 


‘=r Pom fie} 


| respectively, showing that in the unacivate state 
Fig. 4. The relation between Richard. on (n<N), where the oxygen pressure is large, ‘the 


constant and work function: Rhermaineetic es is meee toni bees we 


’ 

y 

; 

] 

Pee cy 
~ 

} 

: 
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of 10. 


. + Hee We Table I. 
> "Temperature (°K) | 733 784 818 862 896 
: log Neal. by (9) LI 12.03 1295 -12.49 99.67 18 
: log pDN (cal. by (11)) 9.97 10.09 10.31 10.54 10.61 
log eD =1.73 -1.94 =1.94 -1.95 —2.06°5* 


of the pressure, while in the activated state (n> N), 
where the oxygen pressure is low, it 1s proportional 
_to "4 power of its pressure. These theoretical 
predictions are in good agreement with the ex- 
perimental results, described in the preceding. 
paragraph. 

_Now we shall proceed to discuss quantitatively 


_ the theoretical expressions. The experimental fact _ 


: that log i vs. log p curves are composed of two 
straight lines, shows that the emission formula 
(8) valid for n> H holds in the region of the low 
pressure, while the formula (9) for n<N, holds 


for the higher pressure of oxygen, and accordingly - 


n should become equal to N near the kink of 
_ the log ¢ Es log curves. Thus, the following 
expressions are obtained from (8) and (4) respec- 
tively, at these kink points: 


10", for brevity. 
Fig. 5 shows the Richardson diagram, plotted 
by making use of the calculated results and Fig. 6 


-8 


© theoretical 
x experimental 


(1 /ay So| 


; : 3 ; 
BeBe) 09 
and — 
oe ent ( HE ) tos (=) (11) 
: 1 12 13 1% 
(/7)10* 


where i, is the emission current at the kink point. 
- E and ¢ are found experimentally by Kawamura(#) 
to be 1.4e.v. and 0.3 e.v. respectively and his 
recent work(*) shows that m, is of the order of 10% 
at the best activated state. Accordingly it may 
well be assumed that 7, is of the order of 10" at the 
kink point. Thus N and pDN can be evaluated 
~ by (0) and (11), the results of which are shown 
7 in ‘Table I. As seen in the table, the values of 
N calculated by (10) and (11) individually coincide 
with each other, when eD is assumed to be equal 
to 10-2* and thus NV is confirmed to be of the order 


. slightly with the cathode temperature, but in the 
following calculation, it is assumed to be a constant, 

ee eee 
_ * Such small value of pD is probably due to 
the patch effect. (See the reference (6)). 


Precisely speaking, N seems to increase . 


Fig. 5. Theoretical Richardson lines. 


the relation between log i and log p. If the 
equilibrium constant of the chemical reaction (2) — 
is known, the values of corresponding to p are 

decided uniquely, but, to our regret, the exact - 
value of the equilibrium constant has not been 

known up to the present. Thus, the correspondence 
of both quantities is selected to give the best fitting 
with the experimental results, that is to say, 
Meas L0"* corresponding to p = 107" mmHg, show- 
ing that the equilibrium constant (1/k) is equal 
to 6.6x10-%8. Although the inclinations of theo- 
retical curves of log i vs log p are slightly larger 
than those of the experimental curves, the agree- 
ment of the theory with the experimental results _ 


seems to be rather satisfactory in both the Richard- 
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son diagram and the log ¢ vs. log » curves. 
‘The work function and the Richardson constant, 
obtained in the experiments are no other than 


the apparent values defined in the following equa- 


tjons. 


0 log 
yp * 9(108 76) : (12) 
e i : 
7) 
and : \ 

log eDA = log (7 T, AES up, eho ’ (13) 

iz ‘ 
= i 


se oa oe eee 
Some 


bs ; © theoretical 
i Sa ; * experimental 


4 =e 42 < 13 ; 1 + ‘s 16 
C. ( log. Tle 

Bee. rig. 6. Theoretical curyes of log z vs. 
ey 3 log 


_ where iy is the emission current at the cathode 
_ temperature T,. As nm) and N are assumed to be 
. ‘constants at a definite temperature, ¥ is expressed 


h 


j 3 
By 3kT 
| BEN 5) 
| BkT- | 
| i ek Od) 
SSE aes . 
A 3 N-+n Nn 


- making use of (8) and (4). 


.in good agreemtnt with the experimental results. 


“and 


r) ductor, when oD (roughness factor x transmission 


, (2) B.R. A. Nijhoer : 


Theoretical values of 


(Vol. 3 
{ ; ; 
log A (assuming eD = 10-2) are also shown in ~~ 
Fig. 4 against work function, calculated by (14). 3 
The theoretical value of the work function at the ~ 
best activated state is about 0.9 e. v., Which is. 
caused by plotting log (iT?) instead of the exact 
expression of log (i/T°/4). Although the theoretical — 
curve shows a, slightly anomalous behaviour, both 
the inclination and the absolute value of log A are 


§ 4. Conclusion. 


- 


In this paper, the effect of the oxygen. atmos- = 
phere upon the thermionic emission from the oxide. 


coated cathode was studied experimentally, which | 
results.are summarized as follows. > ae 

(1) log z vs log'p curves are Som of two 
straight lines. 


(2) the Richardson line is a straight line at- 
the lower’ pressure of oxygen, while it becomes 4 
curved as the pressure’ increases. i 
These experimental results have been shown to ae | 
be quite well understood by the emission formula, 
deduced from Nijboer’s theory ‘on the semi-con-_ <e 
coefficient) is assumed to be- equal to 10-. How- 
ever, whether N and D are constants independent 
of both temperature and activated state of the & 
cathode or not seems to be a future problem to 
be investigated. 
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SHORT NOTE 


On the low Pressure Gas Flow Conductance of a Tube Containing Vapors. 


By Hiroo KUMAGAI, Kazuo YAMADA, Kenzo IWANAGA and Hideo SHIBATA. 


«Institute of Science and Technology, University of Tokyo. 


(Received: July, 30, 1948). 


The general definition of the speed of a vacuum 


pump was introduced by Langmuir“) as follows: 


igs poe 


(p—p,)dt @) 


where Po is the lowest pressure attainable by the 
pump and V the volume to be evacuated. The 
‘actual speed of the pump depends not only upon 
its design but also upon the conductance of the 
tubes connecting the pump and the vessel. Let 


denote the speed of the pumping system, S, 
“the speed of the pump itself and G, the conduct- 
“ance of the tubes, then 


ede ead 51 


eee ee 2 
Ss 'G (2) 


‘ By Knudson), G, is as follows; 


nN taerp 
Scie ar pee 
a G: Gp "+p 


cand at low pressure, G: = Ge, 


We measured the speed of, the Cenco Rotary 


two-stage pump and the results are shown Fig. 1g 


In Fig. 1 (a), the curve I was obtained at room 


temperature with rotary pump oil A and the curve 


II with machine oil. In ee: 1 (b), ‘the curves I, 


=/1 OLS nin, 
Cie ° oh /min " 


(RN /00Pamp) 


Shfamin. 
{0 


fot 1072 — 
Fig. 1. 6 


II, III and IV were obtained with Cenco Hy vae 
oil at 80°C, 45°C, 60°C and 80°C respectively. 
Near the pressure of 10-! mm Hg, the speed drops 
off remarkably and depends upon the kind of oils 


and their temperature. These facts cannot be ex- 


plained away by the change of the conductance © 
of the tubes, corresponding to the transition stage — 


from the viscous flow to the molecular flow. There- 


fore, we must add 1/G, to equation (2), where G, - 


is the conductance, 


vapors in the tubes. Then we have: 


a ee 

Ss Res lee 

ake 

In order to measure G,; we used the apparatus 
shown in Fig. 2. U.is a long tube of small diameter 


1/Gy the resistance, of oil 


a 


eyes (3) | fe 
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“with a sample in its bottom. We measured the 
speed S of the system at various temperatures, 


which are shown in Fig. 8. If 27 and 7 are the 
diameter and the length of the tube respectively, 


(2° Ge 
SS = 20°C and 140°C 


theory of gases 


Co Path ee 


7 
as wae 


where L is the latent heat of vaporization of t 
sample per mol. From equation (8), (4) and the ; - 
measured speed S, we can calculate the conduct 
ance G, of -the bh rd of the sauipins and the latent 2 


ad as follows : 
a cE rg Tf ase L+19000 éaljznol [ee 

(at a a 

- (at 188°C~152°C) , 


L==10000 eal/mol 
(at 86°C ~ 148°C) — 


rotary pump oil (A); 


From the dondietanae G, obtained in thie’ way: ; 
and equation (3), we can explain quantitatively 
the results shown in Fig. 1. In our experiments, 
the pressure was measured with McLeod gauge. 
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